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Preface 



This book is devoted to a detailed study of feedback theory as applied to 
linear electronic circuits. It has been written with two particular 
objectives in mind. The first is to develop a generalised feedback theory 
which does not rely on the separation of a feedback circuit into an amplifier 
and feedback network component, and yet it is capable of accounting for 
all the effects associated with feedback. The need for such a theory is 
more necessary than ever before owing to the more complex manner in 
which a transistor behaves compared with a thermionic valve. The 
second objective is to provide a broad view of the important problem of 
stability and its relation to the closed-loop transient response, open-loop 
frequency response and driving-point impedances of the feedback circuit. 
In all this, we shall find that Bode’s classic work on feedback plays a 
major role. 

The book is written at a level suitable for a final year electronics under- 
graduate or a postgraduate student. It is hoped that the book will also 
prove useful to the practising electronics engineer who is seeking a sound 
understanding of the feedback problem and its various circuit implications. 

The first chapter introduces the idea of feedback in fairly general terms, 
and Chapter 2 introduces brief discussions of the concept of a controlled 
source, the Laplace transformation, frequency response analysis, matrices, 
two-port networks, the indefinite admittance matrix and its applications 
to valve and transistor circuits. Much of this chapter is essential to a 
serious study of feedback. It is, however, assumed that the reader is 
familiar with the mesh and nodal methods of circuit analysis. 

In Chapter 3 the classical feedback theory, is developed, assuming a 
distinct separation between the amplifier and feedback network. Then 
after discussing the limitations of this theory, the need for a more generalised 
feedback theory is established. In the development of this generalised 
theory the approach adopted is based on the Mason-Truxal flow graph 
exposition of Bode’s mathematical theory of feedback. 

The stability problem in feedback amplifiers is first studied in Chapter 4 
in terms of the complex frequency (i.e. the p-) plane and the associated 
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Routh’s criterion and Evans’s root locus diagram. In the Appendix at the 
end of the book it is shown that a great deal of useful information about 
the relative locations of the closed-loop poles in the left half of the p-plane 
can be obtained by applying certain transformations. 

Next in Chapter 5 the stability problem is studied in terms of the open- j 
loop frequency response. Nyquist’s criterion is developed from first 
principles, and some of the more widely used integral relationships between 
the gain and phase characteristics of minimum phase transfer functions are ■ 
derived. By now sufficient background material has been covered to 
develop Bode’s ideal loop gain characteristic, the realisation of which 
assures specified mid-band open-loop gain and stability margins. An 
important link with Chapter 4 is established by showing how the principal i 
oscillatory mode of the closed-loop transient response can be determined 
from the open-loop frequency response. j 

Chapter 6 is concerned with the problem of designing suitable com- 
pensating networks required to shape the open-loop frequency response. 

In Chapter 7, it is shown that much useful information about stability can | 
be also obtained by examining the driving-point impedance at an appro- 
priate pair of terminals in the feedback circuit. 

In Chapter 8 the transient and frequency responses of various wideband 
amplifier configurations employing negative feedback are examined. 
Chapter 9 gives a fairly detailed treatment of the operational amplifier and 
its use in transfer function simulation. 

The last chapter of the book is devoted to a study of sinusoidal feedback 
oscillators. By using chain matrices to describe the overall behaviours of 
the internal amplifier and feedback network components connected in 
cascade, a generalised method of analysis is established and the various 
LC- and RC-oscillators are considered as special cases. This chapter ends 
with an account of the various frequency stabilisation techniques. 

At the end of each chapter I have included a list of references which I 
have found invaluable in the course of writing this book. I was first 
introduced to the work of H. W. Bode on feedback by Professor J. T. 
Allanson of the Electrical Engineering Department of Birmingham 
University; to him I am deeply indebted. 

Finally I should like to thank the Senate of London University and the 
Institution of Electrical Engineers for granting me permission to reproduce 
a number of problems taken from their previous examination papers. I 
am solely responsible for the answers to problems given at the end of the 
book. 

Coventry , 1965 S.S.H. 



CHAPTER 1 



Introduction 



Feedback is said to exist in a circuit when the output signal is wholly 
or partially fed back to be combined with the input signal. If the 
feedback signal opposes the input signal the feedback is said to be 
negative , whereas if the feedback signal aids the input then positive 
feedback results. 

In electronic circuits feedback can exist in a variety of ways: 

1. Feedback may appear in a circuit unintentionally as a result 
of parasitic capacitances or leakage resistances. For example, 
in the common cathode stage of Fig. 1.1 using a triode valve 
the anode-grid interelectrode capacitance C a g privides a 
return path for the output signal at high frequencies, thereby 
giving rise to the well known Miller effect and its various 
consequences. Another example is that of a common emitter 
stage using a junction transistor. Here we find that, at low as 
well as high frequencies, the transistor transmits a signal in the 
reverse direction (i.e. from output to input) in addition to 
the forward direction (i.e. from input to output) with the result 
that the electrical conditions across the input terminals of the 
stage affect those across the output terminals and vice-versa. 
This form of feedback is usually referred to as internal feedback. 

2. Feedback can also arise as a secondary result of circuit design, 
as in the valve amplifier of Fig. 1.2 employing self-bias by 
means of the cathode resistor Rk. Normally this resistor is 
shunted with a suitably large capacitor, C* , to ensure that, 
in the useful frequency band of the amplifier, the cathode bias 
resistor is effectively short-circuited for a.c. signals. At low 
frequencies, however, the by-pass capacitor no longer presents 
an effective short-circuit across the cathode bias resistor 
jR* because the impedance of a capacitor is inversely 
proportional to frequency. The result is that, at very low 
frequencies, the resistor Rjt applies a certain amount of 
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Fig. 1.1. Illustrating feedback due to 
anode to grid interelectrode capacitance C ag 




Fig. 1.2. Self-bias circuit 




Fig. 1.3. Block diagram of non-feedback amplifier 




Fig. 1.4. Block diagram of negative feedback amplifier 
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negative feedback to the stage, thereby causing a reduction 
in the magnitude of its voltage gain. 

3. Feedback is purposefully applied to a circuit with the object 
of realising certain useful circuit properties. It is with this 
form of feedback that we shall be largely concerned. 



1.1 Advantages and cost of feedback 

One of the effects of negative feedback when it is applied to an 
amplifier circuit is that it results in a reduction of the sensitivity 
of the overall gain of the circuit to variations in valve or transistor 
parameters due to changes in ambient temperature, d.c. supply 
voltage or aging. To appreciate this important effect, let us 
first consider Fig. 1.3 which shows the block diagram representation 
of a non-feedback amplifier having a forward gain K defined as the 
ratio of the load voltage Vl to the source voltage Vs, that is 




( 1 . 1 ) 



Here we see that a fractional change in the gain K causes an equal 
fractional change in the load voltage Vl. Thus if the source 
voltage is maintained constant and the gain K changes by 10%, say, 
we find that the load voltage changes by 10% too. 

Let us consider next a negative feedback amplifier represented by 
the block diagram of Fig. 1.4.f The load voltage Vl is fed back 
to the input through the feedback network producing the feedback 
voltage Vr which is 180° out of phase with the source voltage Vs. 
The result is that the input signal of the internal amplifier becomes 
equal to Vs — Vr, and the closed-loop gain K' (i.e. gain with feed- 
back) assumes the following value 



K 

I+PK 



( 1 . 2 ) 



where jS equals the ratio Vr/Vl and is determined by the feedback 
network. If the product term fiK, which is known as the open-loop 
gain, is chosen very large compared to unity, the gain K' with feed- 
back approximates very closely to 1/jS. Then it becomes practically 
independent of variations in the parameters of the transistors or 
valves which constitute the internal amplifier and depends only on 



t The reason for adopting the convention shown in the block diagram of 
Fig. 1.4 is that it enables us to unify the treatment of feedback circuits with 
other feedback control systems. 
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the constancy of the ^-network. This is a very attractive feature 
of negative feedback. 

The application of negative feedback also tends to reduce the 
harmonic distortion and noise generated inside the internal amplifier. 
In addition the input and output impedances of the amplifier can be 
increased or decreased by suitable interconnections of the internal 
amplifier and feedback network components. 

The above advantages of negative feedback are achieved at the 
cost of, firstly, a reduced value for the closed-loop gain K'; this 
follows from Equation 1.2 where we see that K' is less than K if the 
denominator 1 + fiK is greater than unity, as is the case in negative 
feedback. Secondly in certain cases the amplifier can become 
unstable as a result of the applied feedback and therefore break into 
oscillation as soon as the d.c. power supply is switched on. Then 
lit becomes necessary to add suitable corrective circuit elements to the 
internal amplifier and/or the feedback network so as to ensure that 
the amplifier remains stable under all possible operating conditions. 



1.2 Analysis of feedback circuits 

In the analysis and design of feedback circuits it is found that the 
following two problems are of particular importance: 



Evaluation of the various effects of feedback on the circuit performance 
of the amplifier 

This can be carried out by applying the classical feedback theory 
which leads to Equation 1.2. It is based on the assumption that 
there exists a clear cut separation between the internal amplifier and 
the feedback network as illustrated in the idealised block diagram 
representation of Fig. 1.4. In a practical circuit, however, we 
invariably find that the feedback network loads the internal amplifier 
in such a way that an absolute and clear cut separation between the 
two is non-existent. Therefore, a much more elegant approach 
is the development of a generalised feedback theory which does not 
rely on the decomposition of the feedback amplifier into its two 
basic network components. H. W. Bode 1 has developed such a 
theory which not only explains all the effects of feedback but can be 
applied to any feedback circuit irrespective of its complexity. 

Investigation of the stability problem 

This can be usefully studied by considering the closed-loop 
transient response, or the open-loop frequency response or the 
input and output impedances of the feedback amplifier; each 
particular method brings out a different aspect of the important 



INTRODUCTION 5 

problem of stability. An allied problem is that of designing the 
corrective networks which, when added to the internal amplifier 
and/or the feedback network, would assure the desired stability 
of the amplifier. 

The major part of the book is devoted to a detailed study of these 
two aspects of feedback. However, before undertaking this task, 
we shall find it beneficial to consider first the various established 
methods of analysing linear electric circuits. This we shall do in the 
next chapter. 

REFERENCES 

1. bode, h. w., Network Analysis and Feedback Amplifier Design , Van Nos- 
trand, New York (1945). 

2. black, h. s., ‘Stabilised Feedback Amplifiers’ Bell System Tech. J. y 13, 1, 
(1934). 
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CHAPTER 2 



Linear Circuit Analysis 



Electric circuits can be broadly classified as linear and non-linear . 
A circuit is said to be linear when its output signal is directly pro- 
portional to the input signal, otherwise the circuit is non-linear. 
Linear circuits have the important property of superposition , 
that is, if a number of electrical sources exist in a linear circuit then 
the total voltage (or current) in any part of the circuit is equal to the 
sum of the voltages (or currents) that would result if the various 
sources were to act individually. This is known as the superposition 
theorem. In the category of linear circuits we can include a valve or 
transistor provided it is operated under small signal conditions, 
that is, the deviations from the quiescent operating point are suffi- 
ciently small to assure a negligible departure from linear behaviour. 
Another example is the tunnel diode which can present an essentially 
linear negative resistance over part of its characteristic curve. 

Alternatively electric circuits can be classified into passive and 
active networks. A two-terminal network component is said to be 
passive when the signal power input into it is always positive regard- 
less of the conditions imposed by its environment. The resistor, 
capacitor and inductor are examples of passive network elements, 
and a circuit composed of such elements is usually referred to as a 
passive network. If, on the other hand, the signal power input into a 
two-terminal network component is negative (i.e. it delivers power 
to its environment) then it is said to be an active element. The 
negative resistance exhibited by a tunnel diode is an example of a 
two-terminal active network element. A transistor or a valve 
operated in its linear region is also an example of an active network 
element because the output signal power which it delivers to its load 
can exceed the input signal power supplied from the external source. 
Circuits containing negative resistance elements, valves or transistors 
are usually referred to as active networks . A characteristic of an 
active network is that it can, under certain circumstances, become 
unstable and therefore break into oscillation. This is in direct 
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contrast to a passive network which is inherently stable. We shall 
have more to say about the passivity and activity of electric networks 
later on in the chapter. 



2.1 Circuit elements and sources 




The voltage-current relationships for a resistor R, an 
and a capacitor C are as follows, respectively 


inductor L 


t*t) = RKt) 


(2.1) 




(2.2) 


»(0= + v(0) 


(2.3) 



where the voltage v(t) and current i(t) are both functions of time t 
and are as shown defined in Fig. 2.1. Also v(0) is the voltage 
across the capacitor at the reference time t — 0. 

In Equations 2.1 to 2.3 the current i(t) is the independent variable. 



R 



(a) (b) (c) 

Fig. 2.1 . Voltage-current relationships in passive circuit 
elements: {a) resistor , ( b ) inductor , (c) capacitor 

If the voltage v(t) is regarded as the independent variable, we obtain 
the following inverse relations for the resistor, the inductor and the 
capacitor, respectively 



Kt) = Gv{t) 


(2.4) 


i(0= iJo KOd ' +, ( 0 ) 


(2.5) 


«')= 


(2.6) 



where G — l/R is the conductance, and i(0) is the current flowing 
through the inductor at / = 0. 




i(t) 
i'o — ►— 



K O 



*(t)T 



±c 



lo- 



lo- 
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In addition to the resistance, inductance and capacitance there 
exists a fourth network parameter, namely, the mutual inductance M 
which arises when two inductors are magnetically coupled, as in the 
transformer of Fig. 2.2. In this diagram, is the self-inductance 
of the primary winding when ift) = 0 and L 2 is the self-inductance 




of the secondary winding when ift) = 0. The voltage-current 
relationships for the transformer of Fig. 2.2 are 




The mutual inductance M is related to the self-inductances L x and 
L 2 by 

M = kV(L x L 2 ) (2.8) 



where k is termed the coefficient of coupling and is always less than 
unity. 

If the primary and secondary windings of the transformer are 
joined together in the manner shown in Fig. 2.3 (a), then it can be 
replaced by the T-equivalent circuit of Fig. 2.3 (b) or the ^-equivalent 
circuit of Fig. 2.3 (c). Here we are assuming that both windings of 
the transformer are dissipationless. 

When the coefficient of coupling is unity, and the primary and 
secondary inductances are infinite but so proportioned that their 




<*) (b) (c) 

Fig. 2.3. (a) Transformer , ( b ) T-equivalent circuit , (c) ir-equivalent circuit 
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Fig. 2.4. Equivalent circuit for a triode valve 

ratio is finite, the transformer is said to be ideal . In an ideal 
transformer vft) = nvft) and ift) = ift)/n where n is the turns 
ratio. 

2.1.1 CONTROLLED SOURCES 

In the analysis of circuits containing active devices such as valves 
and transistors it is found convenient to replace the particular 
device by a suitable equivalent circuit consisting of ordinary passive 



Fig. 2.5. Voltage - j 

controlled voltage Vj(t) 
source 

l< 



circuit elements and a controlled source whose value is proportional 
to a control signal applied at another point in the circuit. For 
example, in the equivalent circuit representation of Fig. 2.4 for a 
triode valve the voltage source pv g k is controlled by means of the 
grid-cathode voltage v g jc 

In general, each of the control signal and the controlled source 
can be either a voltage or a current one. Hence, it follows that 
there are four basic types of controlled sources; they are 

1. A voltage-controlled voltage source. This is shown in Fig. 2.5 
where the input voltage vff) is the control signal, and the 
control parameter fi is dimensionless. 

2. A current-controlled voltage source. This is shown in Fig. 2.6 
where the input current iff) is the control signal, and the 
control parameter r m has the dimensions of a resistance. 

3. A current-controlled current source. This is shown in Fig. 2.7 
where the control parameter a is dimensionless. 

4. A voltage-controlled current source . This is shown in Fig. 2.8 
where the control parameter g m has the dimensions of a 
conductance. 

F.C.A.— 2 






(A) (b) 

Fig, 2.9. Independent 
sources : (a) voltage 

source , (b) current source 




(*) (b) 

Fig. 2.10. (a) Network N containing con - 
trolled sources , ( b ) Thevenin equivalent circuit 
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Any of the controlled sources of Figs. 2.5 to 2.8 is seen to be a 
two-port network in that it has two ports, one port being constituted 
by terminals 1,1' and the other port constituted by terminals 2,2'. 
In this respect they differ from the independent voltage and current 
sources of Fig. 2.9, both of which are seen to be one-port network 
elements having one pair of terminals only. 

Special consideration must be given to the presence of controlled 
sources when applying Thevenin' s and Norton's theorems to active 
networks. Thus the Thdvenin equivalent circuit of Fig. 2.10(b) 
for an active network containing controlled sources consists of a 
source of voltage toe equal to the open-circuit voltage which appears 
across the output terminals 1,1' of the network N, connected in 
series with an impedance Z ou t equal to the impedance measured 




Fig. 2.11 . Norton equivalent circuit 

looking into the output terminals when all independent voltage 
sources inside the network N are short-circuited and all independent 
current sources are open-circuited. It is, however, important to note 
that the controlled sources must not be removed when calculating 
the impedance Z ou t. This is because a controlled source is, by 
nature, dependent on the control signal such that any change in 
the control signal produces a corresponding change in the magnitude 
of the controlled source; hence controlled sources do contribute 
to the value of Zout as well as v oc . 

Similarly, the Norton equivalent circuit of Fig. 2.11 for the active 
network N of Fig. 2.10 (a) consists of a source of current i sc equal 
to the short-circuit current which flows through the output terminals 
1,1' of the network N, connected in parallel with an admittance 
Tout = 1/Zout, where Z 0 ut is as calculated above. 



2.2 Transient response 

The transient response of a linear circuit can be studied by using 
the classical method of solving ordinary integro-differential equa- 
tions or by applying operational methods based on the widely used 
Laplace transform. In the classical method the solution of the 
particular transient problem is carried out directly in the time 
domain . On the other hand, the Laplace transformation converts 
the problem from the time domain to the complex frequency domain 
where the transform of the solution can be obtained by simple 
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algebraic means. Next, by applying the inverse Laplace trans- 
formation, the desired solution as a function of time can be deter- 
mined. 

Another important and useful feature of the Laplace transform 
method of solving differential equations is that initial conditions are 
taken into account at an early stage in the solution. This avoids 
the need for evaluating arbitrary constants, as required in the classical 
method. Also, as we shall see later, the Laplace transformation 
enables the unification of the transient and frequency responses of a 
network. For these reasons we shall only consider the Laplace 
transform method of solving transient response problems. 



2.2.1 LAPLACE TRANSFORM THEORY 

Consider a function <f>(t) of time t that is zero for t < 0. Its Laplace 
transform 0(p) is defined to be 

®(p) = Jj<Kr)e-f‘ dr (2.9) 

where p = a + joo, with both a and w being real. The variable p 
has the dimensions of frequency and is therefore termed the complex 
frequency variable ,f Equation 2.9 transforms the function 
in the time domain into another function 4>(p) in the complex 
frequency domain, tft) an ^ ®(p) are said to constitute a transform 
pair . The exponential factor assures the convergence of the 
integral in Equation 2.9 when applied to functions of time commonly 
met in the study of electrical systems. 

The Laplace transform is characterised in having a number of 
important properties which follow from the basic definition of 
Equation 2.9. Some of these properties are discussed below. 



Linearity 

This property provides a basis for the transformation of a sum of 
two functions of time into the sum of their respective Laplace 
transforms. Consider two functions <j> x {t) and <f> 2 (t) and suppose 
that k x and k 2 are any constants. Then 



f °° k x ^(0 e“* d t = k x f 00 &(f) e“*>* d t = k&i 
Jo Jo 



k 2 <£ 2 (0 Q ~ pt d* = kfbfjp) 



( 2 . 10 ) 

( 2 . 11 ) 



t The notation s is also widely used for denoting the complex frequency 
variable. 
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where <£>i(p) and 0 2 (p) are the Laplace transforms of <f>ft) and 
<f>ft), respectively. Therefore 



[Mr(0 + M 2 (/)] e-*‘ dr = kAO*) + 



Transforms of derivatives 

From Equation 2.9 we see that the Laplace transform of 




which is the derivative of <f>(t) with respect to time, is given by 

/„”[>)] '- Wd ' 

Integrating by parts, we obtain 



j; d«o] c-»dr= /> 

= - #) +) + J>(0e-* dr 

= p®(j>)-<l>(0+) (2.13) 



where <f>( 0 + ) signifies the initial condition and equals the limit of (f>(t ) 
as t approaches zero from positive time values. We thus see that 
differentiation with respect to t transforms into multiplication of 
0(p) with the complex variable p and subtraction of the initial 
value <£( 0 + ). 

Next for the second derivative, we can show that the Laplace 
transform is given by 

Jo” [®S m ] e ~ Pt dt = p2 ® {P) ~ pm) - n ° +) (2 ' 14) 

where ^'(0 + ) denotes the initial value of d<f>(t)/dt. In a similar 
fashion, the Laplace transforms of higher derivatives can be obtained. 



Transforms of integrals 

The Laplace transform of the integral of <f>(t) with respect to time 
follows from Equation 2.9 to be 
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Integrating by parts we find that 

J o [JWO dt] e-P* d t = ^ e-J>‘J <f>(t) dr + J 0 ^ e_J ’WO dt 

= ir + ^' 1 < 0+ > < 2 - 15 > 

where <f>~\0 + ) is the initial value of J </>(!) dr. Similarly we can 
evaluate the Laplace transforms of higher integrals. 

Shifting theorem 

Consider a function <f>{t — r) which is zero for t < r. The Laplace 
transform of such a function follows from Equation 2.9 to be 



J>- 



t) e dt 



In this integral, we shall make the substitution x = r — r. Hence 
dx = dr. Since x = 0 when r = t, we find that 

r co r oo 

I <f>(t — t) e~P‘ dt = I <£(x) e-i>< T+a: ) dx 

= e~J> T Jj «x) e-®* dx 



= e-i”- <!>(/>) (2.16) 

Therefore, a shift to the right of r seconds in the time domain corres- 
ponds to multiplying by the factor e“^ T in the complex frequency 
domain. 



2.2.2 UNIT-STEP, UNIT-IMPULSE AND UNIT-RAMP 
FUNCTIONS 

In studying the transient response of electric circuits, it is found that 
a number of excitations are of fundamental importance. Consider 
first the function of Fig. 2.12 where it is seen to be equal to zero for 
t < 0 and unity for t > 0. This function is known as the unit-step 
function or Heaviside's unit function after Oliver Heaviside. We 
shall denote it by u_ft)\ thus 
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w_i(0 = 0 for / < 0 \ 

(2.17) 

u -i(t) = 1 for t > 0 j 

From Equation 2.9 we find that the Laplace transform of the unit- 
step function is 



Too f CO 

u.ft) e-J> { dt = e-P*dt 



If the step function has an amplitude equal to k, then its Laplace 
transform is equal to k/p. 

From Fig. 2.12 we see that the initial value of the step function is 
zero. Therefore, from Equation 2.13 we deduce that the Laplace 



Fig. 2.12. Unit-step function 




Fig . 2.13. Impulse function 



transform of the first derivative of the unit-step function is equal to 
unity which is the simplest possible transform. The waveform ob- 
tained by differentiating the unit-step function with respect to time is 
shown illustrated in Fig. 2.13. This function is known as the unit- 
impulse function or delta function. It is seen to be zero everywhere 
except at t — 0 where it is infinite. We shall use uft ) to denote the 
unit-impulse function, thus 

w 0 (O = 0 for t ^ 0 
u 0 (t) = oo for t — 0 

«o(0 & = 1 
o- 

The unit-impulse function may be synthesised by considering a 
rectangle pulse of duration 8 and amplitude 1/8 as shown shaded in 
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Fig. 2.14. The rectangle isiseen to have unit area. If now 8 is 
allowed to approach zero then, in the limit, the rectangular pulse of 
Fig. 2.14 becomes a unit impulse. 

The function k« 0 (0» where k is a constant, is referred to as an 
impulse function of strength k. Its Laplace transform is equal to k 
since that of the unit-impulse function u 0 (t ) is equal to unity. 

Consider next integrating the unit-step function «_i(0 with 
respect to time. The resulting function is shown in Fig. 2.15 where 



Fig. 2.14. Rectangular pulse 
of duration hand amplitude Ijh 

0 6 t — ► 



Fig. 2.15 . Unit-ramp function 



0 1 t— ► 

it is seen to increase with time at a constant slope of unity. This 
function is usually referred to as the unit-ramp function which we 
shall denote by w_ 2 (0- Therefore 

u_ 2 (0 = 0 for t < 0 \ 

( 2 . 20 ) 

w_ 2 (0 = t for t > 0 J 

Now the Laplace transform of the unit-step function is equal to 
l Ip and since the initial conditions are zero, then from Equation 2.15 
it follows that the Laplace transform of the unit-ramp function is 
equal to 1 jp 2 . If, however, the ramp function has a slope equal to k, 
then its Laplace transform will be equal to k/p 2 . 

By further differentiations and integrations of the unit-step 
function it is possible to generate additional forms of excitation 
but, in the present book, we shall find that the step, impulse and 
ramp functions are quite adequate. 

2.2.3 LAPLACE TRANSFORM PAIRS TABLE 

By applying the basic definition of the Laplace transform as given 
in Equation 2.9, to a variety of functions of time such as e~ at , 
cos cot, sin cot etc. we can develop the Table 2.1 shown below. This 
table is usually referred to as the Laplace transform pairs table . We 
shall find it to be particularly useful later in the solution of transient 
response problems. 





Table 2.1 short table of laplace transform PAmst 



No. 


Time Function <f>it) 


Laplace Transform <D(p) 


1 


Uq (/) or unit-impulse 


1 


2 


K-i (0 or unit-step 


1 

P 


3 


u- 1 (0 or unit-ramp 


1_ 

P % 


4 


t n 


n\ 

pn+l 


5 


e ~ot 


1 

p + a 


6 


tQ-Ot 


1 

ip 4- <0* 


7 


sin cot 


/>* + to’ 


8 


COS cot 


p 

p 2 + co* 


9 


cr at sin cot 


CO 

(p + «)* + <o 2 


10 


e~ at cos cot 


P + a 

ip + a) 2 + w* 


11 


t sin cot 


2 cop 

( P 2 + O) 2 ) 2 


12 


t COS ot 


jp 3 — oo 2 
( p 2 + o>*)* 


13 


sinh at 


a 

p 2 — a 2 


14 


cosh at 


P 

p 2 — a * 


15 


~ (sin cot — cot COS cot ) 


CO 2 

ip 2 -f CO 3 )* 



t A more comprehensive table of Laplace transform pairs is given by (1) Churchill, R. V., 
Operational Mathematics, (2nd Ed.), McGraw-Hill (1958). 

(2) Carslaw, H. S. and Jaeger, J. C., Operational Methods in Applied Mathematics, (2nd. Ed.), 
Oxford University Press (1948) 
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2.2.4 NETWORK FUNCTIONS 

For linear electric networks the output or response function is 
related to the input or excitation function by a. linear ordinary 
differential equation. Thus, if the excitation is <f>i(t), which signifies 
a voltage or current, and <f> 0 (t) is the resulting response function, the 
relation is of the following form 

an ^ m + a »-i + • • ■ + fl i ) + *>Ut ) 

= bm ) + bm - 1 4>i(t ) + • • • bi ^<£<(0 + b 0 <f>i(t ) 



where a 0 , a x . . .a n _i, a n and b 0 , b x . . . b m ~i> b m are all real coefficients. 
Assuming the initial conditions to be zero and taking the Laplace 
transform of both sides of Equation 2.21, we obtain 

(a n p n + tfn-iP” -1 +...au> + a 0 )%(p) 

= (b m p m + bm-iP m ~ 1 + • • .&iP + b 0 )<&i(p) 

Therefore 

) _ ( 122 ) 
0KFJ a n p n + dn-iP*- 1 + . . .OxP + a 0 ^ 

0<(p) is the Laplace transform of the excitation and is therefore 

termed the excitation transform. <£> 0 (p) is the Laplace transform 
of the response function <j> Q (t) and is termed the response transform. 
The ratio of the response transform to the excitation transform 
is referred to as the system function G(p) of the network, Thus 

(Response Transform) = (System Function) (Excitation Transform) 

(2.23) 

Alternatively, 

Hence, Equation 2.24 gives 
r(ri\ - °o (?) 

G{P) 0,(p) 

bmP m + bm-iP m ~ 1 + • . -bjp + bp , 2 25 ) 

” a n p n + + . . .a x p + a 0 K } 



Thus the system function of a linear network is a rational function of 
p, that is, the ratio of two polynomials each with constant coefficients. 
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If in Equation 2.25 the numerator and denominator polynomials 
are both factorised, the numerator into m factors and the denomi- 
nator into n factors, we obtain the following alternative but equiva- 
lent form for the system function 



<%o - ~ age - *■> • • O’ - *■) _ h 1 ? 0, - 

( P ~ P&P ~PJ--(J>-Pn) Yl {P-Plc) 

.1=1 



(2.26) 



where H is equal to b m !a n and is termed the scale factor. The 
numbers z x to z m are the values of p for which G(p) is zero and so 
therefore they are termed the zeros of the system function. The 
numbers p x to p n are the values of p for which G(p) becomes infinite, 




Fig. 2.16. Pole-zero pattern 



and so they are termed the poles of the system function. In Equation 
2.26 we shall refer to each factor (p — zk) in the numerator as a 
zero factor and to each factor (p — pk) in the denominator as a 
pole factor. The system function G(p) is completely determined by 
specifying its poles and zeros and its scale factor. It is to be noted 
that both poles and zeros have the dimensions of frequency. 

With the coefficients a 0 to a n and b 0 to b m all real, we find 
that the poles and zeros of a system function can be either real or 
else occur in complex conjugate pairs. It is customary practice 
to plot the poles and zeros of the system function in the complex 
^-plane. We shall use circles O to represent the locations of zeros 
and crosses x to represent the locations of the poles. The resulting 
plot is referred to as the pole-zero pattern . An example of such a 
plot is shown in Fig. 2.16. 

There are two kinds of system functions of interest; they are the 
driving-point function and the transfer function. The driving-point 
function expresses a relationship between the voltage and current 
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transforms at the same pair of terminals. On the other hand, 
a transfer function expresses a relationship between the voltage or 
current transform at one pair of terminals and the voltage or current 
transform at another pair of terminals of the same network. Con- 
sider the two-terminal network N of Fig. 2.17 (a) assumed to consist 




<*> 0 >> 

Fig. 2.17. One-port network: ( a ) with driving voltage source, 
and ( b ) with driving current source 



of passive elements and controlled sources only. The voltage source 
Vl (t) is assumed to be the excitation and the current i\(t) is the result- 
ing response function. Then 

w = M w 

where ^(p) and V^p) are the Laplace transforms of h(t ) and v^t), 
respectively. The function Y(p) has the dimensions of an admittance 
and is therefore termed the driving-point admittance. 

In Fig. 2.17 (b) the current source i^t) is assumed to be the 
excitation and the voltage v t (t) developed across the terminal 
pair 1,1 ' is the response function. Then 

(228) 

The function Z{p) has the dimensions of an impedance and is 
termed the driving-point impedance. It is equal to the reciprocal 
of the driving-point admittance. 

Consider next the two-port network N of Fig. 2.18 (a) consisting 
of passive elements and controlled sources only. The voltage 
source v 2 (t) connected across the port 1,1' is the excitation. If the 
voltage v 2 (t ) developed across the load, that is, terminal pair 2,2' 
is the response function, then 

- W> ,2 - 29) 

The function Kv(p) is termed the voltage gain of the two-port 
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(b) 

Fig. 2.18. Two-port network: {a) with driving voltage 
source , and (b) with driving current source 



network. If, however, the output current iff) flowing through the 
load is the response function of interest, then 

Yn(p) = jrffi (2.30) 

where Y 21 (p) is termed the transfer admittance. 

In Fig. 2.18 (b) the current source iff) connected across the ter- 
minal pair 1,1' is regarded as the excitation. If the output current 
iff) is the response function of interest, then 

*o>) - m <m» 

where Ki(p) is termed the current gain . 

If, however, the output voltage v 2 (0 is the desired response 
function, then 

Zn(p) = ^ (2.32) 

where Z 21 (p) is the transfer impedance. 

It is important to note that, unlike the driving- point functions 
Z{p) and Y(p ), the transfer functions Z 2X {p) and Y 21 (p) are not the 
reciprocals of each other. 

The above definitions relating to the various system functions 
have been summarised in Table 2.2. 





22 FEEDBACK CIRCUIT ANALYSIS 



Table 2.2 system functions 





System 


Excitation 


Response 




Function G(p) 


Transform <X H(p) 


Transform <X> 0 (p) 


Driving-point 


Y ip) 


v 1 (p) 


hip) 


Functions 


Zip) 


hip) 


Y iip) 


Transfer Functions 


Kvip) 


Vi(p) 


Y%ip) 




Y ti (p) 


Yiip) 


hip) 






hip) 


hip) 




Z iX (jp) 


hip) 


V,ip) 



2.2.5 INVERSE TRANSFORMATION BY THE METHOD OF 
PARTIAL FRACTIONS 

Having determined the response transform of a given circuit to a 
specified excitation, the problem then becomes one of evaluating the 
required response as a function of time. A simple method of carry- 
ing out this evaluation is to use the Laplace transform pairs table 
given earlier. If the particular transform is found to be listed in this 
table, then the corresponding response function can be deduced 
directly. If, however, it is found that the transform has not been 
listed, then the next step is to express it, as the sum of partial 
fractions. The functions of time that correspond to the various 
partial fractions are noted from the table and their sum gives the 
required response function. This follows from the linearity pro- 
perty which is a characteristic of the Laplace transform. 



2.2.6 STEP-FUNCTION RESPONSE OF NETWORK HAVING 
ONE POLE 

Consider the simple RC-network of Fig. 2.19 where t^f) is the 
excitation and v 2 (t) is the response function. These -are related by 
the first order differential equation 

“j-,»*(0 + »a(t) = t>i(0 (2.33) 

where a> 0 = 1/RC. Suppose that the initial conditions are zero. 
Then taking the Laplace transform of both sides of Equation 2.33 



Therefore, 






Kv(p) = 



Vj(p) _ top 
Vi(p) P + o 



(2.34) 
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This corresponds to a real pole at p = — <o 0 as shown in Fig. 2.20. 
If v t (t) is a unit-step function, F t (p) = 1/p and Equation 2.34 gives 




(2.35) 



(2.36) 



From pairs 2 and 5 of Table 2.1 we find that the response function 
v 2 (t) is 

v 2 (t)= 1 - e-“»‘ (2.37) 



This is shown plotted aginst the normalised time a > 0 t in Fig. 2.21. At 
t — IK we see that the output voltage reaches 63-3% of its final 
value which occurs at t — oo. 
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2.2.7 STEP-FUNCTION RESPONSE OF NETWORK HAVING 
TWO POLES 

Consider next the series LCR-network of Fig. 2.22. The response 
function vjt) is related to the excitation v^t) by the second order 
differential equation 

sjsitfo + + ■*<> - ”■«> < 2 - 3S > 

where oo 0 a = 1/LC and 2£ = R\Z(C/L.). Assuming the initial 
conations to be zero and taking the Laplace transform of both 
sides of Equation 2.38, we obtain 



Kv<J>) 



Vi(p) P 2 + 2 £w 0 p + «„* 



By setting the denominator polynomial of the rational function 
on the right hand side equal to zero, and solving for the two roots 




Fig. 2.22. Series LCR-network 

of the resulting quadratic equation, we find that the transfer function 
of Equation 2.39 has the following two poles 

Pi,Pi = — £"o ± j«WO — £ 2 ) (2.40) 

The following three cases arise depending upon the value of the 
parameter £ : 

(1) C > 1 In this case Equation 2.40 becomes 

Pi>p2 = - ± “oVU 2 - 1) (2.41) 

The two poles of the transfer function are seen to be both real and 
negative. The corresponding transient response is said to be 
overdamped. 

(2) £ = 1 Equation 2.40 reduces to 

Pi>P% “ (2-42) 
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Fig. 2.23. Migration of the two poles of Equation 2.39 for varying £ 



Then the transfer function has a double pole at p = — <o 0 . The 
corresponding transient response is said to be critically damped. 

(3) £ < 1 In this case we see from Equation 2.40 that the 
two poles of the transfer function become complex conjugate. 
The resulting transient response is oscillatory and is said to be 
underdamped. 

Suppose that a> 0 is held constant and l is varied from zero to 
infinity. In the network of Fig. 2.22, this can be achieved by keeping 
L and C constant and varying R. Then the two poles of the transfer 
function will move in the p - plane along the paths indicated in Fig. 
2.23. In the range 1 > £ > 0 the two poles move along a circular 
path of radius w 0 . They meet at p — — oj 0 when £ = 1. When 
£ > 1 the two poles separate along the negative a-axis, with one pole 
moving towards the origin and the second one moving towards 
infinity. 



Fig. 2.24. Pair of 
complex conjugate 
poles with £ < 1 




F.C.A.-3 
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Consider the case when 1 > £ > 0 and the two poles are complex 
conjugate as shown in Fig. 2.24. The angle i/>, between the a-axis 
of the p - plane and the radial line to either of the two complex poles, 
is related to the parameter £ as follows 

cos 0 — £ (2.43) 



* e — Cwoi 

t> 8 (0 = 1 — — - p y sin (w n t + <p) (2.49) 

Here we see that the response is oscillatory having a frequency equal 
to <o n . The dimensionless parameter £ controls the damping of the 
oscillations and is, therefore, referred to as the damping ratio. 



If the circuit is initially at rest and the driving signal v^t) is a unit- 
step function, then Vjip) = l Ip and Equation 2.39 gives the corres- 
ponding response transform to be 



V ^ P) Pip 2 + 2 CoP + V) 

Expanding into partial fractions, we obtain 

V(n\ = - — E- + 2 ^ cu ° 

2W P P 2 + 2£o > 0 p + V 

This can be re-written as follows 



(2.44) 



(2.45) 



v,(p) = -- 



P + Wo 



p ip + £-o) 2 + - 0 2 (1 - £ 2 ) 

£ 



<W(1 - £ 2 ) 



V(i - £ 2 ) (p + £^„) 2 + <V(l - £ 2 ) 

(2.46) 

Therefore, from pairs 2, 9 and 10 of Table 2.1 we deduce that the 
response function n 2 (t) is given by 



e -w 



Viit ) = 1 — m t\/(l — £ 2 )-cos c o n t + £ sin o) n t\ 



where 






C0„ = cu 0 \/(l — £ 2 ) Wm < eO a 



(2.47) 



(2.48) 



is the natural (i.e. damped) angular frequency of oscillation. 
Using the relationship between ip and £ (see Equation 2.43) we can 
re-write the expression for v 2 (t) as follows 

Q—CcuJ, 

v 2 (t) =1 jtz V 2 x*(sin ifs cos a> n t + cos tfj sin co n t) 

VU ~ ) 




0 2 4 6 8 10 

co n t 



Fig. 2.25 Unit-step function response of a circuit having two poles 

As £ decreases in value the response becomes more oscillatory. 
When £ = 0we see from Equations 2.48 and 2.49 that w n = a> 0 and 
v 2 {t) = 1 — sin (co 0 t + ifj) which corresponds to sustained oscillations. 
Therefore, a> 0 is the angular frequency of undamped oscillation. 

In Fig. 2.25 the response function v 2 (t ) is shown plotted against 
the normalised time w n t for various values of damping ratio £. 

For the case of an oscillatory response let F max denote the first 
maximum value of v 2 {t ), Then F max — 1 is a quantitative measure 
of the extent to which F max exceeds unity, that is, the ultimate value 
of v 2 (t). Thus 

y — Fmax 1 (2.50) 

where y is termed the fractional overshoot . It is informative to 
relate the fractional overshoot to the damping ratio. For this 
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purpose we shall first differentiate Equation 2.49 with respect to 
time and so obtain 



. / .v c Uw C 3 W 

£2) * sin font “f* *A) i^/(l 0) 

(2.51) 



Setting du 2 (t)/df equal to zero, using Equations 2.43 and 2.48 
and then simplifying we find that the instances of time at which v 2 (t) 
reaches its maxima and minima are defined by 



tan {w n t + </<) = = tan 4> 

4^o 



from which it follows that 



^ _ krr 



«wo - i 2 ) (2 - 52) 

where k = 0, 1, 2,. . .and where use has been made of Equation 
2.48. The first maximum value F max of the response function 
vft) occurs when k = 1. Therefore, if t max denotes the instance of 
time at which v 2 (t) equals F max , we deduce from Equation 2.52 that 



^max — 



W(1 - £ 2 ) 



Next, if in Equation 2.49 we put t = f max and then use Equation 
2.48 and 2.53, we find that 



K max = 1 + e _7rcot ^ (2.54) 

which, together with Equations 2.43 and 2.50, leads to 

y = e-^/Vd-c 1 ) (2.55) 

This relationship shows that the fractional overshoot y is uniquely 
determined by the damping ratio £. Fig. 2.26 shows y plotted 
against £; we see that the overshoot increases as the damping ratio 
is reduced. 

It is of interest to note that the transfer functions of Equations 
2.34 and 2.39 could have been obtained directly from Figs. 2.19 and 
2.22 respectively, without having to write down the respective 
differential equations. Now from Equations 2.1 to 2.3 we find 
that, in the complex frequency domain, a resistor presents an 
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impedance equal to R y an inductor presents an impedance equal to 
pL and a capacitor presents an impedance equal to 1 jpC 9 provided 
the initial conditions are zero. Hence, using these results and then 
applying the conventional mesh or nodal method of analysis, it is 
possible to directly determine the system function of any network. 

2.3 Steady-state frequency response 

If a sinusoidal excitation is suddenly applied to an electric network, 
the resulting response function will in general consist of two com- 
ponents: a transient and a steady-state component; the latter com- 
ponent is itself sinusoidal having the same frequency as the excitation. 




Fig. 2.26. Effect of damping ratio £ on overshoot y 

In the case of a stable network the transient component dies away 
with time, and so after a sufficiently long time only the sinusoidal 
steady-state component remains of importance. A great deal of 
useful information about the behaviour of a network can be obtained 
by studying its sinusoidal steady-state response. 

Consider a sinusoidal function of time defined by 

<f>(t) = | <D(» | -cos (wt + 9) (2.56) 

where | O(jo ») | is the amplitude , co is the angular frequency and 9 is 
the phase angle of <j>(t). Equation 2.56 can be also written as 
follows 

= ^[0(jo))-ei^ (2.57) 



where 



0(jto) = |0(ja>)| -eP 1 



(2.58) 
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and where denotes the real part of the expression that follows it. 

The complex quantity <X>(jco) is usually referred to as a vector or a 
phasor ; it contains all the information needed to determine the 
amplitude and phase angle of the sinusoidal time function <f>(t ). 
To obtain <f>(t) we multiply O(jo>) by e* 6 * and take the real part of 
the product. Thus the sinusoidal function <}>(t) is completely 
defined in terms of 0(j co) and the multiplying factor eJ 6 *. 

The vector 0(jto) can be determined in the following manner. 
Let us consider the general case of a network described by the 
differential equation 2.21, and assume that 

e ja * 1 

^ 0 (0 = O 0 (jco)e^ J 

Then from Equations 2.21 and 2.59 we find that 

M + fln- i(j^) n_1 + • • «i(j + *al®o(j*0 

= i(j^) m_1 + • • *6i(jco) + 6J*,aoi) 



Therefore, for sinusoidal excitation we can define a steady-state 
system function G( jo>) as follows 

ra, - ®oG") 

_ + • * * +^i(j^) + K nfi\\ 

a n( j w ) w + + ■ • . + + a Q 

rr Qtt* Z 2 ) . » .(jcO Zffl) _ 

” (j- “ AXi« - ft) • • . G« - />.) 1 ' 

On examining Equations 2.25, 2.26 and 2.61, 2.62 we see that 
G(joj) can be derived directly from G(p ) by simply replacing p with 
jo>. Conversely, G(p) can be derived from by replacing jo> 

with p . This demonstrates the fundamental relationship between 
the transient and sinusoidal steady-state response of a linear 
network. For a one-port network we can define a steady-state 
impedance Z( jcu) to be 



Z(jo>) = 



M gO 
AG") 



which is the value of the driving-point impedance Z(/?) of Equation 
2.28 at p — jw. In a similar fashion we can define steady-state 
values for all the other network functions. 
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Returning to Equation 2.62, suppose that the scale factor H is 
positive. Further let the m complex zero factors and the n complex 
pole factors of G(jtu) be expressed as follows, respectively, 

^ {rc>} . > 

jo) — Zq — M q e Ja « where q = 1, 2, . . . , m 
joj — p r = N r e j0 r where r = 1, 2, . . . , n 



The transfer function G(jaj) can then be expressed as 



where 



G(]<a) = | | eW*) 



\G(jw)\ =H 



. . Mm 
N ± N 2 ...N n 



(2.64) 

(2.65) 



B(o)) = (a x + a 2 + • • • + &m) ~ (Pi + P2 + • • • + Pn) (2.66) 



From here on we shall refer to | G( jcu) | as the magnitude function 
and to B(cui) as the phase angle function . From Equation 2.65 we 
see that the magnitude function is equal to the scale factor multiplied 
by the product of all the zero factor magnitudes and divided by the 
product of all pole factor magnitudes, and from Equation 2.66 we 
see that at any frequency the phase angle function is equal to the 
sum of the angles of all the zero factors minus the sum of the angles 
of all the pole factors. Therefore, given the scale factor and the 
poles and zeros of the system function G(p ), it is possible to determine 
the magnitude and phase angle of <j(ja>) from Equations 2.65 and 
2.66, respectively. 

It is also possible to determine the magnitude and phase angle 
functions from the pole-zero pattern of G{p) by a graphical procedure 
which further illustrates the relationship between the transient and 
steady-state response of a network. Consider first the case of 
Fig. 2.27 showing a pair of complex conjugate poles. For values 
of p restricted to the jcu-axis of the /7-plane we see that, at the oper- 
ating' frequency wj, the magnitude of the pole factor (ja^ — p x ) is 
proportional to the length of a vector directed from p t to jo> 1} and 
its phase angle is equal to the angle 0 l9 shown defined in Fig. 2.27. 
In a similar manner we can evaluate the magnitude and phase angle 
of the factor (j — p 2 ) and all other pole and zero factors that make 
up the given system function. Then at the point p = jo7 1} the 
magnitude function is proportional to the product of all the vector 
lengths to all the zeros divided by the product of the vector lengths 
to all the poles. The phase angle function is equal to the sum of the 
angles between the a-axis of the p-plane and the vectors to all the 




a 



FfeEfcBACfc ORCUlf ANALYSIS 




Fig. 2.27. Graphical calculation of steady state response 

zeros minus the sum of all the angles between the cr-axis and the 
vectors to all the poles. If these evaluations are repeated for a 
number of points on the jco-axis, then it is possible to plot the magni- 
tude and phase angle of G( jo>) as functions of frequency. 

Suppose next we take the natural logarithm of both sides of 
Equation 2.64; then we have 

loge GQco) = A(w) + jB(w) (2.67) 

where 

A(oi) = loge | G(to) | (2.68) 

The function A(co), which is the natural logarithm of the magnitude 
function | G(jco)| , is termed the logarithmic gain of the network; its 
unit is the neper . Alternatively we can express the gain in decibels 
abbreviated as dB; thus 

A'(<d) = 201og 10 |G(jo))| (2.69) 

The two gain functions ^4(o>) and A\w) are related by 

A\oi) = = 8-69 A(w) (2.70) 

In other words, one neper is equal to 8*69 decibels. 

In Equation 2.67 the gain and phase angle functions are the real 
and imaginary parts, respectively, of the logarithm of the steady- 
state system function. Further, from Equations 2.65 and 2.68 



A(cv) = loge H + (loge Ml + loge M 2 + . . . . 
— (loge Nt + loge N 2 + loge N n ) 



loge Mrn) 



(2.71) 
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Here we see that multiplication and division of the various zero 
factor and pole factor magnitudes have been transformed into 
addition and subtraction, and each zero factor and pole factor 
appears separately. For these reasons the logarithm of | Gr(jct>) | is 
often preferred to I G{ jo>) | itself as the function of interest. 

Up to now we have assumed that the scale factor H is positive. 
If, however, H is negative then in Equations 2.65 and 2.71 it should 
be replaced by \H\ 9 and a phase angle equal to rr radians must be 
added to Equation 2.66. 



2.3.1 STEADY-STATE RESPONSE OF NETWORK HAVING 
ONE REAL POLE 

Consider the case of a system function G(p) having one real pole at 
p = — (x) 0 ; thus 

. Wn 1 /a 



G(p) = 



P + "o 1 + pho 



This, for example, represents the transfer function of the .RC-circuit 
of Fig. 2.19 (see Equation 2.34). Replacing p with ja> in Equation 
2.72, we obtain 

G( jo.) = r , l 7— (2.73) 

1 + jW<°o 



Therefore, 



l G(ja,) l ~ V[i + (W<"o) 2 ] (2,74) 

B{ co) = — tan^^/ajQ) (2.75) 

Expressing the gain function in decibels 

A’(a>) - - 10 log 10 [l + (W^o) 2 ] (2.76) 

Let us examine the behaviour of this equation at very low and very 
high frequencies. At low frequencies we have 

— <| 1 and A'(co) ^ — 10 log 10 1—0 (2.77) 

OJq 

Therefore, the low frequency behaviour of Equation 2.76 can be 
approximated by the horizontal zero dB line as in Fig. 2.28a. 

Next, at high frequencies we have 



— 1 and A'(w) ~ — 10 log 10 ( 

\ 



20 log 1( 
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Suppose that x = log 10 (<o/w 0 ) is considered as the variable instead of 
co. Then we see that Equation 2.78 is a straight line of the form 
A' (to) = — 20jc having a slope equal to — 20, that is, A' (to) decreases 
by 20 dB when x increases by one unit. Since x = log 10 (<o/co 0 ), it 
follows that the normalised frequency variable (co/w 0 ), must increase 
by a factor of 10 (i.e. one decade) if x is to increase by one unit. 
Therefore, the high frequency behaviour of Equation 2.76 can be 
approximated by a straight line having a slope equal to — 20 dB 
per decade. The slope of the high frequency asymptote can be also 
stated in a different but equivalent form as follows. Evdry time o> 
is doubled the number of decibels is decreased by a constant amount 
equal to 

20 logioQ - 20 logxo^) = 20 log 10 2 = 6 

Thus, when the characteristic of Equation 2.76 is plotted against 
log 10 co we find that the high frequency asymptote is a straight line 



LOW FREQUENCY 
ASYMPTOTE 





Fig. 2.28. Gain and phase angle characteristics of pole 

factor 1 j {l + ““j- {Note: actual characteristics are 

shown in solid lines and approximating characteristics are 
shown in dashed lines ) 



p-PLANE 



|J« 






Fig. 2.29 . System function with 

real poles and zeros only | 

with a slope of — 6 dB per octave (doubling) of oj as shown in 
Fig. 2.28 (a). 

From Equation 2.78 we see that the high frequency asymptote 
reaches zero dB at { oj / oj 0 ) = 1, that is, o> = co 0 . Therefore, the low 
and high frequency asymptotes defined by Equations 2.77 and 2.78 
intersect at co = to 0 . For this reason co 0 is termed the break or 
corner frequency. Together, the two asymptotes provide a broken 
line approximation to the actual characteristic of Equation 2.76, 
which is also shown plotted in Fig. 2.28 (a). The broken line 
approximation is termed the semi-infinite constant slope character- 
istic. From Equation 2.76 we see that at to = co 0 . A' {of) = 
— 10 log 10 2 = — 3 dB. Hence, the maximum error occurs at co = co 0 
and equals 3 dB. Further at both co = co 0 /2 and co = 2co 0 , that is, 
one octave away from the point co = co 0 , the error is equal to 1 dB. 
The actual characteristic can be thus sketched with reasonable 
accuracy from the asymptotic approximations taking account of the 
errors involved. 

Consider next the phase angle characteristic of Equation 2.75. 
For small values of co the phase angle B(a>) is nearly zero, and for 
large values of co it is nearly — 90°. At the corner frequency co 0 the 
phase angle is — 45°. The phase angle is shown plotted against 
logio^ in Fig. 2.28 (b) where it is seen to be symmetrical about the 
point co — co 0 . 

The actual phase angle characteristic can be approximated reason- 
ably well by the three straight line segments shown in Fig. 2.28 (b). 
The maximum error of 5*7° occurs at co = co 0 /10 and co = 10co 0 . 



2.3.2 STEADY-STATE RESPONSE OF NETWORK HAVING 
REAL POLES AND ZEROS 

The results that we have obtained for the logarithmic gain and 
phase angle characteristic of a single real pole factor can be extended 
to a multiplicity of real pole and real zero factors in the following 
manner. As an illustration consider a system function having 
poles at — o) 1 and — co 2 , and zeros at — co a and — co& all located 
on the negative cr-axis, as shown in Fig. 2.29. The corresponding 
system function G (p) is 
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G(p ) = H- 



ttJ a)(p + tuft) 

• w i)iP + “> 2 ) 



For sinusoidal excitation we replace p with ja> and so obtain 

0" + Wi)(jO) + Wg) 

This can be re-written in the following form 



G(j<o) = H 



, (1 + jcL>/(Jj a )(l 4- ioj/ojb) 
(1 + jw/coj)(l + jw/tog) 



where 



Jiojdfoff 



From Equation 2.81 we deduce that with the scale factor H' positive 
A'(* >) = 20 log 10 | G(jo>)| 

= 201og 10 H'+ 101og 10 [l + + 101og 10 [l + 

- 10 log 10 [l + ) ] - 10 log 10 [l + ] 



Each term on the right hand side, except the constant term, has the 
same form as Equation 2.76. The two zero factors contribute 
positive terms with comer frequencies at w a and wt,, and high 
frequency asymptotes of slopes 6 dB per octave. The two pole 
factors contribute negative terms with corner frequencies at and 
cu 2 and high frequency asymptotes of slopes — 6 dB per octave. 
Thus, assuming that a>& > co 2 > w x > w a we find that the individual 
contributions are as shown in Fig. 2.30 (a). The broken line 
approximation to the actual overall characteristic is obtained by 
summing the contributions of the constant term and the various 
pole and zero factors; the result of this summation is shown in 
Fig. 2.30 (b) where it is assumed that H ' > H. 

2.3.3 STEADY-STATE RESPONSE OF NETWORK HAVING 
A PAIR OF COMPLEX CONJUGATE POLES 

Let us next consider the case of a system function having a pair of 
complex conjugate poles. Thus 
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°(P) - p 2 + 2 £to*p + V “ 1 + 2 £(/>K) + (pK)» (2 ' 84) 

This, for example, corresponds to the transfer function of the 
RLC-circuit of Fig. 2.22 (see Equation 2.39). When £ < 1, the 
two poles of G(p) become complex conjugate 
Replacing p with jo>, we have 

G(ia,) = , / . J ■ (2.85) 

1 — (o>/a> 0 ) 2 + j2£(ai/to 0 ) 

Therefore 

A'(u>) = 20 log 10 |G(ja>)| 

= - 10 log 10 [(1 - («>K) 2 ) 2 + 4£VK) 2 1 (2.86) 

(187) 

Consider first equation 2.86. At very low frequencies, we have 
— <? 1 and A'(co)- - 10 log 10 1 = 0 (2.88) 

OJ n 




Jb) 

Fig. 2.30 . (a) Individual zero factor and pole factor contri- 

butions , (b) Overall gain characteristic 
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Hence, the low frequency asymptote is the horizontal zero dB line. 

At very high frequencies, we have 

- > 1 and A’(w) ~ - lOlogJ-V = - 401og 10 (" ) 

<*>o \ w 0 / \ w 0/ 

(2.89) 

Therefore, the high frequency asymptote is a straight line with a 
slope of — 40 dB per decade, that is, — 12 dB per octave. The 
low and high frequency asymptotes intersect at tu = co 0 , as is shown 
by the dashed fines in Fig. 2.31. In this diagram, the actual 
characteristics, as calculated from Equation 2.86, are also shown 
plotted for different values of the damping ratio £. The corres- 
ponding phase angle characteristics as calculated from Equation 
2.87, are shown plotted in Fig. 2.32. 

The characteristics of Figs. 2.31 and 2.32 can be also used for 
calculating the logarithmic gain and phase angle characteristics 
of a pair of complex conjugate zeros with the following modifica- 
tion: the results for the zeros are the negatives of those obtained 
for the poles. 

2.4 Matrix algebra 

Matrix algebra provides a convenient and compact form of express- 
ing and analysing the response of linear networks. A matrix can 




£0 



£O 0 

Fig. 2.31. Gain-frequency characteristic of second order pole factor 
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a l\ a l2 a l3 

[a] = a 21 22 ^28 



fl 31 a 32 a 33 



[*] = X , 



The matrix [a] has three rows and three columns, and is therefore 
referred to as a 3 x 3 matrix or a square matrix of order 3. Each 
of the matrices [x] and [y] has three rows and only one column and 
is known as a column matrix of order 3. From Equation 2.94 we 
see that the matrix [a] is an array of the coefficients a } k arranged in 
rows and columns in exactly the same order as they appear in 
Equation 2.90. Thus a matrix is similar to a determinant in that it 
contains elements in rows and columns, but they differ in two 
fundamental respects: a matrix need not have equal numbers of 
rows and columns, and secondly, a matrix does not possess a 
numerical value. 



2.4.1 ADDITION 

The addition of two matrices is possible only when they have an 
equal number of rows and an equal number of columns. It is 
achieved by adding their corresponding elements. As an illustra- 
tion suppose that [6] and [ d ] are 3x2 matrices given by 



Then 



[b] + [d] = 



(2.98) 
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2.4.2 multiplication 

Let [a] be a matrix of order m X n and [ft] be a matrix of order 
n X p. The product of [a] [6] is defined to be a matrix [c] of order 
m x p ; the element cy of this product term is given by 

« 

ca = ^ aikbk ] (2.99) 

ifci 

which states that the element cy of the matrix [c] = [a] [6] is obtained 
by multiplying the corresponding elements of the ith row of matrix 
[a] and the yth column of the matrix [6], and adding the products 
obtained. The product [a] [ b ] exists only when the number of 
columns in the matrix [a] is equal to the number of rows in the 
matrix [6]. 

As an example let us evaluate [a] [A] given that [a] is the 3 x 3 
matrix of Equation 2.94 and [ft] is the 3x2 matrix of Equation 
2.96. Then the product [a] [ft] is a 3 X 2 matrix given by 




lift 11 4 ~ III 2ft 21 4 ~ 1*13^31) ( a llftl2 4 " II 12ft 2 2 4 “ a 13b 32) 

= (a 21 ft 

11 4- # 22^21 “t - ^23^3l) (^21^12 + ^22^22 + ^23^32) I 

-0*31^ 11 ^32^21 ^33^3l) (^31^12 “f~ ^32^22 H“ ^ 33 ^ 32 )-* 

In this example we see that it is not possible to define the product 
lb) [a]. . 

Matrix multiplication is not commutative , that is, the matrix 
product [a] [Z>] is not, in general, equal to [6] [a] ; even though both 
products may be defined. But matrix multiplication is distributive 
so that 

[b]([c] + [d}) = [b][c] + [b][d] (2.101) 

and it is also associative , that is 

lb]([c][d]) = ([b][c])[d] (2.102) 

Multiplication of a matrix by a constant k is obtained by multi- 
plying each of its elements with k. Thus multiplying the matrix [a] 
of Equation 2.94 with k , we obtain 

F.C.A.-4 
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ka n 


ka 12 


ka X2 


ka 21 


ka 22 


ka 22 


.ka a i 


ka 22 


ka zz 



(2.103) 



2.4.3 INVERSION 

Suppose that in Equation 2.90 the /s and the a’s are known quan- 
tities. Then solving these equations for x l5 x 2 and x 3 by Cramer's 
rule we obtain 

v _ An . Aji \ 

A"^ 1+ X^ 2 + 



v — ^12 v I ^22 V I ^32 

** - X Vl + X y * + X y * 



(2.104) 



where A is the determinant 

#11 #12 #13 

A = fl 2 l a 22 #23 



(2.105) 



I #31 #32 #33 I 



and where A^ is the cofactor of the element a /* and is obtained from 
A by deleting both row j and column k and multiplying the result 
by ( — 1 y+ k . In matrix form Equation 2.104 becomes 



M = [#'] [y] 



(2.106) 



where the matrices [x] and [y ] are as defined in Equations 2.95 and 
2.93, respectively, and the matrix [a f ] is given by 



An ^21 A 81 



[#] — ^ A 12 A 22 A 32 



(2.107) 



If the matrix [a f ] exists, it is referred to as the inverse of the matrix 
[a] of Equation 2.94 and is written as follows 



[#'] - I #]* 1 



(2.108) 
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The inverse of a matrix exists only if the matrix is a square one and 
its determinant A is non-zero. 

The product of a square matrix and its inverse is another square 
matrix whose diagonal terms are all unity and the remaining ones 
are zero. Such a matrix is called the unit matrix . Thus in the case 
of Equation 2.94 we have 

10 0 
[a] [a]- 1 = 0 1 0 

_0 0 1 

Also for a square matrix [a] [ a ] _1 = [a]- 1 [a]. 

2.5 Two-port networks 

Two-port networks! form a very important class of electric net- 




Fig. 2.33. Two-port network 



works. We saw examples of such networks in Figs. 2.5 to 2.8 
which illustrated the various controlled source types. Fig. 2.33 
shows a generalised representation for a two-port network together 
with the terminal currents and voltages. We shall refer to terminals 
1, 1' as the input port and to terminals 2, 2' as the output port. 

The external behaviour of the two-port network of Fig. 2.33 is 
completely determined if the input current I l9 input voltage V l9 
output current I 2 and output voltage V 2 are known. The inter- 
relationships between h, V u h, and V 2 can be expressed in six 
different ways depending upon which two of these four quantities 
are regarded as independent variables and which two are regarded 
as dependent variables. These six possibilities lead to six sets of 
parameters, namely the z-, y-, h-, g-, chain matrix and inverse chain 
matrix parameters. These we shall consider in turn. 

z-parameters 

Suppose that and I 2 are chosen as the independent variables (i.e. 
excitations), and V x and V 2 are the dependent variables (i.e. response 
functions). Then we obtain the following set of relationships 

t Two-port networks are also referred to as two-terminal pair networks. 
four-terminal networks, four-pole networks and quadripole networks. 



(2.109) 
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V i — z n /i ^ 12-^2 ) 

where z u , z 12 , z 21 and z 22 are known as the z-parameters of the 
two-port network. It is to be noted that the various currents and 
voltages and the z-parameters are all functions of p or jaj depending 




h 

02 ' 



! v * 



■02 



Fig . 2.34. z-parameters equivalent circuit 



on whether we are considering network behaviour in the /?-plane or 
along the ja>-axis. The functional dependences have been omitted 
only for simplicity. This remark applies to all the other parameters 
to be considered later. 

Returning to Equations 2.110, we can deduce the following 
definitions for the z-parameters 



( 2 . 111 ) 



The condition I ± = 0 corresponds to open-circuiting the input port, 
and / 2 = 0 corresponds to open-circuiting the output port. 

From Equations 2.111 we see that all the z-parameters have the 
dimensions of an impedance. Further z u is the input driving-point 
impedance or simply input impedance and z 21 is the forward transfer 
impedance (i.e. from input to output) of the network with its output 
port open-circuited. On the other hand, z 22 is the output driving- 
point impedance or simply output impedance and z 12 is the reverse 
transfer impedance (i.e. from output to input) of the network with 
its input port open-circuited. 




Equations 2.110 lead to the z-parameters equivalent circuit of 
Fig. 2.34 for the two-port network. It involves two current- 
controlled voltage sources. 

In matrix form Equations 2.110 can be expressed as 



where 



Q - 0 



V\ Zu z 12 






y ^ _^21 ^22. 




l/J 



Zu z 12 
. z n z 22 . 



( 2 . 112 ) 

are column matrices, and the square matrix 
is known as the z-matrix of the two-port network. 



y-parameters 



Let us next choose the voltages V l9 V 2 to be independent variables 
and the currents I ly / 2 to be the dependent variables. Then we 
obtain 



h = yn v i + Ti2^2 

^2 = ^ 21^1 “ 1 “ ^ 22^2 



(2.113) 



where y lly y 12 , y n and y 22 are known as the y-parameters of the two- 
port network. From Equations 2.113 we deduce the following 
definitions for the ^-parameters. 




(2.114) 



The condition V x — 0 is equivalent to short-circuiting the input 
port, and V 2 = 0 is equivalent to short-circuiting the output port. 

From Equations 2.114 we see that all the ^-parameters have the 
dimensions of an admittance. Further, the parameter y n is the 
input driving-point admittance or simply input admittance and y 2 1 
is the forward transfer admittance of the two-port network when its 
output is short-circuited. y 22 is the output driving-point admittance 
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* Fig. 2.35. y-parameters equivalent circuit 

or simply output admittance and y 12 is the reverse transfer admittance 
of the two-port network with its input port short-circuited. 

Equations 2.113 lead to the y-parameters equivalent circuit of 
Fig. 2.35 involving two voltage-controlled current sources. 

In matrix form we can re-write Equation 2.1 13 as follows 




(2.115) 



>■- where the square matrix 
two-port network. 




is known as the y-matrix of the 



h-parameters 

If 7 X and V 2 are the independent variables, and F x and 7 2 are the 
dependent variables, we have 

V 1 =*h n I 1 + h lt V i j 

h = *«A + *22^ i 

where h ll9 h 12 , h 21 and h 22 constitute of h-parameters of the two-port 
network. From Equations 2 . 1 16 we deduce the following definitions 
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Therefore, h n is the input impedance and h 21 is the forward current 
gain of the two-port network when its output is short-circuited. 
h 22 is the output admittance and h l2 is the reverse voltage gain 
of the two-port network with its input port open-circuited. h n 
has the dimensions of an impedance, h 22 has the dimensions of an 
admittance, and h l2 and h 21 are both dimensionless. 

From Equation 2.116 we deduce the h-parameters equivalent 
circuit of Fig. 2.36 involving a current-controlled current source and 




Fig. 2.36. h-parameters equivalent circuit 

a voltage-controlled voltage source. This circuit further illustrates 
the hybrid nature of the /z-parameters. 

Re-writing Equations 2.116 in matrix form, we obtain 




(2.118) 



h xl h i2 

where the square matrix is called the h-matrix of the 

ft 21 ^ 22 . 

two-port network. 



g-parameters 

Next, choosing V 1 and I 2 to be the independent variables and 7 X 
and V 2 to be the dependent variables, we find that they are related by 



h — SdVi H” £12^2 

^2 = £21 J 7 ! + £ 22^2 



(2.119) 



where g llf g 12 , g 21 and g 22 are the g-parameters and are defined by 
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■-GU 

■-(&- 



( 2 . 120 ) 



Hence, g u is the input admittance and g 21 is the forward voltage gain 
of the two-port network when its output port is open-circuited. 
g 22 is the output impedance and g 12 is the reverse current gain when 




Fig. 2.37. g-parameters equivalent circuit 

the input port is short-circuited. g n has the dimensions of an 
admittance, g 22 has the dimensions of an impedance and g 12 and g 21 
are both dimensionless. From Equation 2. 1 1 9 we deduce the g-para- 
meters equivalent circuit of Fig. 2.37 involving a current-controlled 
current source and a voltage-controlled voltage source and so further 
stressing the hybrid nature of the g-parameters too. 

In matrix form we can re-write Equation 2.1 19 as follows 



£n £ 12 ! \V X 



^2J U>21 #22J 



( 2 . 121 ) 



[£n £12 

where the square matrix is known as the g-matrix of the 

L£ 2 i £ 22 . 

two-port network. 

Chain matrix parameters 

Let us next choose V 2 and / 2 to be the independent variables, and 
V x and I x to be the dependent variables. Then we have 



V x — a n V 2 — a l2 I 2 

A = a 21^2 a 22^2 



( 2 . 122 ) 
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where a ll9 a 12i a 21 and a 22 are called the chain matrix parameters 
because, as we shall see later, they are particularly useful for 
analysing a chain of two-port networks connected in cascade. 
They are defined as follows 




Therefore, a n is the reciprocal of the open-circuit voltage gain for 
signal transmission in the forward direction whereas the parameter 
a 2 2 is the reciprocal of the short-circuit current gain for the same 
direction of signal transmission. Further, the parameters a 12 and 
a 2 1 are reciprocals of the short-circuit transfer admittance and the 
open-circuit transfer impedance respectively, again for the forward 
direction of signal transmission. 

Equations 2.122 can be re-written in matrix form as follows 




(2.124) 



a n # 12 ] 

where the matrix is known as the a-matrix or the chain 

ia 21 a 22 J 

matrix of the two-port network. 

Historically the chain matrix parameters! were the first set to be 
used in the study of transmission lines. In such networks if the 
input current I x flows into the line, then the output current naturally 
flows out. The latter is opposite to the convention adopted in 
Fig. 2.33. This accounts for the introduction of the minus sign in 
Equations 2.122 and 2.124. 



Inverse-chain matrix parameters 

For this set of parameters V x and I x are regarded to be the independent 
variables, and V 2 and / 2 to be the dependent variables; thus 

t The notations A, B, C, D are also widely used for denoting the elements of 
the chain matrix. Thus A = a ll9 B s a liy C = a iU and D s a ti . 
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v 2 = 6uK x - b 12 I x 
h = ^ 21^1 — ^ 22^1 



(2.125) 



where 6 U , fc 12 , Z> 21 and b i2 are termed the inverse chain matrix para- 
meters. They are useful in analysing a cascade of two-port networks 
viewed from the output end, that is, in the reverse direction to the 
case of the chain matrix parameters. They can be evaluated from 
the following definitions ■ 



-a),- 

= 

-ft),. 



(2.126) 



These relationships show that b xl and b 22 are the reciprocals of the 
open-circuit voltage gain and the short-circuit current gain of the 
two-port network, both measured in the reverse direction of signal 



Fig. 2.38 . Series impedance 

transmission. Also b 12 and b 21 are the reciprocals of the short- 
circuit transfer admittance and the open-circuit transfer impedance, 
for the same direction of transmission. 

In matrix form we can express Equations 2.125 as 



2 1 Vl ' 

J L- h. 



(2.127) 



[fizi ^22J 
two-port network. 



is the b-matrix or the inverse chain matrix of the 
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From Equations 2.1 14 we see that the network of Fig. 2.39 does not 
possess a finite >’-matrix, and from Equations 2.117 we deduce the 
following /i-matrix 



(2.133) 



hn 


h 12 




■ 0 


r 


_^21 


h 22 _ 




— 1 


Y t . 



where Y 2 = 1/Z 2 . Equations 2.120 give the g-matrix to be 



8n §12 i 

.§21 §22- .1 0. 



(2.134) 



The corresponding chain matrix is deduced from Equations 2.123 to 
be 



'an 


#12 




1 


0- 


- a 21 


#22. 




y 2 


1. 



(2.135) 



As a third example consider the ideal transformer of Fig. 2.40. 
From Equations 2.111, 2.114, 2.117 and 2.120 we see that none of 



Fig. 2.40 . Ideal transformer 



the z-, y- 9 h -, and ^-matrices is finite, while from Equations 2.123 we 
find that the chain matrix is 



#11 #12 
#21 # 22 . 



n- 1 0 
0 n 



(2.136) 



where n is the transformer turns ratio defined in Fig. 2.40. 



2.5.2 INTER-RELATIONSHIPS BETWEEN MATRIX 
PARAMETERS 

Very often it is required to convert one set of matrix parameters 
to another, and for this purpose it is found desirable to develop the 
inter-relationships between the various matrix parameters of the 
two-port network. We first see from Equations 2.112 and 2.115 
that the z- and j-matrices are the inverse of each other, that is 
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On evaluating the inverse matrix we find that Equation 2.137 has 
the following form 



*11 *12 l 3*22 ~ 3*12 

*21 *22-1 M- *1 Yll 
where A y is the determinant of the j-matrix and is given by 

3*ii 3*12 

= = Ju 3*22 - yu y»i (2.140) 

3*21 3*22 

In a similar way we can evaluate the inverse matrix of Equation 
2.138, and so evaluate the ^-parameters in terms of the z-parameters. 

Next, from Equations 2.118 and 2.121 we find that the h - and g- 
matrices are the inverse of each other, that is 



(2.139) 




Then, the h- and g-parameters can be related to each other in the 
same way as we related the z- and y-parameters. 

Similarly, from Equations 2.124 and 2.127 it follows that the 
a- and 6-matrices are related by 



and 



#11 #12 ^11 ^12 1 
.#21 #22 j 1 ^21 ^22 . 




(2.143) 

(2.144) 




54 



FEEDBACK CIRCUIT ANALYSIS 



Additional relationships between the various matrix parameters 
can be obtained by using the various sets of voltage-current relation- 
ships of the two-port network. Suppose we wish to evaluate the 
chain matrix parameters in terms of the /z-parameters. Solving the 
second line of Equations 2.116 for I x gives 

h =-¥■* + £ (2-145) 

rt 2 i bn 

Eliminating I x between this relationship and the first line of Equations 
2.116, we obtain 

Vi = - Y V * + Jr 7 * (2-146) 

ft 21 "21 

where A/z is the determinant of the /z-matrix, that is 
h n h 12 

A h = — hnh 22 — ^ 12^21 (2.147) 

^21 ^22 

Comparing Equations 2.146 with the first line of Equations 2.122, 
and comparing Equations 2.145 with the second line of Equations 
2.122, we find that 



#11 


#12 


_ 1 r M 


^11 


.#21 


#22. 


Aai k a 


1. 



In a similar fashion we can go on developing further relationships 
between the various matrix parameters and so obtain the matrix 
conversion table given below (Table 2.3). Ay and A h are defined by 
Equations 2.140 and 2.147, respectively, and 

A z - determinant of z- matrix. 

Z 11 Z 12 

= = z u z 22 - z 12 z 21 (2.149) 

Z 21 Z 22 

A g = determinant of g-matrix 
£ii £12 

= = Sllgii — glogtl (2.150) 

#21 #22 

A a = determinant of #-matrix 
a n a 12 

= — ^11^22 ^12^21 (2.151) 

^21 #22 
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A b = determinant of 6-matrix 
^11 ^12 

= bnb 22 — ^12^21 (2.152) 

^21 ^22 



2.5.3 COUPLING OF TWO-PORT NETWORKS 

Thus far we have presented the various ways of expressing the 
external behaviour of two-port networks with impartiality. The 
usefulness of each set of matrix parameters becomes evident when 




Fig. 2. 41. Series-series coupling 

we consider the various ways of coupling two-port networks. 
Consider two such networks N' and N*. They can be connected 
together in any of the five different ways shown in Figs. 2.41 to 2.45. 
We shall see that the z-parameters are useful for dealing with the 
series-series coupling of Fig. 2.41, the y-parameters are useful for 
the shunt-shunt coupling of Fig. 2.42, the /z-parameters are useful 
for the series-shunt coupling of Fig. 2.43, the g-parameters are useful 
for the shunt-series coupling of Fig. 2.44 and the a- and ^-parameters 
are useful for the cascade coupling of Fig. 2.45. 

Series-series coupling 

Consider first Fig. 2.41 where the two-port networks N' and N" are 
connected together in series at their input and output ports. In 
terms of the z-parameters, we have for network N' 




For network N" we have 




(2.154) 





Table 2.3 matrix conversion table 
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However, in Fig. 2.41 we see that 

\hi m \h' 



/■'J l v. 



(2.155) 



f/i rF/ + F/i _ rF/i I-F/ 

fJ Lf 2 ' + fJ“[f 2 'J Lf/ 



Therefore, using Equations 2.153 to 2.156 we find that 



V{\ fzn *i.'l rA 



' VI rA' 
z 22 J L4 



vi r 7 i 



Zn' + Z n " z 12 ' + z 12 
z 2 / + Z 21 z 22 + z 22 . _/ 2 . 



(2.156) 



(2.157) 



We thus see that the series-series coupled arrangement of Fig. 2.41 
is equivalent to a single two-port network whose z-matrix is equal 
to the sum of the z-matrices of the individual two-port networks. 



Shunt-shunt coupling 

Consider next Fig. 2.42 where the two-port networks are connected 
together in parallel at their input and output ports. If we describe 
each network in terms of its respective ^-parameters, we obtain 



VI _ pn jWI l-F/ 
Jt. y^i y*2& . F a . 
ill pi/ yiz'l Vi m 

iA ” bn 3^22 j I.F/ 



/ 2 J L> , 21 3*22 



In Fig. 2.42 we see that 



hi 111 \Ii 

— + 

/J U'J I/.' 
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Fig. 2.42. Shunt-shunt coupling 




Fig. 2.43. Series-shunt coupling 

and that the two networks have equal input voltages and equal 
output voltages. Therefore, adding Equations 2.158 and 2.159 
and using Equation 2.160 we get 

7 il rjFix 7 + yii yn + Ji 2 n [Fi 

(2.161) 

/J bzi' + y^i y 22 + 3*22 j LF 2 . 

Thus, the shunt-shunt coupled arrangement of Fig/ 2.42 can be 
replaced by a two-port network whose y-matrix is equal to the sum 
of the j-matrices of the individual networks. 



Series-shunt coupling 

Fig. 2.43 shows the two-port networks N' and N" having their 
input ports connected in series and their output ports connected in 
parallel. The overall voltage V 1 at the input port 1,1' is equal to 
the sum of the input voltages F/ and V{ of the individual networks. 
Further, the overall output current I 2 is the sum of the output 
currents / 2 ' and I 2 of the individual networks. Therefore, if each 
network is described in terms of its /z-parameters, we find that the 
overall behaviour can be expressed by 
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J'l ^11 + kll ^12 + ^12*1 V 

/a . ./*2l/ "4" ^21 ^22 + ^22 J 



(2.162) 



In other words, the series-shunt coupled arrangement of Fig. 2.43 
is equivalent to a single two-port network having an A-matrix equal 
to the sum of the h - matrices of the component two-port networks. 

Shunt-series coupling 

Consider next Fig. 2.44 where the two-port networks have their 
input ports connected in parallel and their output ports connected 
in series. Here we see that the overall input current I x is equal 
to the sum of the input currents I x f and // of the component net- 
works, and the overall output voltage V 2 is equal to the sum of their 
output voltages V 2 ' and V 2 . Hence if we describe each component 
network by its g-parameters, we find that for the complete arrange- 
ment 



A1 rSii 7 + gW + £12*] [Vi 



^ 2 J l&il + £ 21 " S 22 + S 22 J i /2 



(2.163) 



which states that the shunt-series coupled arrangement of Fig. 2.44 
is equivalent to a two-port network with a g-matrix equal to the sum 
of the g-matrices of the individual two-port networks. 

It is important to note that the various statements which we have 
made regarding the above four ways of interconnecting two-port 
networks are valid if, and only if, the matrices describing the 
individual networks are not modified as a result of the particular 
method of interconnection.! 



Cascade coupling 

In Fig. 2.45 the two-port networks N' and N" are connected together 
in cascade. Viewing this cascade from left to right, we can make 
use of the a-matrix. For network N' we have 



a ll a 12 



a 21 a 22 



l V V 

'J L- 12 



(2.164) 



and for network N* we have 



«un r y% 

a 22 - . h 



t For a more complete discussion of this problem, see E. A. Guillemin 1 . 




Fig. 2.44. Shunt-series coupling 




Fig . 2.45. Cascade coupling 




Fig. 2.46. Double-terminated two-port network 




Fig. 2.47. Two-port network terminated at its output port 




Fig. 2.48. Two-port network terminated at its input port 
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However, in Fig. 2.45 we see that 




(2.166) 



Then, if the common voltage and current at the junction are elimin- 
ated from Equations 2.164 and 2.165 by using Equation 2.166 we 
find that 



'Vi a u ' a 12 ' flu* fli2* V 2 
Jl . 021 a 22 - . a 11 a 11 - h. 



(2.167) 



Therefore, the overall fl-matrix of the cascade coupling of Fig. 2.45 
when viewed from the left, is equal to the product of the fl-matrices 
of the individual networks. 

If, however, the cascade coupling of Fig. 2.45 is viewed from the 
right, then we can show that 




(2.168) 



where the ^-parameters with one prime refer to network N' and 
those with two primes refer to network N\ 



2.5.4 EXTERNAL CIRCUIT PROPERTIES OF THE 
TERMINATED TWO-PORT NETWORK 

The two-port network is normally used to couple a source to a load. 
Fig. 2.46 illustrates the general case of a voltage source Vs of internal 
impedance Zs coupled to a load of impedance Zl by means of a 
two-port network. When studying this double-terminated two-port 
network it is found that its input impedance Zi n , output impedance 
Zout, voltage gain Kv and current gain Ki are of particular interest. 
Zin is defined as the impedance measured looking into the input 
port 1,1' when the output port 2,2' is terminated with the load Zl 
as in Fig. 2.47 ; then 

Zin = % (2.169) 

*1 

The output impedance Z ou t is equal to the impedance measured 
looking into the output port when the input port is terminated with 
the source impedance Zs as in Fig. 2.48 ; thus 




(2.170) 
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Fig. 2.49 . (a) Equivalent circuit for double-terminated two-port network, 

(b) Another equivalent circuit for double terminated two-port network 



The voltage and current gains are both transfer functions. They 
were defined earlier in Equations 2.29 and 2.31 which are re-written 
here for convenience 

Kv = (2.171) 

Ki =y 2 (2.172) 

1 i 

where the various currents and voltages are as shown in Fig. 2.47 
Now 

V 2 = -Zi/ 2 (2.173) 

Therefore, from Equations 2.169 and 2.171 to 2.173 we find that 
the input impedance, voltage and current gains are related by 

Kv — — (2.174) 

•^in 

In terms of the input impedance and voltage gain we can develop 
the equivalent circuit representation of Fig. 2.49(a) for the double- 
terminated two-port network. Here we see that 



K _ V 2 _ Zm K v 
V S Zm + Zs 



(2.175) 



where K is termed the external voltage gain. It depends on the 
two-port network parameters and the terminating source and load 
impedances, whereas the voltage and current gains are both indepen- 
dent of the source impedance. 

When Zs=Zin, we see from Equation 2.175 that K—Kvl2. 
We therefore have a second definition for the input impedance Zm 
of a two-port network in that it is equal to the particular value of 
source impedance which causes the external voltage gain of the 
network to become half its voltage gain. 
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Let Koc denote the value of K that results when the output port 
is open-circuited, that is, Zl = oo. Then we can deduce the ' 
equivalent circuit of Fig. 2.49 (b) to represent the double-terminated 
two-port network in terms of Z 0 ut and K oc , thus 



Zl H- Zout 



(2.176) 



When Zl = Z ou t, we find from Equation 2.176 that K = Koc/2. 
Since Koc is independent of the load impedance, we deduce that the 
output impedance Z ou t of a two-port network can be also defined 
as the special value of load impedance which causes the external 
voltage gain K to assume half its open-circuit value Koc • 

From Equations 2.175 and 2.176 we deduce that 



ZioKy _ ZlKqc 
Zin + Zs Zl + Zout 



(2.177) 



Let us next evaluate Zm, Z ou t, Ky and Ki in terms of the various 
matrix parameters. As an example, consider the case of z-para- 
meters. Eliminating V 2 between Equations 2.173 and the second 
line of Equations 2.1 10 we obtain 



v 1% _ Z 21 

1 I x z 22 + Z L 



(2.178) 



Next, eliminating / 2 between Equations 2.178 and the first line of 
Equations 2.110 gives 



Zi n — — 



Z 12 Z 21 
z 22 + Zl 



A z + z u Zl 
^22 4“ Zl 



(2.179) 



where Az is as defined in Equation 2.149. From Equations 2.174, 
2.178 and 2.179 we find that the voltage gain is 



Ky = 



^2i Zl 

Az + z u Zl 



(2.180) 



For evaluating the output impedance, consider Fig. 2.48 where 



Vi = “ h z s 



Therefore, eliminating V x between this relation and the first line of 
Equations 2.110, and then solving for I l9 we obtain 
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z 12^2 

z lx + Zs 



(2.181) 



Next, on eliminating I x between Equation 2.181 and the second line 
of Equations 2. 1 10, we find that 



Z 2\ Z 12 
z u + Zs 



Az 4~ ^22 z s 
Zn + Zs 



(2.182) 



In a similar way we can go on to evaluate Zi n , Z ou t> Ky and Ki in 
terms of the remaining matrix parameters, and so obtain the results 
of Table 2.4 where the determinants Az, A y, AA, A g and A b are as 
defined in Equations 2.149, 2.140, 2.147, 2.150 and 2.152, respec- 
tively. 



2.5.5 RECIPROCITY AND PASSIVITY 

In passive two-port networks composed of such bilateral elements 
as resistors, capacitors and inductors, we find that the following 
relationships are always satisfied : 

Z12 — ^21 ^ 

y 12 = ^21 

h 12 = —h 21 > (2.183) 

gl2 ~ S 21 

a ll a 22 ^12^21 ' 

These relationships are all consequences of the ‘reciprocity 
theorem’ which states that a passive two-port network, containing 
bilateral elements only, transmits electric signals equally in the 
forward and reverse directions provided that the external impedances 
presented to the input and output ports of the network remain 
unchanged. 

On the other hand, in an active two-port network containing 
controlled sources we find that none of the relationships of 
Equations 2.183 are satisfied because a controlled source is, by 
nature, a unilateral and therefore non-reciprocal element. It must 
be, however, emphasised that a two-port network is not necessarily 
non-reciprocal if it is active. As an example, consider the 
symmetrical T-network of Fig. 2.50 having equal series resistance 
elements of 1 O and a shunt branch made up of a negative resistance 
element of — R Q. Such a network can have a ‘maximum power 
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gain’t greater than unity, and therefore behave as an active two-port 
network, provided that its z-parameters satisfy the following 
condition 2 , 

4 ' ll ' 22 0*12 + ' 2 l ) 2 (*12 * 2 l ) 2 ^ 0 ( 2 . 184 ) 

where the r’s and x’s are the resistive and reactive components of 
the respective z-parameters; thus 

*u = 'ii + j*u 
*12 = 'l2 + j*12 

*21 = '21 +j*21 

*22 = '22 + J*22 

Now for the symmetrical T-network of Fig. 2.50 we have, 

*11 = *22 “ 1 7 ? 

*12 ~ *21 = ~~ R 




lO 




Fig. 2.50 . A possible active but reciprocal two-port network 



t The power gain Kp of a two-port network is defined as the ratio of output 
power, delivered to the load, over the input power supplied to the network 
from the external source. Let Zl = Rl + }Xl be the load impedance, and 
Zin ~ R\n 4- j^in be the input impedance of the network when its output 
port is terminated with the load impedance Zl. Then we find that the 
input power = i?i n |/i| 2 and the output power = which give the 

power gain of the network to be 

Kp = wJ Kl ^ 



where |X>| = |/ 2 //i| is the magnitude of the current gain of the network. 
Now Rin and | Ki | are both functions of Rl and Xl. Therefore, to evaluate 
the maximum power gain, we set 



and 



DKp 

7)Rl 



= 0 



'dKp 

'ZXl 



= 0 



These two conditions uniquely determine, in terms of the network parameters, 
the optimum load impedance which results in the maximum power gain. 
Then after some manipulations we find that, in terms of the z-parameters, the 
maximum power gain of the network is greater than unity provided that the 
necessary condition of Equation 2.184 is satisfied. 
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Hence, from Equation 2.184 it follows that provided the absolute, 
value R of the negative Resistance element exceeds \ Q, the T-network 
of Fig. 2.50 behaves as an active two-port network, and yet it is 
reciprocal for all R because it has z 12 = z 21 . 

Furthermore, not all passive networks are necessarily 
reciprocal. Thus in a ‘gyrator’, which was first introduced by 
B. D. H. Tellegen 3 , we have 

yn = >'22 = 0 

J'la = y 21 = g 

where g is termed the ‘gyration conductance’. The gyrator is 
therefore a two-port network for which I 2 = —gV 1 and V 2 = IJg 
where the currents I l9 1 2 and the voltages V l9 V 2 are as defined in 
Fig. 2.46. If an impedance Zl is connected across the output port 
of a gyrator, we find that the impedance measured, looking into its 
input port, is equal to 1 /# 2 Zl. Thus the gyrator behaves somewhat 
like an ideal transformer except that it interchanges the roles of 
voltage and current at the output port in the sense that the output 
current I 2 becomes directly proportional to the input voltage V l9 
and the output voltage V 2 becomes directly proportional to the 
input current J x . However, since \I 1 V 1 \ = |/ 2 K 2 ] it follows that 
the instantaneous power input is equal to the instantaneous power 
output for all loads. Therefore, we conclude that the gyrator is 
basically a lossless passive element as it does not store or dissipate 
energy, and yet it is non-reciprocal because the condition y 12 = y 21 
is not satisfied. 



2.6 Basic valve and transistor configurations 
2.6.1 EQUIVALENT CIRCUITS 

Valves and transistors are inherently non-linear circuit elements, 
as can be seen from examining their static characteristic curves. 
But if the level of the applied signal is sufficiently low, then the 
external behaviour of the valve or transistor can be simulated, with 
reasonable accuracy, by means of a linear equivalent circuit which 
consists of a suitable combination of passive elements and controlled 
sources. 

Consider first the triode valve of Fig. 2.51 (a). Under small 
signal conditions its external behaviour can be represented by the 
Thevenin equivalent circuit of Fig. 2.51 (b) which involves a voltage- 
controlled voltage source or by the Norton equivalent circuit of 
Fig. 2.15 (c) which involves a voltage-controlled current source 4 . 
In both cases the grid-cathode voltage V g ic is the control signal. In 
the case of Fig. 2.51 (b) the element r a is termed the anode slope 
resistance and /x is termed the amplification factor . Thus 
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Vale = r a Ia - pVglc (2.185) 



where I a is the anode current and V a ic is the anode-cathode voltage. 

The control parameter g m of Fig. 2.51 (c) is termed the mutual 
conductance and is related to r a and /x by 

jx = ragm (2.186) 

From Fig. 2.51 (c) we deduce that 

la = - V ak + gmV gk (2.187) 

r a 



Id. anode 






CATHODf. 

Fig. 2.51. (a) Triode valve, ( b ) Equivalent circuit with 

controlled voltage source , (c) Equivalent circuit with controlled 
current source 




Fig. 2.52. (a) Pentode valve , ( b ) Equivalent circuit 
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CATHODE 



Fig. 2.53. High frequency equivalent circuit for triode valve 

In a pentode valve the anode slope resistance r a is very large; it is 
of the order of 1 Consequently, we are normally justified in 

ignoring the shunting effect of r a in the equivalent circuit of 
Fig. 2.51 (c), which then reduces to the simpler form shown in 
Fig. 2.52(b). 

If the operating frequency is high, the effect of inter-electrode 
capacitances can become important. This can be taken into account 
by adding the anode-grid capacitance C a g , the grid-cathode 
capacitance C g k and anode-cathode capacitance C a k as in Fig. 2.53. 
In a pentode valve C ag is much smaller than in a triode valve. 

The case of the transistor is more involved than the valve in that 
very many different equivalent circuits have been developed for 
describing the external behaviour of a transistor, with each one 
having certain advantages and disadvantages. In the present book 
we shall only consider a few of the more widely used ones. 

Consider the pnp transistor of Fig. 2.54 (a). Its external 
behaviour can be represented by the common emitter h-parameters 
equivalent circuit of Fig. 2.54 (b). It is so called because the emitter 
is arranged common to the input and output ports, as in Fig. 
2.54 (a). From Fig. 2.54 (b) it follows that 

Vbe = h lie Ib + hi 2 eVce 
Ic — h 2ie Ib h 22 eVce 
where h is the base current, I c is the collector current, is the 




EMITTER EMITTER 



(*) (b) 

Fig. 2.54. (a) pnp transistor, (b) Common emitter h-parameters equivalent circuit 



(2.188) 
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base-emitter voltage and V ce is the collector-emitter voltage. The 
parameter h lie is the short-circuit input impedance and is defined as 



h = lY^i 

hlie \Ib)v et 



(2.189) 



The parameter h 2ie is termed the forward current amplification 
factor and is defined as 



Vb/V"=0 



(2.190) 



Next, h l2 e is termed the reverse voltage amplification factor and is 
defined as 



u i r oe 

Wise — I 



\Vce/I <,= 0 



(2.191) 



Finally, h 22 e is the open-circuit output admittance and is defined as 



\Vce) I >= 0 



(2.192) 



The subscript e in each of the parameters h lie , h 12e , h iie and h i2e 
signifies the fact that they apply to a transistor operated with its 



v b .T y„.< 



yi 2 .Vce y 2 ieV b J 



>Y22e |Vc< 



Fig. 2.55. Common emitter y-parameters equivalent circuit 



emitter terminal common to the input and output ports. They are 
known as the common emitter h-parameters f. 

Another useful equivalent circuit for the transistor is the common 
emitter y-parameters equivalent circuit of Fig. 2.55. From the matrix 
conversion Table 2.3 we deduce that the common emitter y-para- 
metersX Jue, y 12 e, y 2 ie, and y 22e are related to the common emitter 

t The common emitter A-parameters are also denoted by hu, h Te , h/ e and 

hoe • ThllS hie = hue , hre = h^e, hfe and hoe = h^e. 

t The common emitter y-parameters are also denoted by yu , y r e , y/e and 
jw Thus yu = yue, y r e = y U e, y/e = y 2 ie and y 0 e = y 22 e. 
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A-parameters as follows 



where 




A he 



(2.193) 



(2.194) 



At this stage it is instructive to compare the relative merits of the 
common emitter A- and ^-parameters. The great advantage of the 
A-parameters is the relative ease with which they can be all measured 
directly and accurately. Thus the measurement of h lie and A 2ie 
requires short-circuiting the collector to emitter for a.c. signals, 
while the measurement of h 12e and h 22e requires open-circuiting the 
base terminal for a.c. signals. A transistor operated with its 
emitter terminal common has a relatively low input impedance and 
high output impedance. Therefore, it is possible to simulate open- 
circuit and short-circuit conditions across its input and output 
ports, respectively, quite accurately and so the A-parameters are easy 
to measure. On the other hand, the measurement of y-parameters 
requires the simulation of short-circuit conditions across both the 
input and output ports. Thus we find that the parameters y lie and 
y 2ie can be measured quite easily but a direct and accurate measure- 
ment of y 12e and y 22e may be more difficult. However, the y-para- 
meters equivalent circuit has the advantage in that it is quite suitable 
for a direct application of the nodal analysis as it involves controlled 
current sources only, whereas the A-parameters equivalent circuit 
has the analytical disadvantage of involving controlled voltage and 
current sources. 

The common emitter A- and y-parameters have real values only 
when the operating frequency is sufficiently low. At high frequen- 
cies both sets of parameters become frequency dependent and 
assume complex values. Therefore, the analysis of transistor 
circuits at high frequencies in terms of the y- or A- parameters can 
become quite involved. In such cases the hybrid-ir equivalent circuit 
of Fig. 2.56 (a) is found to be more convenient. The great advantage 
of this equivalent circuit is that all of its elements are independent of 
frequency. If the terminating load resistance is small then the effect 
of the elements /v c and r ce of Fig. 2.56 (a) can be neglected, and so 



*b'e 




EMITTER 



Fig. 2.56. (a) High frequency hybrid -it equivalent circuit , 

(b) Simplified hybrid -n equivalent circuit 




COMMON ANODE COMMON COLLECTOR 




COMMON GRID COMMON BASE 



F.C.A.-6 



Fig. 2.57. Valve and transistor configurations 
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we obtain the simplified hybrid-v equivalent circuit of Fig. 2.56 (b) 
which we shall find quite adequate for later work. 

The resistance rw of Figs. 2.56 is known as the base resistance , 
and Cb'c is known as the collector depletion layer capacitance . The 
remaining elements rv e > gm and CV e of Fig. 2.56 (b) are defined as 
follows 5 




where fi is termed the common emitter beta cut off frequency . 
In Equations 2.195 it is to be noted that h lie and h 2ie both refer to 
low frequency values. 



2.6.2 THE BASIC CONFIGURATIONS 

The triode valve and transistor have the common feature in that they 
are both basically three-terminal networks. Each one has three 
useful modes of operation depending upon which of the three 
terminals is arranged common to the input and output ports. The 



Fig. 2.58. Three-terminal network 




3 

valve can thus be operated in the common cathode , common anode 
(that is, cathode follower) and common grid configurations, while the 
transistor can be operated in the common emitter , common collector, 
(i.e. emitter follower) and common base configurations as shown in 
Fig. 2.57. This diagram also illustrates the correspondence between 
the various basic valve and transistor configurations. 

For a unified treatment of various valve and transistor con- 
figurations we shall use the indefinite admittance matrix, to be 
considered next, as the basic tool of analysis. 

2.6.3 THE INDEFINITE ADMITTANCE MATRIX 

Consider the generalised three-terminal network N of Fig. 2.58 
which is assumed to represent a valve or transistor. Let y n , y 12 , 
y 21 and y 2 2 signify the y-parameters of this network when its terminal 



LINEAR CIRCUIT ANALYSIS 



75 




y 22 v 23 



(A) (b) 

Fig. 2.59. (a) Network N with terminal 3 common , (b) Equivalent circuit 

3 is common to the input and output ports as in Fig. 2.59(a). 
Then, we can represent this configuration with the y-parameters 
equivalent circuit of Fig. 2.59 (b). Consider next Fig. 2.60 (a) 
where the currents I l9 I 2 and / 3 are applied to the network, and the 
resulting terminal voltages V l9 V 2 and V 3 are shown defined with 
respect to an arbitrary earth terminal. If in Fig. 2.60 (a) we replace 
the network N with the equivalent circuit of Fig. 2.59 (b), we obtain 
the circuit of Fig. 2.60 (b). Analysing this circuit by the nodal 
method gives 

A y 12^23 = y±\Vi — ynV* 1 

A — y 21 ^13 = ^22^2 “ y 22 v % / 

A + y 12 ^23 + ^21^13 — ~ Jll^l “ T 22 JA + (Til + ^ 22)^3 J 

(2.196) 

The voltage differences Vn and v u are given by 



V„ — V a 



Vis = Vi 



(2.197) 



Therefore, eliminating V 23 and F 13 between Equations 2.196 and 
2.197 and collecting terms, we get 

A ” Tii^i + Ti 2^2 — On + ^12)^3 1 

A = ^ 21^1 + ^ 22^2 “ 0*21 + ^22)^3 / 

A = — (^11 + y 21) V"i — (y 12 + y 22)^2 + (T11 + 3^12 + ^21 + ^22) V 3 J 

(2.198) 

Re-writing these equations in matrix form, we have . 

r 7 n r F ii 
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where the square matrix [y] of order 3 is defined as 




« (b) 

Fig . 2,60. (a) Three-terminal network , ( b ) Equivalent circuit 



The matrix [y] is known as the indefinite admittance matrix 
because in Fig. 2.60 the reference terminal has been left undefined. 
An important property of this matrix is that the sum of the admit- 
tances in any one of its three rows or three columns is zero as can be 
easily established from Equations 2.200. Further, if we delete the 
third row and third column of the matrix of Equation 2.200, the 
submatrix which remains is the matrix of the y-parameters y^, y 12 , 
y 21 and y 22 of the two-port network obtained by arranging terminal 3 



Fig. 2.61. Network N with 
terminal 2 common 




of the network common to the input and output ports as in Fig. 
2.59 (a). Next, if the second row and second column of the matrix 
[y] are deleted, the remaining submatrix is the matrix of the y-para- 
meters y u , y 18 , y 8 i, and y & 3 of the two-port network having terminal 2 
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(a) (b) 

Fig. 2.62. Network N with terminal 1 common : (a) Terminal 2 
as input and terminal 3 as output , ( b ) Terminal 3 as input and 
terminal 2 as output 



common to the input and output ports as in Fig. 2.61, that is, 
IJ11 3*13] F 3*n — 0*n + 3*12) 1 



31 3 * 33 . 



J21) CFh + yi2 + 3*21 + J22). 



( 2 . 201 ) 



Similarly, if the first row and first column of the matrix [y] are 
deleted, the remaining submatrix is the matrix of the y-parameters 
y 22 , y 23 , y?2 and y 33 of the two-port network that results when 
terminal 1 is arranged common as in Fig. 2.62 (a). 



3*22 3*23 



0*21 + J22) 



13*32 3*33 J L- 0*i2 + 3*22) 0*n + 3*12 + 3*21 + 3^ 22) J 

Suppose next that terminal 1 is left common but terminal 3 is 
arranged as the input terminal and terminal 2 is arranged as the 
output terminal, as shown in Fig. 2.62 (b). The y-matrix of this 
configuration is deduced directly from Equation 2.202 to be 



3*33 3*32 



23 3*22. 



(3*11 + 3*12 + 3*21 + 3*22) — 0*12 + 3*22) 

— 0*21 + 3*22) 3*22 




CATHODE 

Fig. 2.63. Common cathode stage 
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TYPICAL 

VALUES 

31 1+/1- 

30 /i- 




C0MM0N GRID 



COMMON CATHODE 



COMMON ANODE 



Fig . 2.64. 



Variation of voltage gain with load resistance for 
the three valve configurations 



We thus see that if the ^-parameters of the configuration of 
Fig. 2.59 (a) are known, then the ^-parameters of the configurations 
of Figs. 2.61 and 2.62 can be determined by the applications of 
Equations 2.201 and 2.203. We shall use these results in evaluating 
the circuit behaviour of the various valve and transistor configurations. 
In this way we shall have unified the valve and transistor as special 
cases of the generalised three-terminal network. 



2.6.4 EXTERNAL CIRCUIT RESPONSE OF BASIC VALVE 
CONFIGURATIONS 

Common cathode stage 

Consider a common cathode stage connected to a load resistance R l 
as in Fig. 2.63, and suppose that y n jc, y 12 k , y 21 k and y 22 k denote the 
j-parameters of the stage. Then from the equivalent circuit of 
Fig. 2.51 (c) we find that at low frequencies 



where 



(2.204) 



ga=Vr a (2.205) 

From Table 2.4 we deduce that the voltage gain of the stage of Fig. 
2.63 is given by 

|rr V ak ymk^L 

V V gk 1 + y22fc^L 

— gmRb 
1 gaRL 
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(2 - 206) 

where the minus sign indicates that the common cathode stage 
provides 180° phase shift between its input and output voltage 
signals at low frequencies. Further, Kv is zero at Rl = 0 and 
reaches the maximum value of — p at Rl = co, and so it varies 
with Ri in the manner shown in Fig. 2.64. 

The common cathode stage has an infinite input impedance and 
an output impedance equal to r a at low frequencies. 



Common anode stage ( Cathode follower) 

Fig. 2.65 shows a common anode stage connected to a load resist- 
ance Rl. Suppose that terminals 1, 2 and 3 of the three-terminal 
network N of Fig. 2.59 (a) correspond to the grid, anode and cathode 



hi W ka 



Fig. 2.65. Common anode stage 

of the triode valve, respectively. Then, if y lia , y 12 a, y 2 ia, and y 22a 
denote the common anode y-parameters we deduce from Equations 
2.201 that they are related to the common cathode ^-parameters 
as follows 




Tlia Ti2<x 



(y«* + *«*) 



'21a T220U L — (Til* + T 21 *) (Til* + y\2k + T2I* + T 22 *). 



(2.207) 

L — gm gm + get] 

Then the low frequency value of the voltage gain of the common 
anode stage follows from Table 2.4 to be 

V ka _ y 2 \aRh 

Vga" 1 + y 2 2 aRL 
_ gmRL 

1 + (gm + gct)RL 
vRl 

Ta + (1 + V)Rh 



(2.208) 
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Fig. 2.66. Common grid stage: (a) Stage terminated at output , ( b ) Stage 

terminated at input 

Here we see that at R L = oo the voltage gain Kv reaches its maximum 
value of /x/( 1 + p). Since normally fx > 1 it follows that the 
voltage gain of a common anode stage can approximate closely to 
unity at relatively high load resistances. Fig. 2.64 also includes 
variation of the common anode voltage gain with load resistance. 

The input impedance of the common anode stage of Fig. 2.65 is 
infinite at low frequencies. Its output impedance is equal to 
1 l(g m + ga\ that is, r a /(l + fx) which is much smaller than the 
output impedance r a of the common cathode stage. 



Common grid stage 

Consider next a triode valve operated with its grid common as in 
Fig. 2.66. Assuming that the common cathode stage corresponds 
to the network configuration of Fig. 2.59 (a), we find that the common 
grid stage corresponds to the network configuration of Fig. 2.62 (b). 
Therefore, if y 119 , y m , y 2ig and y 22 g denote the common grid y-para- 
meters , then it follows from Equations 2.203 that they are related to 
the common cathode y-parameters as follows 



yiig Ji2£ 



JW ^220. 



(jll* + yi2k + J21* + 722*) 
— (ynk + J 22 *) 

gm + ga — ga 
(gm + ga) ga . 



“ 0>12* + >>22*) 



(2.209) 



Hence the common grid stage has finite values for all of its y-para- 
meters. This is in direct contrast to the common cathode and 
common anode stages, both of which have zero values for their 
short-circuit input admittance and reverse transfer admittance 
parameters at low frequencies. From Table 2.4 the low frequency 
value of the voltage gain of the common grid stage of Fig. 2.66 (a) is 
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V ag 

V kg 1 + ^22fiT^L 

(gm + ga)RL 

1 + gaRL 

(1 + f)Rl 
r a + Rl 
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( 2 . 210 ) 



Hence, Kv reaches its maximum value of (1 + fx ) at Rl = 00 , and 
it decreases with decreasing Rl as illustrated in Fig. 2.64. Since 
/i > 1 it follows that, for a given load resistance, the magnitudes 
of the common cathode and common grid voltage gains are very 
nearly equal. 

From Table 2.4 we also deduce that the common grid stage has 
the following input impedance at low frequencies 



= 1 + y^gRh 
yiig + RL&y g 

_ 1 + gaRL, 
gm + ga 

ra ~h Rl 

1 + F 



( 2 . 211 ) 



Notice that A y g = y lig y 22g — y^gy^ = 0 as can be easily verified 
from Equation 2.209. 

For evaluating the output impedance of the common grid stage, 
consider Fig. 2.66 (b) where the input port has been terminated 
with a resistance equal to Rs . Then, from Table 2.4 we find that 

v — 1 yngRs 
out ~y22g + ^y ff Rs 

1 + (gm ga)Rs 

ga 

= r a + ( 1 + fi)Rs (2.212) 



We therefore see from Equations 2.211 and 2.212 that, unlike 
the common cathode and common anode stages, the input and output 
impedances of a common grid stage depend on the terminating 
load and source resistances, respectively. This is due to the finite 
value of the short-circuit reverse transfer admittance parameter 
of the common grid stage. Further, the common grid stage has a 
relatively low input impedance and a relatively high output imped- 
ance as n > 1. 
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2.6.5 EXTERNAL CIRCUIT RESPONSE OF BASIC 
TRANSISTOR CONFIGURATIONS 



Common emitter stage 

Fig. 2.67 shows a transistor operated with its emitter terminal 
common to the input and output ports. In terms of the common 
emitter ^-parameters y lie , y^e, y 2 ie, and y 2 2 e we find from Table 2.4 
that the stage of Fig. 2.67 (a) has the following current gain 



h _ y%ie 
h yue + RiAye 



(2.213) 



Ki increases with decreasing load resistance, as shown in Fig. 2.68- 
It has the maximum value of y 21 elyne which occurs at Rl = 0. 

From Table 2.4 we also find that the voltage gain of the common 
emitter stage of Fig. 2.67 (a) is 



Fee — y 2 ieRL 

Vbe 1 + y 22 eRh 



(2.214) 



Ky increases with increasing load resistance, as shown in Fig. 2.69. 
It reaches the maximum value of — y 21 ely 22 e at Rl = oo. 

The input impedance of the common emitter stage of Fig. 2.67 (a) 
is deduced from Table 2.4 to be 



1 + y 22 cRL 
yne + a y e R L 



(2.215) 



Therefore, Zi n = 1/^ne at Rl = 0, and Zi n = y 22 el&y e at Rl = oo. 
From the following typical values 

yne = 1 mo 
yne = - 0-4 K5 

y 21 e = 50 mo (2.216) 

y 12 e = 25 p o 



we see that the parameter y 12 e has a negative value. Hence, 
A y e = y U ey 22 e ” ^12^21^ is invariably greater than the product 
term y ne y 2 2 e 9 and accordingly we see from Equation 2.215 that the 
input impedance of a common emitter stage decreases with increasing 
load resistance as in Fig. 2.70. 

Consider next Fig. 2.67 (b) where a resistance Rs has been con- 
nected across the input port of the common emitter stage. From 
Table 2.4 we see that the output impedance of this stage is 




EMITTER EMITTER 



(a) (b) 

Fig. 2.67 . Common emitter stage: ( a ) Stage terminated at output , 
(b) Stage terminated at input 
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Fig. 2.68 . Variation of current gain with load resistance 
for the three transistor configurations 
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Fig. 2.69. Variation of voltage gain with load resistance 
for the three transistor configurations 





Fig. 2.70 . Variation of input impedance with load resistance 
for the three transistor configurations 
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Fig. 2.71. Variations of output impedance with source resistance 
for the three transistor configurations 
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(b) 



Fig. 2.72. Common collector stage: ( a ) Terminated at output , 
( b ) Terminated at input 
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1 + yneRs 
y^e + kyeRs 



(2.217) 



At Rs — 0, Zout — l/^ 22 e and at Rs — 00 , Zout — yue/^ye* Since 
tye > yney 22 e as explained above, it follows that the output 
impedance of a common emitter stage decreases with increasing 
load resistance, as in Fig. 2.71. 

Equations 2.213 to 2.217 express the external circuit response of 
the common emitter stage in terms of its ^-parameters. It is also 
useful to express the circuit response in terms of the common 
emitter A-parameters. Using Equations 2.193 and 2.213 to 2.217 we 
obtain the results given in Table 2.5. 



Common collector stage ( Emitter follower) 

Consider Fig. 2.72 where the transistor is operated with its collector 
terminal common to the input and output ports. If we assume 
that the common emitter stage of Fig. 2.67 (a) corresponds to the 
network configuration of Fig. 2.59 (a), we see that the terminals 
1, 2 and 3 of Fig. 2.59 (a) correspond to the base, collector and 
emitter terminals of the transistor, and so the common collector 
stage corresponds to the network configuration of Fig. 2.61. Hence, 
if Jnc, yi 2 c, y 2 ic and y ?2 c denote the common collector y-parameters , 
we deduce from Equations 2.201 that they are related to the common 
emitter y-parameters as follows 



ync yi2c yne — (yne + yi 2 «) 

J^i C y 22 c_ . — {yne + y2ie) (yne + yi2e + y 2 \e + 722 e)_ 

Then, from Table 2.4 we see that the current gain of the common 
collector stage of Fig. 2.72 (a) is 

K = ^ 21C 

lb ync + RiAyc 



— ( yne 4~ y 2 ie) 
yne + RzAye 



(2.219) 



where it is to be noted that 



Ay c — y n cy 2 2 c yi 2 cy 2 ic 

= JlieCViie + yi 2 e + J 2 ie + y 2 2e) ~ (yne + + y 2 ie) 



— yney22e yi2ey 2 ie 



( 2 . 220 ) 
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Table 2.5 external circuit response of transistor configurations in 

TERMS OF COMMON EMITTER h -PARAMETERS 





Common emitter 


Common collector 


Common base 




hz i« 


— (1 + hi L e) 


—hue 


Aj 


1 haeRL 


1 *f haeRh 


1 + hue + haeRh 




— hueRt* 


(1 + h iie )RL 


h 2 \eRh 


AF 


j hue + A heRL 


hue + (1 + hue)RL 


hu • 4 - A heRL 


7. 


hiie + A heRL 


hue + (1 + h 2ie )RL 


hue 4 " A heRL 


^in 


1 + haeRl* 


1 -f haeRL 


1 + hue + haeRL 


7 . 


hue 4 - Rs 


hue + Rs 


hue + (1 + hue)Rs 


^out 


A he + haeRs 


1 + h 21 e + haeRs 


A he ~h haeRs 



Normally y 2ie > yue (see the typical values of Equations 2.216). 
Therefore, for a given load resistance we see from Equations 2.213 
and 2.219 that the common emitter and common collector stages 
have nearly the same magnitudes for their current gains, as illus- 
trated in Fig. 2.68. Next, the voltage gain of the common collector 
stage of Fig. 2.72 (a) is deduced from Table 2.4 to be 

y ec y<j>\cRh (yue + y%ie)Rlj 

Vbc 1 + y^cRL l (yue + y\ 2 e + y 2 ie -t - y^^e)RL 

( 2 . 221 ) 

Normally, we find that 

yue + y%xe ^ yue + y 22 e r (2.222) 



as can be seen from the typical values of Equation 2.216. 
Equation 2.221 reduces to 

K „ One + yne)RL 

1 + (jlie + y‘2ie)^L 



Hence 

(2.223) 



and so the voltage gain of the common collector stage varies with 
the load resistance in the manner shown in Fig. 2.69. When 
Rl > V(yne + y 2 ie) we find that Kv ss 1. 

The input impedance of the common collector stage of Fig. 2.72 (a) 
follows from Table 2.4 to be 



1 y^RL 
yuc + &y c RL 

1 + (yue + y 12 e + y 2 ie + y 2 2 e)RL 
yue + A y e RL 
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„ 1 zb Cxm + jfagXfa 

.File + kyeRL 



(2.224) 



where we have made use of Equations 2.220 and 2.222. At R L = 0, 
Zm = l/yue and at R L = oo, Zi n = (yue + y 2ie )lky e . Thus the 
common emitter and common collector stages have the same short- 
circuit input impedances. Further, the input impedance of the 
common collector stage increases with the load resistance as in 
Fig. 2.70. 

Consider next Fig. 2.72 (b) where the common collector stage 
has been terminated at its input port with the source resistance Rs . 
From Table 2.4 we deduce that the output impedance is 



l + yucRs 
y 22 c + A y c Rs 

1 + yueRs 

yue + yi 2 e + ^ 21 ^ + y^ie + A y e Rs 

1 +yng^>sr 
yue + y 2 ie + A yeRs 



(2.225) 



At Rs = 0, Zout = l/c yue + y 2 ie), and at R s = oo, Z ou t = JPne/Ay* 
Therefore, the common emitter and common collector stages have 
the same open-circuit output impedances. Further, the output 
impedance of the common collector stage increases with increasing 
source resistance as in Fig. 2.71. 

Using Equations 2.193, 2.219 and 2.223 to 2.225 we can express 
the current and voltage gains, input and output impedances of the 
common collector stage in terms of the common emitter /z-para- 
meters and so obtain the results of Table 2.5. 



Common base stage 

In Fig. 2.73 the transistor is operated with its base terminal common 
to the input and output ports. If the, common emitter stage 




<«■) (b) 

Fig. 2.73. Common base stage: (a) Terminated at output, 
(b) Terminated at input 
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corresponds to the network configuration of Fig. 2.59 (a), we see 
that the common base stage corresponds to the network configura- 
tion of Fig. 2.62 (b). Hence, if y n b 9 y X2 b, y 21 b and y 22 b denote the 
common base y-parameters , we find from Equations 2.203 that they 
are related to the common emitter ^-parameters by 



ynb yi2b 



y^ib y%zb 



yne + yize + y*ie + y 22 e — CVi: 
- 0>2ie + yne) y 



(2.226) 



Then, from Table 2.4 we deduce that the current gain of the common 
base stage of Fig. 2.73 (a) is 



Ki = j 



y*ii> 

ynb + R^yb 

. 0*21 * ~t~ ^22g) 

yne + yne + y 2 le + y 22 e + R^y e 



(2.227) 



where it is noted that 



A yb — J11&J22& — J12&J21& 

= ( Jne + yi 2 e + y 2 ie + y 22 e)y 22 e — (yi 2 e + y 22 e)(y 2 ie + y 22 e) 



— yney 22 e >12^21^ 



(2.228) 



Normally y 2ie $> y 22 e, therefore, using this inequality and that of 
Equation 2.222, we can simplify Equation 2.227 as follows 



yne + y 2 ie + RlAye 



(2.229) 



At Rl = 0, Ki reaches the maximum value of — y 2 iel(yne + y 2X e)- 
This is very close to unity in magnitude because normally y 2ie > y ne , 
and so the current gain of the common base stage of Fig. 2.73 (a) 
varies with Rl as shown in Fig. 2.68. 

Next, from Table 2.4 we deduce that the common base stage of 
Fig. 2.73 (a) has the following voltage gain 

ts Vcb y 2 \bRL 

v ~ Veb “ l + y 22 bRL 

= ( 3^21 g + y 22 e)RL 
1 + y 22 eRL 
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K v ~ 



y 2 ieRL 

l + y 22 *Rh 



(2.230) 



where we have noted the inequality y 2ie > y 22 e- Therefore, for a 
given load resistance we see from Equations 2.214 and 2.230 that the 
common emitter and common base stages have practically the same 
magnitudes for their voltage gains, as is shown in Fig. 2.69. 

From Table 2.4 we also see that the input impedance of the 
common base stage of Fig. 2.73 (a) is 



1 H~ y 22 bRL 
ynb + a y b R L 

1 y 22 eRL 

yne + yi 2 e + y 2 ie + y 22 e + A y e R L 

l + y 22 eRi> 

yne + y 2 le + A y e Rh 



(2.231) 



where we have made use of the inequality of Equation 2.222. At 
R l = 0, Zin = If (yne + y 2 ie) and at R L = 00 , Z in = y««/Aj;* 
Hence, the common emitter and common base stages have the same 
open-circuit input impedances, and the input impedance of the 
common base stage increases with the load resistance as in Fig. 2.70. 

Consider next the common base stage of Fig. 2.73 (b) having its 
input port terminated with Rs* From Table 2.4 we find that the 
output impedance of this stage is 



l ~\~ ynbRs 

~~ y 22 b + A ybRs 

__ 1 + (yne + Ji 2 g + y 2 ie + y 22 e)Rs 
y 22 e + A y e Rs 

~ 1 0*11 g y 2 ie)Rs 

y 22 e + A^ e i ?5 



(2.232) 



At Rs = 0 , Z 0 ut = l/y 22 e and at R s = co, Z 0 ut = (y ne + J'uJ/Ay* 
Hence, the common emitter and common base stages have the same 
short-circuit output impedances, and the output impedance of the 
common base stage increases with the source resistance as in 
Fig. 2.71. 

Next, using Equations 2.193 and 2.229 to 2.232 we can also 
express the current and voltage gains, input and output impedances 
of the common base stage in terms of the common emitter h- para- 
meters and so obtain the results given in Table 2.5. 

In the diagrams of Figs. 2.68 to 2.71 we have included typical 

F.C.A.— 7 
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values for the various circuit parameters of the three transistor 
configurations. These are based on the parameter values given by 
Equation 2.216. 

A special case which occurs quite often in practice is that of a 
transistor stage connected to a load resistance Rl small compared 
to 1 //2 22 e. This is equivalent to saying that 

h 22e R L < 1 (2.233) 

Since A h e = h ue h 22e — h 12e h 2ie and both h 12e and h 2ie are positive, 
it follows that provided Rl satisfies the above inequality then it will 
certainly satisfy the following one too 

A heR L < h lie (2.234) 

In such a situation we find that the expressions for the current gain, 
voltage gain and input impedance for the three transistor configura- 
tions simplify as in Table 2.6. It is also of interest to note that the 
/^parameter equivalent circuit for the common emitter reduces 
to the form shown in Fig. 2.74. 



2.6.6 HIGH FREQUENCY RESPONSE 



Common cathode stage 

Consider the common cathode stage of Fig. 2.63 and suppose that 
the operating frequency is high enough for the influence of the 
interelectrode capacitances to become noticeable. From the high 
frequency equivalent circuit of Fig. 2.53 we deduce that 



Jnfc yi2k\ [J w (Cgk + C a g) 



21 k y22k. 



— j <*>Cag 



Sm — j <*>Cag ga + j °>(C a g + CaJc ). 



(2.235) 



We therefore see that at high frequencies all the common cathode 
y-parameters assume finite values. From Table 2.4 we deduce that 
the corresponding voltage gain of the stage is 



Rv{ jo>) = 



— y 21 kRL 
1 "F y22fcRL 

(gm — j <*>Cgg)RL 

1 + gaRL + j &(C a g + C a k)RL 

— - f iRl 1 — j coIoj x 
r a + Rl 1 + 2 
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Table 2.6 approximate relations for the external circuit response of 

TRANSISTOR CONFIGURATIONS 





Common emitter 


Common collector 


Common base 


Ki 


h 2 ie 


— (1 + hue) 


— h 2 re 

1 + h 2 re 




ll2ieRL 


(1 + hzie)RL 


h 2ie R L 


ak 


hire 


hue + (1 + h 2 \e)RL 


An. 


Zin. 


An. 


hire 4- (1 + h%re)Rl> 


hue 

1 + /*2ie 



where 




r a + Rl 

T aRL^Cag + Cak) 



(2.237) 

(2.238) 



Normally is much greater than w 2 . 

From Table 2.4 we also see that the input admittance Ti n of 
the common cathode stage is 




y i2ky 2 \^Rl 
1 + y 22 kRL 

-■ ynJc + yi2kKv(joj) 

: j <»Cgic + ]ojCag[l — Kv(]oj)] 



where Kv{ j«>) is as given by Equation 2.236. If the operating 
frequency is low compared to both o> x and a> 2 , we find that the voltage 
gain remains practically real and equal to — /* RL/(r a + Rl ). Then 



EMITTER h COLLECTOR 




Fig. 2.74. Simplified h- parameters equivalent circuit 
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Fig . 2.75. Double- 

terminated common 

cathode stage 



Equation 2.239 gives the input capacitance Ci n of the common 
cathode stage to be 



Cin 



Fin 



Cgk + Ca 



r a + 



(2.240) 



We therefore see that, owing to the voltage gain of the stage, the 
input capacitance Cin can be much greater than the value we may 
expect from the interelectrode capacitances on their own. This 
effect is known as the Miller effect. 

Consider next Fig. 2.75 where the common cathode stage is 
driven from a voltage source V s of internal resistance R s . Then, 
from Equation 2.175 we deduce that the external voltage gain of the 
stage is 



Kv{]oj) 

(J ) 1 + RaYh&ya) 



where 



— pRl 1 
r a + Rl 1 + 



(2.241) 



1 

Ci n Rs 



(2.242) 



From Equation 2.241 we find that 20 log 10 1 K(ja>) | and /KQqj) vary 
with frequency as shown in Fig. 2.76. The corner frequency w 0 jc is 
referred to as the common cathode cut off frequency. At w = w 0 ic 
the gain drops by 3 dB below its low frequency value and the phase 
angle is equal to 135°. 



Common emitter stage 

Fig. 2.77 (a) shows a common emitter stage connected to a load 
resistance Rl- Provided that Rl is small (of the order of 1 kQ) 
we can represent the transistor with the simplified hybrid-rr 




LOGiq <0 

Fig. 2.76. Gain and phase response of common cathode stage 




Fig. 2.77. (a) Double terminated common emitter stage , 

( b ) Equivalent circuit , (c) Simplified equivalent circuit 
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equivalent circuit as in Fig. 2.77 (b). Owing to the Miller effect of 
the capacitance CV c , we find that the input capacitance CW 
measured between the emitter terminal and the internal node 
labelled b ' is given by 

Cin = Cb'e + Cb'c( 1 + gmR£) (2.243) 

where g m RL is magnitude of the internal voltage gain from node V 
to the collector terminal. Normally CW is very large compared to 
C h >c\ therefore. Equation 2.243 approximates to 

Cin — Cb'e + Cb'cgmRL (2.244) 

We can thus reduce the equivalent circuit of Fig. 2.77 (b) to the 
simpler form shown in Fig. 2.77 (c), and so deduce that the external 
voltage gain of the common emitter stage isf 



— gmfb'eRh 1 

fbb' + Tb'e + Rs 1 + jw/^o 



(2.245) 



where oj oe is termed the common emitter cut off frequency and is 
given by 



-cbd + dns) (2M6) 



Hence, the frequency response of a common emitter stage is essen- 
tially similar in form to that of the common cathode stage. 



PROBLEMS 

1. The circuit of Fig. 2.78 involves a current-controlled voltage 
source r m q, where r m = 9-8 kD. Determine the internal 
voltage (in terms of Vs) and the series impedance of the 
Thevenin equivalent circuit with respect to the terminals 1, 1'. 

2. The circuit of Fig. 2.79 involves a voltage-controlled current 
source g m v x , where g m = 50 mA/V. Determine the internal 
current (in terms of is) and the shunt impedance of the Norton 
equivalent circuit with respect to the terminals 1, T. 

3. A step function of amplitude E is applied to the terminals 1,1' 
of the network shown in Fig. 2.80. Determine (a) the voltage 
v(t ) developed across the capacitor C, and (b) the initial rate 
of change of the input current i (/). 

Assume that the capacitor is initially uncharged. 

t To be more precise, we should place a capacitance equal to Cb'c across the 
load resistance Rl in Fig. 2.77 (c). However, provided that at frequencies 
of interest 1 > o>CV c Rl, then we are justified in using the simplified equivalent 
circuit of Fig. 2.77 (c). 




Fig . 2.78 




Fig. 2.81 



Fig. 2.82 






20L0G| 0 |T(jco)|dB 




Fig . 2,86 
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4. In the network of Fig. 2.81 the switch S is opened at time 
t = 0 + , that is, just after the unit-impulse current u 0 (t) is 
over. Determine the voltages vr( t) and vs(t) developed across 
the resistor R and the switch S , respectively, for t ^ 0+ 

5. A unit-step current is applied to the parallel LRC network of 
Fig. 2.82. Assuming that the initial conditions are zero and 
that R 2 < 4 L/C, determine the current idt) through the 
inductor L. 

6. The switch S in the circuit of Fig. 2.83 is closed at t = 0. 
Evaluate the resulting current i(t) for t > 0 + . 

7. A unit-ramp voltage «_ 2 (0 is applied to the network of Fig. 
2.84, containing the controlled source gmV-Sf). Determine 
the voltages v x (t) and v 2 (t), assuming that both capacitors are 
initially uncharged. 

8. Sketch the gain-frequency and phase-frequency characteristic 
for the transfer function 



G(p) = 



50(1 + 0-2/0 

(l +/0(1 +O-5/0C1+O-1/0 



9. The characteristic of Fig. 2.85 shows the approximation to the 
open-loop gain function T( jw) of a feedback amplifier. Deter- 
mine T( }a)) and sketch the associated phase-frequency charac- 
teristic, given that the parameter m = 10. 

10. The diagram of Fig. 2.86 shows the pole-zero pattern for the 
transfer function of an amplifier stage. Determine the 
angular frequency at which the gain of the stage drops by 3dB 
below its low frequency. What is the associated phase angle 
at this cut off frequency? 

11. Show that the twin-T network of Fig. 2.87 has a zero output 
voltage for an input angular frequency of 1 jCR. (Hint: The 
twin-T network can be regarded as two sub-networks connected 
in parallel at their input as well as output ports). 

12. Show that the bridged-T network of Fig. 2.88 has a null angular 
frequency at a> 0 = ^[2/LC] provided that 2 rRC = L. 

13. A transistor has the following values for its common emitter 
A-parameters 

h ne - 1400 il 
h 12 e = 5 X 10~ 4 
h 2 ie ~ 49 
h 22 e “ 25 

It is operated as a common base stage with a voltage source of 
internal resistance 100 Q and a load resistance 10 kQ. Evaluate 
its input and output impedances, voltage and current gains. 
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Fig. 2.91 



14. The two-stage transistor amplifier of Fig. 2.89 uses a cascade 
of two identical common emitter stages, each one having the 
common emitter /z-parameters of Problem 13. Determine the 
input impedance and voltage gain of the complete amplifier. 
(Hint: Convert the /z-parameters into a-matrix parameters, 
then evaluate the overall a-matrix of the cascade). 

15. Fig. 2.90 shows the circuit diagram of a cascode amplifier. 
Evaluate its overall voltage gain, given that the two triode 
valves are identical having the parameters r a = 10 kQ and 
g m = 4mA/V. It is assumed that the capacitors are sufficiently 
large to have negligible effects at the operating frequency. 
(Hint : The cascode can be regarded as a common cathode and 
common grid stage connected in tandem). 

16. Determine the overall voltage gain of the cathode coupled 
pair shown in Fig. 2.91. The two valves are identical having 
the parameters given in Problem 15. 

(Hint: The cathode coupled pair can be regarded as a cascade 
of common anode and common grid stages). 

17. Show that the input capacitance of a common anode stage, 
with a load resistance Rl is equal to 



where 



Cga + Cgk(\ Kv) 

r F&L 

V ~ r a + (1 + p)Rl 



Comment on the practical significance of the result. 
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18. The power gain of a two-port network is defined as the ratio 
of power output to power input. In terms of the 2 -parameters 
show that a purely resistive two-port network has a maximum 
power gain K v max given by 

p max (\Z(z 11 2 22 ) + ViA*)) 

and that this value occurs when the terminating load resistance 
is equal to 

V(AzZ 22 /z n ) 

Determine the maximum power gain of a certain two-port 
network having the following z-parameters. 



z n = 625 Q 



z 12 = 601 Q. 
z 2 1 = 0*98 MO 
z 22 = 1 MO 

and hence state whether or not the network is active. 
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CHAPTER 3 

Theory of Feedback 



The performance of a feedback circuit, like any other electrical 
circuit, can be determined by applying the conventional mesh and 
nodal methods of circuit analysis, the basic principles of which are 
not in any way affected by the presence of feedback in the particular 
circuit. Alternatively, we can apply the matrix methods developed 
in Section 2.5.3. 

In this chapter, however, we shall develop yet another method of 
circuit analysis which has certain attractive features when the 
feedback is objectively applied to a circuit: we shall see that the 
method not only spotlights the presence of feedback but also 
provides a quantitative measure for the various effects of feedback 
on the behaviour of the circuit. 



3.1 Classical feedback theory 

Basically a feedback circuit consists of an active internal amplifier 
and a passive ‘feedback network’ component interconnected in the 
manner illustrated in the idealised ’block diagram’ of Fig. 3.1. The 
internal amplifier provides signal amplification in the forward 
direction (i.e. from input to output). The feedback network, on 
the other hand, provides a means of monitoring the actual state of 
the output signal, it does this by feeding back to the input of the 
circuit a controlled fraction of the output signal. 

If the internal amplifier has a forward gain K , then by definition 




(3.1) 



where Vl is the output (or load) signal and Vd is the ‘error signal’ 
representing the difference between the source signal Vs and the 
feedback signal Vr . Further, if jS is the reverse transfer function 
of the feedback network, the signal Vr returned to the input is 
given by 
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V R = PV L (3.2) 

In Fig. 3.1 the small circle containing the minus sign signifies that 
differencing action takes place at the input end of the feedback 
circuit. Therefore at this junction we have 

Vd = V s - V R 

= V S - pV L (3.3) 

Eliminating Vd between Equations 3.1 and 3.3 we find that the 




Fig. 3.1. Block diagram of basic negative feedback circuit 



closed-loop gain K! (i.e. the gain with feedback) of the circuit of 
Fig. 3.1 is equal to 




K 

1 +J8 . K 



(3.4) 



The product term flK, which we shall denote by T, is termed the 
open-loop gain of the feedback circuit; it is equal to the overall gain 
of the internal amplifier and the feedback network if connected in 
cascade. 

Alternatively, we can define the open-loop gain as the ratio of 
the feedback signal Vr to the error signal Vd. This definition 
follows simply from the fact that the feedback signal is equal to 
jS Vl and the error signal is equal to ( Vl/K ); their ratio is 



Vr 

V d 



P Vl 

Vl/K 



= ?K = 



T 



The term 1 + fiK is a measure of the amount of applied feedback 
and is referred to as the feedback factor F ; it is related to the open- 
loop gain by 

F = 1 + PK 

= 1 + T (3.5) 



If the phase of the feedback signal Vr is such that it opposes the 
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source signal Fs, the applied feedback is said to be negative or 
degenerative. If, on the other hand, the phase of the feedback 
signal is such that it aids the source signal, the applied feedback is 
positive or regenerative. Therefore, in a negative feedback circuit 
the feedback factor has a value greater than unity with the result that 
the closed-loop gain K' is less than the gain K without feedback. In 
a positive feedback circuit the feedback factor F< 1, and 
accordingly K' can be greater than K. 



3.1.1 SENSITIVITY 

In a negative feedback amplifier, if the magnitude of the open loop 
gain is large compared to unity, we find that 1 + 18 K closely 
approaches the value fiK and accordingly Equation 3.4 reduces to 



K' a jg (3.6) 

which states that the closed-loop gain is essentially determined by the 
passive feedback network and becomes practically independent of 
variations in the parameters of the valves or transistors that con- 
stitute the internal amplifier. This important result can be also 
explained in physical terms as follows. As the open-loop gain is 
increased in magnitude, the error signal becomes progressively 
smaller, and the feedback signal approximates more closely to the 
source signal. In this situation we find that, with the error signal 
negligibly small, Vs — PVl which is equivalent to saying that the 
closed-loop gain of the feedback amplifier is effectively equal to 1 / 0 . 

In fact, even when the magnitude of the open-loop gain is not 
large, we find that the effect of variations in the internal amplifier 
parameters is reduced as a result of the applied negative feedback. 
To demonstrate this, let us differentiate both sides of Equation 3.4 
with respect to the gain K of the internal amplifier obtaining 



d K! 1 

d K (1 + pKf 



(3.7) 



In assessing the effect of changes in the gain K of the internal 
amplifier it is convenient to consider the sensitivity Sk of the closed- 
loop gain K' of the feedback amplifier. Sk is defined as the ratio of a 
fractional change in K' to the fractional change in K , which produced 
the initial change in K! . Provided that all changes concerned are 
small, we get 



dK'/K' 
d KJK 



(3.8) 





104 



FEEDBACK CIRCUIT ANALYSIS 



THEORY OF FEEDBACK 



105 



Then, noting that /3K = T we obtain the following important result 
from Equations 3.4 to 3.8 

s K = (3.9) 

This states that the effectiveness of the applied negative feedback in 
minimising the influence of a change in the gain K depends solely on 
the magnitude of the open-loop gain T which is under the designer’s 
control. As an example, let us suppose that owing to temperature 




variations, aging of components or manufacturing tolerances, the 
gain K of the internal amplifier changes by 10%, and that the cor- 
responding change in the closed-loop gain K' is required not to 
exceed 1%. From Equation 3.9 we find that 1 + T = 10, that is, 
T = 9. The reduction in the effect of parameter variations has, of 
course, been achieved at the cost of reduced gain. 



Vl = 



KVs 
1 +PK 



K 2 V n 

1 +PK 



(3.11) 



The first term on the right hand side of this equation represents the 
contribution of the source signal Vs to the output, whereas the second 
term represents the contribution of the noise signal Kjv. The ratio 
of these two contributions gives the output signal to noise ratio with 
feedback; from Equation 3.11 we see that it is equal to KVs/K 2 Vn- 
In the absence of feedback the signal Vr is zero making Vs = Vd in 
which case we find from Equation 3.10 that the output signal to noise 
ratio without feedback is also equal to KVs/K 2 Vn. Hence, the 
output signal to noise ratio is unaffected by the application of 
feedback if the source signal Vs is maintained constant, with and 
without feedback. If, however, negative feedback is applied and at 
the same time the source signal Vs is increased such that the load 
signal Vr remains at the same level it had before the application of 
feedback, then from Equations 3.10 and 3.11 we see that the net 
effect at the output terminal will be to reduce the contribution of the 
extraneous signal Vn by the factor 1/(1 + fiK). In other words, 
provided that the output power is maintained the same with and 
without feedback, the application of negative feedback results in a 
reduction in the harmonic distortion and noise component at the 
output. This improvement in circuit performance is, however, 
possible only if the extraneous signal Vn is generated within the 
internal amplifier. Thus if the extraneous signal originates at the 
input of the internal amplifier, we have a case equivalent to K x = 1 
and K 2 = K in Fig. 3.2. Then the signal and noise components add 
directly and are amplified by the same amount, in which case 
the application of negative feedback would prove to be of no help 
at all. 



3.1.2 HARMONIC DISTORTION AND NOISE 

Another important property of negative feedback is that it reduces 
the effects of harmonic distortion and noise generated inside the 
internal amplifier. To appreciate this effect, let us consider Fig. 3.2 
where the internal amplifier is assumed to consist of two stages 
having forward gains K x and K 2 . The extraneous signal source Vn 
represents harmonic distortion or noise introduced at an arbitrary 
point in the interior of the amplifier component. From Fig. 3.2 we 
see that 

V L = K 2 (K 1 V d + Vn) 

= KVd + K 2 V N (3.10) 

where K X K 2 — K is the overall forward gain of the internal amplifier. 
Using Equation 3.10 together with Equations 3.2 and 3.3 which still 
apply to the circuit of Fig. 3.2, we find that the load voltage Vl is 



3.2 Basic feedback circuit types 

The internal amplifier and feedback network components of a feed- 
back circuit are both essentially two-port structures which can be 
interconnected in any of the four basic ways illustrated in Figs. 3.3 to 
3.6. In the circuit of Fig. 3.3 the two components are connected in 
series at their input as well as output ports; it is therefore referred to 
as the series-series feedback circuit. In Fig. 3.4 the internal amplifier 
and feedback network are connected in parallel at both their input 
and output ports; this feedback circuit is thus referred to as the 
shunt-shunt type. Similarly, the feedback circuit of Fig. 3.5 is of the 
series-shunt type, and that of Fig. 3.6 is of the shunt-series type. 

In both the series-series and the shunt-series feedback circuits the 
feedback signal is proportional to the load current; in such cases the 
applied feedback is sometimes referred to as current feedback. On 
the other hand, in the shunt-shunt and series-shunt feedback circuits 

F.C.A.— 3 






Fig. 3.3. Series-series feedback circuit 




Fig. 3.4. Shunt-shunt feedback circuit 




Fig. 3.5. Series-shunt feedback circuit 




Fig. 3.6. Shunt-series feedback circuit 
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the feedback signal is proportional to the load voltage; accordingly 
the applied feedback is referred to as voltage feedback. 

The closed-loop gain of each of the basic feedback circuits of 
Figs. 3.3 to 3.6 can be determined from Equation 3.4 provided the 
following assumptions are satisfied: 

1. The internal amplifier transmits signals in the forward direction 
only. 

2. The feedback network transmits signals in the reverse direction 
only. 

3. The feedback network presents negligible loading to the 
internal amplifier at both the input and output ports. 

Then in the case of the series-series feedback circuit of Fig. 3.3 we 
find that 

(Z S + Z in )/! = Vs- z 12 / a (3.12) 



where z 12 is the reverse open-circuit transfer impedance of the feed- 
back network, and Zm is the input impedance of the internal 
amplifier. Comparing the terms of this equation with those of 
Equation 3.3 we deduce that the error signal Vd is equal to 
(Zs + Zin)/i, and the feedback signal Vr is equal to z 12 / 2 . There- 
fore, the ratio of the feedback signal to error signal gives the open- 
loop gain of the series-series feedback circuit of Fig. 3.3 to be 



Z 12^2 

(Zs + Zin)/i 

£lg^ 

Zs + z in 



(3.13 (a)) 



where Ki — I 2 II X is the current gain of the internal amplifier. 

In a similar manner we can show that for the shunt— shunt feed- 
back circuit of Fig. 3.4, the open-loop gain is given by 



yi*Ky 

Ys + Fin 



(3.13 (b)) 



where y 12 is the reverse short-circuit transfer admittance of the 
feedback network, Kv is the voltage gain of the internal amplifier 
and Fm is its input admittance. Ys = \\Zs is the source 
admittance. 

For the series-shunt feedback circuit of Fig. 3.5, we have 

T= (3.14(a)) 

Zs T" Z in 

where h 12 is the reverse open-circuit voltage transfer function of the 
feedback network, and Z 21 is the forward transfer impedance of 
the internal amplifier. 
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Lastly, for the shunt-series feedback circuit of Fig. 3.6 we find that 

r =3 ftnpr. < 3 - 14 w) ' ! 

where g 12 is the reverse short-circuit current transfer function of the 
feedback network, and 7 21 is the forward transfer admittance of j 
the internal amplifier. It must be, however, emphasised that Y 2 1 
is not the same as the reciprocal of Z 21 . , 

It is of particular interest to note that if at the input (or output) 
port the internal amplifier and feedback network are connected 
together in parallel, the feedback signal is reduced to zero by putting 
the terminating source (or load) impedance equal to zero. If, on the 
other hand, the two components are connected together in series at 
their input (or output) port, then the feedback signal is reduced to 
zero by putting the source (or load) impedance equal to infinity. 

3.3 Limitations of the classical feedback theory and the need for a more 
generalised feedback theory 

The classical feedback theory presented in Section 3.1 is based on 
the fundamental assumption that there exists a clear-cut separation 
between the ^-network (i.e. the internal amplifier component) and 
the ^-network (i.e. the feedback network component), each one 
having a prescribed circuit performance independent of the other. 

In many circuits, however, it is found that the circuit elements 
constituting the ^-network also form part of the i^-network. Further, 
in a multiple-loop feedback circuit , where signals can be returned to 
some point inside the internal amplifier by more than one path, it 
may be quite difficult to separate the circuit into 0- and J£-networks. 

Accordingly we find that the true meaning of the gain K without 
feedback is somewhat vague in the sense that when evaluating K 
in practice it is not quite clear whether we should just simply remove 
the feedback network, or whether we should make some allowances 
for the loading effects of the feedback network at the input and 
output ports of the amplifier, and if so, what these allowances ought . 
to be. 

Another limitation of the classical feedback theory is that it does 
not account for the direct transmission from the source to the 
load, which can in practice occur through the feedback network. 

In certain instances this direct transmission can be quite appreciable. 

The above shortcomings can, in the case of the four basic feedback 
circuits of Figs. 3.3 to 3.6, be overcome by using the matrix methods 
of Section 2.5.3. There it was shown that the overall behaviour of 
each of these coupled network arrangements can be determined by 
describing the individual network components with a set of matrix 
parameters appropriate to the particular type of coupling. Thus the 
series-series feedback circuit of Fig. 3.3 can be replaced by a single 
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two-port network having a z-matrix equal to the sum of the 
z-matrices of the internal amplifier and feedback network. The 
shunt-shunt feedback circuit of Fig. 3.4 is equivalent to a single 
two-port network whose ^-matrix is equal to the sum of the 
^-matrices of the two network components. The series-shunt 
feedback circuit of Fig. 3.5 is equivalent to a single two-port network 
having an A-matrix equal to the sum of the /z-matrices of the internal 
amplifier and the feedback network. The shunt-series feedback 

sco tot ** 

Q, , , -O 

NODE BRANCH NODE 

Fig . 5.7. Graphical representation of Equation 3.15 

circuit of Fig. 3.6 is equivalent to a single two-port network whose 
g-matrix is equal to the sum of the g-matrices of the two network 
components. Having, in each case, determined the matrix para- 
meters of the equivalent two-port network, then the input and output 
impedances, voltage and current gains of the particular feedback 
circuit type can be evaluated from Table 2.4. 

Alternatively, we can determine the performance of the feedback 
circuit by using Bode’s generalised feedback theory which applies to 
any circuit irrespective of its complexity, and has none of the 
limitations of the classical theory. This generalised feedback theory 
can be developed in terms of the circuit determinant as originally 
carried out by H. W. Bode 1 or in terms of signal flow graphs as first 
proposed by S. J. Mason 2 and later extended by J. G. Truxal. 3 The 
use of signal flow graphs has the advantage of providing an 
invaluable aid in interpreting and understanding the various results. 
For this reason we shall adopt the Mason-Truxal approach in develop- 
ing the generalised feedback theory. 

3.4 Signal flow graphs 

Consider two variables x 0 and x l9 which can signify voltage or 
current signals, related as follows 

x± “ ^oi*^o (3.15) 

where t 01 is a coefficient defining the dependence of x 1 on x 0 . This 
simple relationship can be portrayed graphically as in Fig. 3.7 where 
the nodes x 0 and x 1 represent the respective variables, and the branch 
directed from the node jc 0 to node x x expresses the dependence of 
variable x x on x Q . 

As a second example let us suppose that 

*3 “ T " ^ 13^1 H “ ^ 23^2 ( 3 . 16 ) 
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This equation can be represented graphically as in Fig. 3.8. 

For our next example we shall consider the graphical representa- 
tion of the following set of equations 



Xi — t 01 X 0 ^21*2 

*^2 ” ^12^1 “f" 1 32^3 

Fig. 3.9 (a) shows the graph of the first line of these equations, and 
Fig. 3.9 (b) shows that of the second line. By superimposing these 
diagrams, as in Fig. 3.9 (c), we obtain the complete graph of Equation 
3.17. 

The diagrams of Figs. 3.7 to 3.9 are known as signal flow graphs; 
they clearly illustrate the flow of signals between the various nodes. 
A variable represented by a node is known as a node signal The 
coefficient % defining the dependence of node signal Xj on node 
signal Xi is referred to as a branch transmittance . 

From the defining Equations 3.15 to 3.17 and the corresponding 
signal flow graphs we deduce that such graphs have the following 
properties : 

1. The nodes represent the variables of the system defined by the 
given set of equations. 

2. Signal flows along a branch only in the direction defined by the 
arrow and is multiplied by the transmittance of that branch. 

3. A node signal is equal to the sum of all node signals entering* 
the corresponding node. 

4. A node signal is applied to all branches leaving the particular 
node independently of transmittances of the outgoing branches. 

3.5 Basic feedback flow graph 

In developing the generalised feedback theory let us first consider 
Fig. 3.10 where the two-port network N is assumed to represent a 
feedback circuit driven from a voltage source Vs of internal 
impedance Zs , and having a load of impedance Zl connected across 
its output port. Within the network N we necessarily find one or 
more controlled sources, the type of which depends on the equivalent 
circuit representation adopted for the valves or transistors that make 
up the internal amplifier component of the feedback circuit. If, in 
the general case, 8 a denotes the control signal and <f>b denotes the 
controlled source, then we have that <f>b — k9 a where k is the control 
parameter. The dimensions of the variables 9 a , <f>b and the para- 
meter k depend on the type of the controlled source, as shown in 
Table 3.1 . As an example consider Fig. 3.11 where we have selected 
a voltage-controlled voltage source inside the network N. In this 
case we see that 9 a — V a , k = /n and <t>b = f*V a . 



(3.17) 




Fig. 3.9. (a) Graph of first line of Equation 3.17 , ( b ) Graph of 
second line of Equation 3.17 , (c) Graph of complete set of 
Equation 3.17 




Fig. 3.10. Two-port network N assumed to represent 
a feedback circuit 




Fig. 3.11. Feedback circuit with a voltage-controlled 
voltage source selected for special consideration 
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Table 3.1 possible dimensions of 8 a , 4 >b and k 





Control 
signal 8 a 


Controlled 
source <j>b 


Controlled 
parameter k 


Voltage-controlled voltage source 


Voltage 


Voltage 


Dimensionless 


Voltage-controlled current source 


Voltage 


Current 


Admittance 


Current-controlled current source 


Current 


Current 


Dimensionless 


Current-controlled voltage source 


Current 


Voltage 


Impedance 



Assuming that the circuit is linear, it follows from the super- 
position theorem that we can add the separate effects of the 
independent voltage source Vs and controlled source <j> b upon both 
the load signal. F l and control signal 6 a ; thus 



where 



Vl = tsiVs + hl<f>b 

da = tsaV S + tba<f>b 



(3.18) 



4>b — kO a 



(3.19) 



From Equations 3.18 we obtain the following definitions for the 
coefficients t$i, hi, Isa and t b a 




Therefore, by setting V s = 1 and ^ = 0 we find that Vl = t s i and 
d a = t 8 a . Further, when Vs = 0 and <f> b = 1 we find that V L = hi 
and 6 a = ha- 

With the aid of the rules given in Section 3.4 we can construct the 
signal flow graph of Fig. 3.12 for Equations 3.18 and 3.19. In this 
diagram we see that the transmittance t 8 i accounts for all paths from 
the independent source to the load that by-pass the controlled 
source; it is therefore termed the direct transmittance . We also see 
that the transmittance ha enables feeding a certain portion of the 
controlled source <j> b back to its control signal 6 a ; it is therefore 
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tb* 




Vs t,l V L 

Fig. 3.12. Basic feedback flaw graph 



responsible for the feedback acting around the controlled source. 

If ha is zero, then there is no feedback acting around the controlled 
source. 

The signal flow graph of Fig. 3.12 is the basis of the generalised 
feedback theory to be developed in the following sections. Accord- 
ingly, it is referred to as the basic feedback flow graph . 

3.6 The concepts of return ratio, return difference and null return difference 

3.6.1 RETURN RATIO AND RETURN DIFFERENCE 

Let us suppose that the feedback loop, constituted by the two 
branches with transmittances k and ha, is opened as in Fig. 3.13. 

Also, let the source signal V s be reduced to zero and a unit signal be 
transmitted from point a\ Then, from Fig. 3.13 we see that the 
signal returned to the point a is equal to kha - The negative of this 
product term is referred to as the return ratio T , for the control 
parameter k, that is 

T = - kt ha (3.21) 

This relation suggests the following definition for the return ratio T. 

If we reduce the source signal Vs to zero, replace the controlled -7 
sdurce kd a by an independent sourced. an3 determine the value 
of the variable 0 a in the resulting system, then the return ratio T 
for the control parameter k is equal to — 9 a . 



tba. 




Vs tsi V L 



Fig. 3.13. Feedback loop broken for calculation of return difference 
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Going back to the signal flow graph of Fig. 3.13, the difference 
between the transmitted unit signal and the returned signal, under 
the condition Vs — 0, is referred to as the return difference F. It is 
related to the return ratio as follows 

F=l + T 

= 1 - kt ha (3.22) 

Therefore, the return difference with reference to the control para- 
meter k is a quantitative measure of the amount of feedback acting 
around k . When there is no feedback acting around k , we have 
tba — 0 and F = 1. 

The return ratio is thus analogous to the open-loop gain and the 
return difference is analogous to the feedback factor of Section 3.1. 
In a single-loop feedback amplifier , which involves a cascade of 
amplifier stages each providing signal transmission in the forward 
direction only, the return ratios with reference to the control para- 
meters of the individual stages are exactly the same and equal to the 
open-loop gain of the feedback amplifier.! 

It must be emphasised that the return difference F is measurable 
experimentally. This measurement is quite straightforward in the 
case of valve feedback amplifiers, because a triode or a pentode 
valve operated in its common cathode mode has a very high input 
impedance. On the other hand, in a transistor feedback amplifier 
the measurement of return difference is more complicated principally 
because of the internal feedback which exists within a transitor 
irrespective of the mode in which it is operated. J This internal 
feedback manifests itself in the interaction between the input and 
output ports of the stage. 

3.6.2 NULL RETURN DIFFERENCE 

Another useful concept is the null return difference Fn which is 
defined as the return difference that results when the source 
signal Vs is adjusted so as to reduce the load signal Vl to zero. 
Thus, with a unit signal transmitted from point a' of Fig. 3,13 we 
find that <f>b = k and 

t According to H. W. Bode 1 the return ratio is the negative of the loop 
gain. On the other hand many modem writers (for example J. G. Truxal® 
and I. M. Horowitz 8 ) on feedback control systems have chosen to define the 
loop gain as the negative of the actual transmittance round the feedback loop, 
and have consequently made it identical to the return ratio in the sense of 
Bode. In the present book we have followed the convention adopted by 
Truxal, Horowitz and others, and thereby unified the treatment of feedback 
circuits with other feedback control systems. 

t For the measurement of return difference in transistor feedback amplifiers, 
refer to F. H. Blecher 4 and S. S. Hakim . 5 * 11 
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Vl = tsiVs + ktbi \ p 23 ) 

8a — tsaVs “h ktba f 

Putting Vl — 0 and solving for the corresponding value of returned 
signal 8 a , we obtain 

8 a = ktba - ^7^ (3.24) 

tsl 

The null return difference is equal to the unit transmitted signal 
minus the returned signal of Equation 3.24; thus 



1 — ktba 



ktbitsa 



3.7 Closed-loop circuit response 



CLOSED-LOOP GAIN 



When the feedback loop is closed as in Fig. 3.12, the ratio Vl/Vs is 
equal to the closed-loop gain K'. From Equations 3.18 and 3.19 



= tsl + 



1 — ktba 



Comparing this expression with the basic feedback Equation 3.4 we 
see that the product term ktbitsa is analogous to the gain without 
feedback K , and —ktba is analogous to the open-loop gain {3K. How- 
ever, the direct transmittance t s i has no counterpart in the classical 
feedback theory based on Equation 3.4. As we shall see later, many 
practical feedback circuits do in fact exhibit a finite value for t 8 1 . 

Multiplying Equation 3.25 by the expression t 8 il( 1 — ktba ) and 
then using Equations 3.22 and 3.26 we see that the closed-loop gain, 
the direct transmittance and the two return differences are related 
simply by the expression 

K' = t/-f (3.27) 

A special case occurs when the direct transmittance t*\ is zero, then 
the basic feedback flow graph of Fig. 3.12 reduces to the form shown 
in Fig. 3.14, and Equation 3.26 simplifies to 

jf, ktbitsa 

1 — ktba 



(3.28) 
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Fig. 3.14. Feedback flow graph for the special case 
of zero direct transmittance 



which has a form similar to that of Equation 3.4 derived from the 
classical feedback theory. 

3.7.2 SENSITIVITY AGAIN 

Suppose that the control parameter k changes by a small amount dk. 
The corresponding change in the closed-loop gain is found from 
Equation 3.26 to be 

d K' = ^ dk (3.29) 



Hence, the sensitivity S* of the closed-loop gain K' with respect to 
the control parameter k is given by 

_d K’/K' 
d k/k 

ktbltsa ,qs 

tf'fl - kt ba y ( } 

Using Equations 3.22, 3.26 and 3.30, we get 



-?M) 



Another useful expression relating the sensitivity Sk to the two return 
differences F and Fn is obtained by eliminating t 8 i/K' between 
Equations 3.27 and 3.31; thus 

Slc = F~F^ ^ 3-32 ) 

Normally the closed-loop gain K' is very large compared to the 
direct transmittance t$i\ this is equivalent to saying that the null 
return difference Fn is much larger than the return difference F. 
We therefore deduce the important result that the sensitivity Sk of 
the closed-loop gain with respect to the control parameter k is very 
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nearly equal to the reciprocal of the return difference with reference 
to k. 

Remembering that the product term kt sa tbi and the return 
difference in the generalised feedback theory, correspond to the 
forward gain K and the feedback factor in the classical feedback 
theory, respectively, we see that the sensitivity Sk calculated from the 
generalised theory is practically the same as the sensitivity Sk 
of the closed-loop gain with respect to the forward gain K of the 
internal amplifier, as calculated from the classical theory, provided 
that the direct transmittance t s i is negligible. 

3.7.3 DRIVING-POINT IMPEDANCE 

We have discussed the effect of feedback on the gain of an amplifier. 
Another effect of feedback that is of fundamental engineering 
importance is its influence on the input and output impedances which 




Fig. 3.15. Evaluation of input impedance Z in ' 



the amplifier presents to its source and load, respectively. To 
evaluate this effect, consider first Fig. 3.15 where it is required to 
determine the input impedance Zin'. For this evaluation a current 
source I x is connected across the input port 1,1', then if V x is the 
resulting voltage developed across this port, we find that 
Zin' = VJI X . 

Let us assume that a generalised controlled source fa = kd a has 
been selected inside the network N. Then adding the separate 
effects of the sources I ± and fa, we obtain 

V x = Z°inl x + tj) x fa 
— t x aJ x + t ioc fa 

from which we deduce the following definitions for the various 
transmittances 




(3.33) 



(3.34) 
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Therefore, when I x = 1 and <f>b = 0 we find that V x = Z°i n and 
0 a = f ia ; when J x = 0 and <f>b = 1 we get and == f 10C . 

The coefficient Z°i n is the value assumed by the impedance Zi n ' 
when signal flow through the controlled source is reduced to zero. 
The coefficient t 10 c is the value of the transmittance tba which occurs 
when the input port 1,1' is open-circuited. 

The relationship = k9 a and Equation 3.33 lead to the signal 
flow diagram of Fig. 3.16 which is seen to be of the same form as 
that of Fig. 3.12. The signals l x and V x of Fig. 3.16 correspond to 
Vs and Vl of Fig. 3.12, respectively. Therefore, the ratio VJI X of 
Fig. 3.16 corresponds to the ratio Vl/Vs of Fig. 3.12, and so we can 
make use of Equation 3.27 for deducing an expression for the input 
impedance Zin'. 

Let F 10 c denote the return difference, with reference to the control 
parameter k, which results when the port 1,1' of Fig. 3.15 is open- 
circuited. Since open-circuiting this port is equivalent to putting I x 
equal to zero, and since the node signal I x of Fig. 3.16 corresponds to 
the node signal Vs of Fig. 3.12, it follows that the open-circuit return 
difference F 10 c corresponds to the return difference F which is 
evaluated under the condition Vs = 0 . Thus 

F 10C — 1 — kt x oc (3.35) 

Next, let F 1SC be the value of the return difference, with reference to 
k , which results when the port 1,1' is short-circuited, that is, when 
V x = 0. Since the node signal V x of Fig. 3.16 corresponds to the 
node signal Vl of Fig. 3.12, it follows that the short-circuit return 
difference F 1BC corresponds to the null return difference Fn which is 
evaluated under the condition Vl = 0. The transmittances 




Fig . 3.16. Feedback flow graph for evaluating Zin 



Fig. 3.17. Evaluation of output impedance Z 0 ut' 

Z°in, t xa , h i, and t XQC of Fig. 3.16, correspond to the transmittances 
tsh tsa 9 hi and tba of Fig. 3.12 respectively. Hence, from Equation 
3.25 we deduce that F lfiC is given by 

F 1BC = 1 - kt 10C + (3.36) 

Having established the above correspondences between the signal 
flow diagrams of Figs. 3.12 and 3.16, we can now make use of 
Equation 3.27 and so deduce the following expression for the input 
impedance 

Zi„' = Z 0 mf^ (3.37) 

^10C 

Similarly, we can show that the output impedance Z ou t' measured 
at the port 2,2' (see Fig. 3.17) is given by 

Zout' = ZVtf^ (3.38) 

F 20 c 

where Z° ou t is the value of Z 0 ut' that results when the controlled 
source <f>b is reduced to zero. F 20 e and F 2SC are the return differences 
which result when the output port 2,2' is open-circuited and short- 
circuited, respectively; both return differences being measured with 
reference to the control parameter k. 

The important results of Equations 3.37 and 3.38 apply to all 
forms of feedback. Let us use them to study the following special 
cases : 

(a) The series-series feedback circuit of Fig. 3.3. In such a circuit 
F x oc and F 20 c are both equal to unity because the feedback signal is 
reduced to zero if either the input port or output port is open- 
circuited. Then Equations 3.37 and 3.38 simplify to 

Zm' = Z°inF 1BC (3.39 (a)) 

Zout' = Z° ou tF 2 sc (3.39 (b)) 

(b) The shunt-shunt feedback circuit of Fig. 3.4. In this case F 1S c 
and F 2BC are both equal to unity as the feedback signal is reduced to 
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zero by short-circuiting the input port or output port. Then 
Equations 3.37 and 3.38 reduce to 



Z in' 


_ Z°m 

Fjoc 


(3.40(a)) 


Zout' 


Z°out 

F 2 oc 


(3.40(b)) 



We can therefore summarise the effects of feedback on the input and 
output impedances of an amplifier as follows: 

1. The input impedance of a negative feedback amplifier is 
increased if the internal amplifier and feedback network are 
connected in series at the input port, while it is reduced if at 
this port they are connected in parallel. 

2. The output impedance of a negative feedback amplifier is 
increased if the internal amplifier and feedback network are 
connected in series at the output port, and is reduced if at this 
port they are connected in parallel. 

3. The effect of feedback on impedance at the input port is 
independent of the manner in which the internal amplifier and 
feedback network are coupled together at the output port, and 
vice versa. 

As an illustration of this last point, we find that the input 
impedance of the shunt-series feedback circuit of Fig. 3.6 is given by 
Equation 3.40 (a), and its output impedance is given by Equation 
3.39 (b). The input impedance of the series-shunt feedback circuit 
of Fig. 3.5 is given by Equation 3.39 (a) and its output impedance is 
given by Equation 3.40 (b). 

3.8 Examples 

We shall next illustrate the feedback theory developed above by 
considering the analysis and design of a number of different feedback 
circuits involving valves and transistors. In these various examples 
we shall find that the great virtue of the generalised feedback theory 
is that it enables the analysis of a given feedback circuit to be broken 
down to one of analysing a number of much simpler circuits. Also 
throughout the analysis a physical touch with the problem is 
maintained. 

3.8.1 INTERNAL FEEDBACK IN TWO-PORT NETWORKS 

In Section 2.5 we developed the 2 -, y -, h- and g-matrix representations 
for defining the external behaviour of a two-port network. In each 
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of these four cases the parameter with subscripts 21, that is the 
parameter z 21 , y 2l9 h 2l , or g 21 accounts for the forward transmission 
of the input signal. On the other hand, the parameter with sub- 
scripts 12, that is, the parameter z 12 , y 12 , h 12 or g 12 accounts for signal 
transmission in the reverse direction, thereby giving rise to a certain 
amount of internal feedback within the two-port network. As an 
example, let us evaluate this internal feedback in terms of the 
/ 2 -parameters. 

The diagram of Fig. 3.18 shows the / 2 -parameter equivalent circuit 
for a double-terminated two-port network. The presence of internal 




Fig. 3.18. h-parameters equivalent circuit for double-terminated two-port network 

feedback is clearly seen to be due to the voltage-controlled voltage 
source h 12 V l, which provides a return path for the output signal 
back to the input port. 

To evaluate the return difference Fn with reference to the control 
parameter h 21 and so obtain a quantitative measure of the internal 
feedback existing within the two-port network, we put Vs = 0 and 
^ 2 iA = 1 1 then the resulting value of the returned signal I x is found 
to be h 12 l{h xl + Z s ) (h 22 + Y£). Hence 

Fh=1 ~ (/i n + ZsX/L + Y l ) (3 - 41) (a) 

In this case we deduce that if either the source impedance Zs is large 
or if the load impedance Zl = I/Yl is small, then Fh approaches 
unity and the effect of internal feedback is diminished. 

It is to be emphasised that the amount of internal feedback 
existing with a two-port network is not unique in that it depends, 
amongst other factors, on the particular matrix representation 
adopted for describing its external circuit performance. Thus for 
specified source and load impedances, the return difference with 
reference to h 2 1 can have quite a different value from the return 
difference F y with reference to y 2 1 , which is given by 

F.C.A.— 9 
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(*> (b) 

Fig. 3J9 . (a) Common cathode stage with local series feedback, 
( b ) Equivalent circuit 



Fy= 1 - 



712^21 

(Til + Fs) (>>22 + Yl) 



(3.41 (b)) 



where Fs = I/Z5 is the source admittance. 

As a numerical example, consider a transistor having the following 
common emitter A-parameters 



A 12C = 0*25 x 10- 3 



h 22e = 25 w 



and operated as a common emitter stage with Zs = 4 k Q, and 
Zl = 20 kQ (i.e. Fl = 50 M 3 ). From Equation 3.4 1 (a) we find that 
the return difference Fh with reference to h 2ie has the corresponding 
value of 0-9/du/ Therefore, it is to be anticipated that there would 
exist a certain degree of interaction between the input and output 
ports. The fact that the calculated value for Fh is less than unity 
indicates that the internal feedback existing in a common emitter 
"7 stage is positive whenJ l is represented by its A-parameter equivalent 
x circuit. 

If, on the other hand, we were to use the ^-parameters to represent 
the common emitter stage and calculate the return difference F y 
with reference to y 21 e, we shall find from Equation 3.41 (b) that 
F y = IT 6. This result assumes that the terminating admittances 
for the stage are, as before, Ys = 0-25 mU and Yl — 50 fxl 3 , and 
that the transistor has the following common emitter y-parameters : 



fiie = 1 my 



y 12« = “0*25 K5 
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y zl e = 50 my 
y 22e = 12-5 my 



which are equivalent to the previous set of common emitter 
A-parameter values, as obtained from the matrix conversion 
Table 2.3. We therefore deduce that because F y is greater than 
unity, the internal feedback existing in a common emitter stage is 
negative when it is represented by its y-parameters. 

This example clearly illustrates the non-uniqueness of the return 
difference in active two-port networks in the sense that its value 
depends on the matrix representation adopted to describe the 
device.f 




3.8.2 LOCAL FEEDBACK 

When external feedback is applied to a single-stage amplifier (e.g. 
common cathode or common emitter stage) it is usually referred to as 
local feedback . We shall illustrate this form of feedback by con- 
sidering three different examples. 

Common cathode stage with local series feedback 

In Fig. 3.19 (a) local feedback is applied to a common cathode stage 
by means of the resistor Rk connected in series with the cathode 
terminal and arranged to be common to the input and output ports. 
Replacing the valve with its equivalent circuit, we obtain the diagram 
of Fig. 3.19 (b) where we see that the control signal d a = the grid- 
cathode voltage V 9 jc, the control parameter k = the amplification 
factor fi , and the controlled source </>& = pVgjc. 

To evaluate the transmittances t sa and t s i we put V s = 1 and 
fi = 0 (i.e. <f>b = 0), in which case the anode current I a is reduced to 
zero and Vgk becomes equal to Vs- Hence 



tsa — 1 \ 

tsi = 0 I 



(3.42) 



Next, to evaluate the transmittances ha and hi we put Vs = 0 and 
fiVgk = 1, as in Fig. 3.20. Then noting that the resulting values of 
Vgk and Vl are equal to ha and hi, respectively, we find directly 
that 



ha — 



— Rk 

r a Rl T - Ric 



(3-43 (a)) 



t For a further discussion of the non-uniqueness of return difference in 
active two-port networks, see J. H. Mulligan.® 
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fa + Rl + Rk 



(3.43(b)) 



Further, since k = n it follows from Equations 3.22 and 3.43 (a) that 
the return difference F with reference to p is given by 



F= 1 + 



fa + Rl + Rk 



Also Equations 3.26, 3.42 and 3.43 give the closed-loop gain Vl/Vs 



r a + R L + R k ( 1 + fi) w ^ 

Common emitter stage with local series feedback 

Consider next the transistor feedback circuit of Fig. 3.21 (a) where 
local series feedback has been applied to the common emitter 
stage by means of the resistor connected in series with the emitter 
terminal. Replacing the transistor with its common emitter A- 
parameter equivalent circuit, we obtain the diagram of Fig. 3.21 (b). 
Here it is to be noted that the effect of the feedback parameter A 12e has 
been assumed negligible. This assumption is quite justified 
provided that the amount of feedback applied externally to the stage 
by the resistor R e is large compared to the internal feedback due to 
A 12e , as is normally the case. 

In Fig. 3.21 (b) we see that the control signal 0 a = the input base 
current h , the control parameter k = the forward currerft amplifica- 
tion factor A aie , and the controlled source <f>b = h 21 Jb . To evaluate 
the return difference with reference to A 2ie we require to know the 
transmittance tj> a - This can be found from Fig. 3.22 where we have 
put Vs — 0 and h 21 Jb = 1. Normally the feedback resistance Re is 
small compared to the total resistance (Rl + l/h 22<? ), that is 

(Rl + 1/A 22 *) > R e (3.46) 

« 

Then from Fig. 3.22 we find directly that the transmittance which 
equals the returned signal h is given by 



“ 1 + h 22e R L R e + Rs+ hue 

Remembering that k = h 2ie and using Equations 3.22 and 3.47, the 
return difference Fwith reference to h 2ie is 



F- 1 + 



h 2 ieRe 

(1 + h 22 eR£) (Re + Rs + h lie ) 



(3.48) 



2 




2 



Fig. 3.20. Circuit for evaluating the 
transmittances tba andtu of common cathode 
stage with local series feedback 




(b) 

Fig. 3.21 . (a) Common emitter stage with local 



series feedback, ( b ) Equivalent circuit 

lb V 2' 




i 2 

Fig. 3.22. Evaluation of transmittances tba and tbi 
for common emitter stage with local series feedback 
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Fig. 3.23 . Evaluation of transmittances 
t 8 a and tsi for common emitter stage with 
local series feedback 

From Fig. 3.22 we also deduce that the transmittance tbi which, by 
definition, equals Vl is 

= TTTjk <3 - 49) 

The transmittances t 8a and t 6 i can be found from Fig. 3.23 where 
we have put Vs = 1 and h 2ie = 0. Then noting that h = t sa and 
Vl = tsi and making use of the inequality of Equation 3.46, we get 



R e + Rs + h lie 



h%2 eRh 



Re + Rs + hue 1 + h 22e RL 

In most practical cases the direct transmittance t s i is small enough 
to justify using Equation 3.28 for evaluating the closed-loop gain 
K' = V L /Vs. Hence, the relationship k = h 2ie together with 
Equations 3.47, 3.49 and 3.50 give the closed-loop gain of the stage of 
Fig. 3.21 (a) to be 

K' ~ — /* 2ie Rh 

" (1 + h 22 eR L ) (Re + Rs + h lie ) + fl 2ie Re 1 ' 

For evaluating the input impedance Zi n ' of the stage of Fig. 3.21 (a) 
we can apply Equation 3.39 (a) which involves Z° m and F 1SC . Putting 
Rs = 0 in Equation 3.48 gives 



180 “ ^ (1 + h 22e R£) (R e + h lie ) 

The impedance Z° m, which is the value of Zin' when h 2ie = 0, can be 
found from Fig. 3.23. Using the inequality of Equation 3.46, we get 
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(3.54) 



Z° m — h lie + Re 

Therefore, Equations 3.39 (a), 3.53 and 3.54 lead to 

z “ - *»• + *• + rr& < 3 - 55) 

The output impedance Z ou t' of the stage of Fig. 3.21 (a) can be 
determined from Equation 3.39 (b) which requires a knowledge of 
F 2 sc and ZVt. Putting jR L = 0 in Equation 3.48 gives F 28C to be 



h 2 \eRe 

■f Rs + h n e 



The impedance Z° ou t 5 which is the value of Z 0 ut' when h 2ie = 0, can 
be also found from Fig. 3.23; thus 



ZVt — 



l 

h 22 e 



(3.57) 



where we have made use of the inequality \jh 22e > R e . Hence, 
Equations 3.39 (b), 3.56 and 3.57 give the output impedance Zout' 
to be 



h 2 ieRe \ 
+ Rs + hue) 



If the load resistance Rl is small compared to l/h 22 e, we obtain the 
approximate relations of Table 3.2 for the return difference, closed- 
loop gain and input impedance for the stage of Fig. 3.21(a). 

As a numerical example, let it be required to determine the feed- 
back resistor R e so as to realise a value of 4 for the return difference 
Fwith reference to h 2ie when Rs = 4 kf2, Rl = 2 kO and the transistor 
has the following common emitter /z-parameters 



Table 3.2 APPROXIMATE RELATIONS FOR TRANSISTOR STAGE WITH LOCAL 

FEEDBACK 





Local series feedback 


Local shunt feedback 


p 


1 . h 

Re + Rs + hue 


1 - h%\eRt.Rs 

(Rl + Rc) (Rs + h lie ) 


r 


1C' 


h 2ie R L 


h 2ie R L Rc 


A 


+ h 2 ie) + Rs + hue 


(Rl H~ Rc) (Rs + hue) + h 2 ieRLRs 


Zin' 


hue + Re( 1 + Ityie) 


, Rl -h Rc 

lle Rc + Fl,(l + h 2l e) 
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hix9 — 1 

/ijsi* — 50 
h t2e = 25 

Substituting these values into Equation 3.48 gives 

4 _ 1+ 50 Re 

* + (1 + 25 X 10-« x 2 x 10 3 ) (R e + 4 + 1) 

where R e is in k£2. Simplifying and solving for R e we find that 

Re = 0-336 k£l = 336 £2 

which satisfies the assumed inequality of Equation 3.46. 

Using the above value let us next determine the resulting values 
of closed-loop gain, input and output impedances for the stage of 
Fig. 3.21 (a). First, Equation 3.52 gives the closed-loop gain to be 



wf WV 

= (1 + 25 X 10-* X 2 x 10 3 ) (0-336 + 4 + 1) + 50 x 0-336 
= - 4*46 



Next, Equation 3.55 gives the input impedance to be 



Z ln ' = 1 + 0*336 + 
- 17*3 kQ 



50 x 0*336 

1 + 25 x 10~« x 2 x 10 s 



Equation 3.58 gives the output impedance to be 




50 X 0*336 \ 
0*336 + 4+ l) 



= 166 kQ 



Common emitter stage with local shunt feedback 

The diagram of Fig. 3.24 (a) shows local shunt feedback applied 
to a common emitter stage by means of a resistor R c > connected 
between the base and collector terminals. Replacing the transistor 
with its common emitter A-parameter equivalent circuit, we obtain 
the circuit of Fig. 3.24 (b). Here again we have ignored the effect of 
the parameter h 12 e on the assumption that the external feedback 
applied to the stage by means of the resistor R c is large compared to 
the internal feedback due to A ia «. 



THEORY OF FEEDBACK 



129 



Rc 




(b) 

Fig. 3.24. (a) Common emitter stage with local shunt feedback , 

{b) Equivalent circuit 



In Fig. 3.24 (b) we have 9 a — h, k = h 2ie and <f>b = h 21 Ji>. To 
evaluate the transmittances ha and tbi we put Vs = 0 and 
h 2ie Ib = 1» as in Fig. 3.25. Normally the feedback resistance 
Re is large compared to the parallel combination of resistances h ne 
and Rs, that is 



Rc> 



Rshne 
Rs + h lie 



(3.59) 



Then noting that, in Fig. 3.25, h = ha and Vl = hi we get 



Gc + Gh + h 22 e Rs + hue 




where G c = 1/R C and Gl = 1 /Rl. 

Since k = h 2ie , it follows from Equation 3.22 and 3.60 that the 
return difference with reference to h^ e is 
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F~ 1 + 



(Gc + Gl + h 22 e) ( Rs + hue) 



Next, putting Vs = 1 and h 2ie = 0 we obtain the circuit of Fig. 
3.26 where h — tea and Vl = t,i. Therefore, using the inequality 
of Equation 3.59 we have 



Rs + hue 

ttl ~ fha Gc 

Rs + hue G c + Gl + h iie 



(3.63) 

(3.64) 



The direct transmittance t$i is normally so small that, to a good 
degree of approximation, we can neglect its effect. Then, Equations 
3.28, 3.60, 3.61 and 3.63 give the closed-loop gain Vl/Vs for the 




. I 2 

Fig. 3.25 . Evaluation of transmittances tba and tbi for 
common emitter stage with local shunt feedback 




l 2 

Fig. 3.26. Evaluation of transmittances t 8a and t 8 i 
for common emitter stage with local shunt feedback 
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feedback stage of Fig. 3.24 (a) to be 



“ (Gc + GL + h 22 e)(Rs + hne) + h tie GcR s K } 

The input impedance Zm' of the stage of Fig. 3.24 (a) can be 
determined from Equation 3.40 (a) which' requires a knowledge of 
F 10C and Z°i n . If we put Rs = oo in Equation 3.62, we get 

i ^ gl+ ft+* 5 fbc (3 -“) 

The impedance Z°m, which equals Zm' when h 2ie = 0 can be found 
from Fig. 3.26; assuming that R c > h U e we have 

Z° m ^ hue (3.67) 

Therefore Equations 3.40 (a), 3.66 and 3.67 lead to 



Z ln ' 



hueiGl + h 22 e + G c ) 
Gl + h 22 e + Gc(l + hue) 



To evaluate the output impedance Z ou t' of the stage of Fig. 
3.24 (a), we can apply Equation 3.40 (b) involving jF 20 c and Z° ou t- 
Putting Rl= o o (i.e. G L = 0) in Equation 3.62 gives 

Faoc - 1 + (Gc + hZ) (Rs + h ne ) (3 ' 69) 

The impedance Z° ou t, which is the value of Z ou t' when h 2 ie = 0, 
can be also found from Fig. 3.26; thus, assuming the inequality of 
Equation 3.59, we get 

Z°out a: r (3.70) 

Combining Equations 3.40 (b), 3.69 and 3.70 gives the output 
impedance Zout 7 to be 



Zout — 



Rs ~F hue 

(Gc 4" h 22 e) (Rs 4" ^ne) + h 21 eG c Rs 



If the load resistance Rl is small compared to l/h 22 e, that is, 
Gl > h 22e , we obtain the approximate relations of Table 3.2 for the 
return difference, closed-loop gain, input impedance of the stage of 
Fig. 3.24 (a). 

To illustrate the above results with a numerical example, let us 
suppose that it is required to evaluate the feedback resistor R c which 
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Fig. 3.27 . (a) Common anode stage , ( b ) Equivalent circuit 



results in a return difference, with reference to h ne , equal to 4 when 
Rs = 4 kQ, i?z, = 2k Q (i.e. Gz, = 0-5 my) and the common emitter 
/^-parameters have the values 

h lie = 1 kQ 

^21 « ” 50 

^ 22 e = 25 /xy 

Substitution in Equation 3.62 gives 



4=1 + 



50 X 4G C 

(G c + 0*5 + 0-025) (4 + 1) 



where G c is in my, that is, R c is in kQ. Simplifying and solving for 
G c , we obtain 

G c = 0*0426 my 



that is, 



R c = 23-5 kQ 



which satisfies the inequality of Equation 3.59. 

Using the above value for G c we find from Equation 3.65 that the 
closed-loop gain is 



(0-0426 + 0-5 + 0-025) (4 + 1) + 50 X 0-0426 X 4 



= - 4-4 




Equation 3.68 gives the input impedance Zm' to be 
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^ 1(0-5 + 0-025 + 0-0426) 

in 0-5 + 0*025 + 0-0426(1 + 50) 

= 0-21 kQ 

From Equation 3-71 we find that the output impedance has the 
value 



Zout' — 



_ . 4+1 

(0-0426 + 0-025) (4 + 1) + 50 X 0-0426 X 4 

= 0-565 kQ 



Comparing the results of this example with those obtained for the 
local series feedback stage involving a common emitter stage, we see 
that for the same terminating resistances Rs and Rl and for the same 
transistor the closed-loop gains of the two stages of Figs. 3.21 (a) and 
3.24 (a) are practically the same when both stages have equal return 
differences with reference to h 2ie . The major differences between 
the two stages are in the values of their input and output impedances; 
the input and output impedances of the series feedback stage of* 



|/ 




I 2 



<*) (b) 

Fig. 3.28. Evaluation of transmittances t»i and t sa of 
common anode stage 

Fig. 3.21 (a) are both increased as a result of the applied negative 
feedback, whereas the input and output impedances of the shunt 
feedback stage of Fig. 3.24 (a) are both reduced due to the applied 
negative feedback. 



3.8.3 COMMON ANODE STAGE (CATHODE FOLLOWER) 

For our next example we shall evaluate the voltage gain, input 
and output impedances of the common anode stage shown in 
Fig. 3.27 (a). The triode valve has an anode slope resistance 
r a = 8 kQ and an amplification factor fx = 30. 
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In Fig. 3.27 (b) the triode valve is represented by its equivalent 
circuit involving the voltage-controlled voltage source pVgic. Thus 
0„ = V t k, k = n and <f>b = ^F„*. For evaluating the trans- 
mittances t sa and f«i we put Fs = 1 and p = 0, as in Fig. 3.28 (a). 
Applying Thevenin’s theorem to the 12 kQ and 100 kfi resistances 
and the unit voltage source, we obtain the simpler circuit of 




Fig. 3.29. Evaluation of transmitt ances tbi and tba 
for common anode stage 



Fig. 3.28 (b). Noting that Ft, = hi and F y * — t sa we find from 
Fig. 3.28 (b) that 



8 X 0-107 

ttl ~ 8 + 0-47 + 10-7 



0-045 



and from Fig. 3.28 (a) we get 



ha = 1 — V L = 1 — 0 045 = 0-955 



Next, to evaluate the transmittances t b i and ha, we put Vs = 0 and 
nVg k = 1 , as in Fig. 3.29. Since in this diagram Vl = hi and 
Vgk = ha, we get 



10-7 + 0-47 
tbl ~ 10-7 + 0-47 + 8 



0-583 



tba = -0-583 



Using the above values, together with fc = /i = 30, in Equations 
3.22 and 3.26 we find that the return difference F with reference to jj- 
and the voltage gain K' = Fz,/Fs for the stage of Fig. 3.27 (a) are 
equal to, respectively, 

F = 1 + 30 x 0-583 = 18-5 
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K' = 0-045 + 



30 X 0-583 X 0-955 
18-5 



= 0-948 



Here we see that 4-6% of the closed-loop gain K' is due to the 
direct transmittance t s j. 

The common anode stage of Fig. 3.27 (a) is of the series-shunt 
type of a feedback circuit; its return difference with reference to ju.is 
reduced to unity when its output is short circuited (i.e. Ft = 0 ). 
Therefore, its output impedance Z ou t' can be determined from 
Equation 3.40 (b) which involves F 20 o and Z 0 ou t. The return 
difference F 20 c results when the output port of the stage is left open- 
circuited; this is in fact the case in Figs. 3.27 (a) and 3.29. Hence 
F 2 oc — F = 18-5. Next when /x = 0 as in Fig. 3.28 (b), we find that 
the resulting output impedance Z° 0 ut is 



70 8(0-47 + 10-7) 

out 8 + 0-47 + 10-7 



4-66 k£2 



Then Equation 3.40(b) gives the output impedance Z ou t' of the 
stage to be 



Zout' = ^ = 0-25 kO 



Although in Fig. 3.27 (a) the feedback signal is applied in series at 
the input, it is not reduced to zero when the input port of the com- 
plete stage is open-circuited; this is owing to the presence of the 



Fig. 3.30 . Evaluation 
of Fioc 




0*47 kQ resistance. Therefore, in evaluating the input impedance 
Zin' of the common anode stage of Fig. 3.27 (a) by means of the 
method developed in Section 3.7.3, it is necessary to use the general 
expression of Equation 3.37, which involves F loc , F 18C and Z° m- 
The return difference F 10C can be determined from Fig. 3.30. Here 
we see that, with fiVgtc — 1 the returned signal 
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—0*47 

0-47 + 12 + 8 



0-023 



Thus the return difference F 10C with reference to ft is equal to 
F 10C = 1 + 30 X 0-023 = 1-69 

The return difference F^c results when the input port of the stage is 
short-circuited, as in Fig. 3.29. Hence, we have F t BC = F = 18-5. 
Next, when ft = 0 we find that the resulting value Z°i n of the input 
impedance is given by (see Fig. 3.28 (a)) 



Z°m = 100 + 



12 x (8 + 0-47) 
12 + 8 + 0-47 



= 105 kQ 



Then Equation 3.37 gives the input impedance Z| n ' of the common 
anode stage of Fig. 3.27 (a) to be 




3.8.4 TWO-STAGE FEEDBACK AMPLIFIERS 

The benefits that result from the application of negative feedback in 
reducing the sensitivity of the gain to parameter variations, in 




Fig. 3.31. (a) Two-stage amplifier with individual local feedbacks , (b) Two-stage 

amplifier with overall feedback 



THEORY OF FEEDBACK 



137 




Fig. 3.32. Two-stage valve feedback amplifier of the series-shunt type 



reducing harmonic distortion, etc. become greater as the available 
forward gain of the internal amplifier is increased. Thus overall 
negative feedback applied to an amplifier consisting of a cascade of 
two or more stages can improve the amplifier performance to a 
greater extent than is possible if feedback is applied to each of the 
stages individually. To illustrate this remark, let us consider 
Fig. 3.31 (a) showing the block diagram of an amplifier consisting of 
two stages of gains K x and K 2 , with negative feedback applied to each 
stage. The overall gain K a ' is given by 



r ,_ K x K 2 

“ 1 +jMO +02*2 



(3.72) 



Consider next the block diagram of Fig. 3.31(b) where overall 
negative feedback is applied to the cascade of the stages K x and K 2 . 
The resulting closed-loop gain K b is 




K b ' = 



i + PK ± k 2 



(3.73) 



If the overall gains K a ' and K b of the two circuit arrangements of 
Fig. 3.31 are required to be equal, we must have 



(1 + jMT,) (1 + &/Q = 1 + PK ± K 2 (3.74) 



This equation states that, with K a f = K b the amount of feedback 
acting on each of the individual stages in Fig. 3.31 (a) is necessarily 
less than in Fig. 3.31 (b). Therefore, with the proviso K a ’ — K b \ a 
greater improvement in amplifier performance is possible with the 
circuit of Fig. 3.31 (b) than is with the circuit of Fig. 3.31 (a). 

Let us next examine the practical ways in which negative feedback 
can be applied to a cascade of two valve or transistor stages. In a 

F.C.A.— 10 
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cascade of two common cathode stages each stage produces a phase 
shift of 180° between its input and output voltage signals when 
operating at low frequencies; the result is that the input and output 
voltage signals of the complete cascade are in phase. Hence, 
overall negative feedback can be applied to a cascade of two common 
cathode stages if the feedback network is connected between the 
anode of the second stage and the cathode of the first stage, as in 
Fig. 3.32, or if the feedback network is connected between the 
cathode of the second stage and the grid of the first valve stage. 
Similarly, overall negative feedback can be applied to a cascade of 
two common emitter stages by connecting the feedback network 
between the emitter of the second stage and the base of the first stage, 
as in Fig. 3.33, or between the collector of the second stage and the 
emitter of the first stage. 

The feedback circuit of Fig. 3.32 is recognised to be of the series- 
shunt type, whereas the feedback circuit of Fig. 3.33 is of the shunt- 
series type. These feedback amplifiers have one common feature in 



Rz 




Fig. 3.33. Two-stage transistor feedback amplifier of the shunt-series type 

that they are both essentially multiple-loop feedback circuits. Thus, 
for example, in the case of Fig. 3.32 local feedback is applied to the 
first valve-stage by the resistor j R l9 and overall negative feedback 
embracing the two stages is provided by the resistor JR 2 . 

Two-stage valve feedback amplifier of the series-shunt type 

Let us suppose that it is required to determine the return difference 
F 2 of the feedback circuit of Fig. 3.32 with reference to the amplifica- 
tion factor p 2 of the second common cathode stage VT2 given that 

R = r l = 10 kQ 



R x = 1 k£i 
R 2 = 15 kQ 



15 fcQ 




Fig. 3.34. Calculation of return difference with reference to p 2 
and that the two triode valves are identical having the parameters 
r a\~ r — ^ kQ 
Pi = /x 2 = 30 

For the purpose of the above calculation the source voltage Vs is 
reduced to zero and the common cathode stage VT2 is replaced with 
its equivalent circuit. Then we obtain the circuit of Fig. 3.34 (a) 
where p 2 Vgk 2 = 1* On applying Thevenin’s theorem to the circuit 
connected between the common terminal and the cathode of VT 1, we 
obtain the simpler circuit of Fig. 3.34 (b). Here we see that the 
triode valve VTl is operated in its common grid mode; its input 
impedance Z i m and voltage gain Kv\ are given by (see Equations 
2.211 and 2.210) 

ry r d\ + R 



1 + Ft 
8+10 
1 + 30 



= 0-58 kQ 



Kv i = 



(1 + vi)R 

rai + R 



(1+30)10 

“ 8+10 
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Therefore, the voltage developed across the interstage resistor 
R = 10 kQ, which is the same as the voltage V g jc 2 returned to the grid 
of the stage VT2, is equal to 






= - 17*2 



ZiniVk 
1 Zim Rfc 

O 0*58 X 0*027 
0*58 + 0*95 



In other words the transmittance tba = — 0*176, and since the 
control parameter k = = 30, it follows from Equation 3.22 that 

the return difference F 2 with reference to fx 2 is 

F 2 = 1 + 30 X 0*176 = 6*3 

Owing to the additional local feedback applied to the first stage 
VT\ by the resistor R l9 the return difference F x with reference to the 
amplification factor /x x of the first stage is necessarily greater than 
F 2 calculated above. The value of F 1 can be calculated quite 
conveniently from the following relationship! 

F* “ (F 2 )* 1= o (3 * ?5) 

where (F 1 )* 2 = 0 * s the value of the return difference F l9 with reference 
to k l9 that results when the control parameter k 2 of the second stage 
is zero. Similarly (F r 2 )jfc 1 = 0 is the value of the return difference F 2 
with reference to k 2 , , which occurs when the control parameter k x of 
the first stage is zero. In the case of Fig. 3.32 we have k x = n x and 
k 2 = /x 2 « 

When the amplification factor fi 2 of the second stage is reduced to 
zero, the feedback amplifier of Fig. 3.32 reduces simply to a common 
cathode stage with local series feedback provided by a cathode 
resistor Rjc equal to 0*95 kQ and with a load resistance R = 10 k Q. 
Hence from Equation 3.44 we deduce that has the value 



(F i)» 2 *o 



F i&k 

r ax + R + Rjc 

30 x 0*95 
8 + 10 + 0-95 



= 2*51 



Next, the return difference (F 2 ) /<1==0 can be evaluated from Fig 
3.35(a) where we have put fi^Vgic^ = 1. This circuit can be 

t The relationship of Equation 3.75 is proved by Truxal, J. G. on p. 141 of 
Automatic Feedback Control System Synthesis, McGraw-Hill (1955). 
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Fig. 3.35. Calculation of return difference with reference to and with ^ = 0 



simpimea 10 rne iorm snown m rig. 3.53 (d; wnere we nna airecuy 
that the voltage V g ic 2 returned to the grid of the second stage is equal 
to 

Vh R V* 

V n | 1 D. 



R + r<n + Rjc 

10 x 0*027 
10 + 8 + 0*95 



= - 0*0142 



Hence, the return difference (F 2 ) /il = 0 has the value 

(F^-o = 1 + 30 X 0*0142 = 1*43 

Therefore, from Equation 3.75 we find that the return difference F x 
of the two-stage feedback circuit of Fig. 3.35, with reference to fx x is 
given by 

Z7 -p fi 2~ o 



= 6*3, 



The fact that, in the feedback amplifier of Fig. 3.32, F x is greater 
than F 2 implies that the overall gain of the amplifier is less sensitive 
to variations in the parameter of the first stage than it is to 
variations in the parameter fi 2 of the second stage. 




142 



FEEDBACK CIRCUIT ANALYSIS 



Two-stage transistor feedback amplifier of the shunt-series type 

In the two-stage transistor feedback amplifier of Fig. 3.33 the resistor 
R represents the shunting effect of interstage biasing resistors, while 
R x and R 2 are responsible for the applied negative feedback. This 
amplifier can have a very low input impedance and a very high output 
impedance provided that a large amount of overall feedback is 
applied to it. Therefore it is most suited for the amplification of 
current signals. In the analysis to follow we shall assume that the 
amplifier is driven from an ideal current source, as in Fig. 3.36, and 
that the collector current II of the stage TR2 provides the desired 
output signal. 

As a numerical example let it be assumed that 

R= 13-3 kQ 
R x = 0-1 kft 
R 2 = 15 kft 
Rl = 1 kQ 



and that the transistors are identical having the following common 
emitter ^-parameters 

hue = h lie ” = 1 kQ 
h 21 e — h 2 ie — 50 

h 22 e = h 22 e — 



where the parameters with one prime refer to transistor TRl and 
those with two primes refer to transistor TR2. 

For calculating the return difference F 1 with reference to the 
forward current amplification factor h 2ie ' of the first stage, we 
replace TR 1 with its common emitter /z-parameter equivalent circuit, 
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*2 



ISkQ 




(b) 



Fig. 3.37 . Calculation of return difference with reference to h ne ' 

set h 2ie ’h\ = 1 and Is = 0, as is shown in Fig. 3.37 (a). The unit 
current source and the shunting resistors R = 13-3 kO and 
\jh 22 f = 40 kO can be represented by an equivalent voltage source in 
series with a 10 kQ.resistance (equal to R and l//z 22 e' in parallel), as 
in Fig. 3.37 (b). Since the load resistance Rl = 1 kQ is quite small 
compared to 1 /h 22e ” 9 the stage TR2 behaves essentially as a common 
collector stage having the following input impedance Zi n2 and 
current gain Ki 2 (see the approximate relations of Table 2.6) 

Z ln2 S h lxe * + (1 + h 2ie ”)Re 

Ki 2 ~ - (1 + h 21 e n ) 

where R e is the total resistance connected in series with the emitter 
terminal of stage TR2 ; it is effectively equal to R x = 0T kft owing 
to the negligible shunting effect of the series combination of 
R 2 = 15 kO and h lie ' = 1 k£l 

Therefore 

Z ln2 ^ 1 + (1 + 50) X 0’1 = 6-1 kft 
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K H ~ - 51 

The base current h 2 of the stage 7X2 is 

,H ~ loTTI = ~ 0 62 

and its emitter current u is 

U — Kj^Ibz 

~ (—51) X (-0*62) = 31*6 

Hence, the transmittance ha, which equals the current hi returned to 
the base of stage 7X1, has the value 



—Rile* 

Xi + + h lie ' 



_ -0-1 x 31-6 
“0*1 + 15+1 



0-196 



With the control parameter k = h 2ie ' it follows from Equation 3.22 
that the return difference F x with reference to h 2ie ' is given by 



Fi = 1 + 50 X 0*196 = 10-8 



The return difference F 2 with reference to h 21 e " is necessarily 
greater than F 1 owing to the additional local feedback applied to the 
second stage TJR2 by means of the resistor X x . To determine F 2 we 




can use the relationship of Equation 3.75, where k x — h 2ie ' and 
k 2 = h 2ie ”. The return difference (i r 1 )^ 2l / =0 can be evaluated from 
Fig. 3.38 to which form the circuit of Fig. 3.37 (b) reduces when 
h 2X e = 0. The corresponding value of the current hi returned to the 
base of transistor 7X1 is found to be effectively 
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10 + 1 + 0-1 * 15 + 1 + 0*1 



- - 0-0056 



(F 1 K /-0 = 1 + 50 X 0*0056 = 1-28 

To determine (F 2 ) Aai /= 0 we set h 2ie ' = 0 in which case the two- 
stage transistor amplifier of Fig. 3.36 reduces simply to a common 
emitter stage with local series feedback provided by an emitter 
resistor R e effectively equal to 0*1 kQ, and with a source resistance 
R ' = 10 kft. Then from the approximate relations of Table 3.2 we 
find that 

/p \ i I ^21^ R& 

I'tJlW-O - + R e + R 1 + h lie " 

, , 50 X 0-1 _ , ^ 

- 1 + 0-1 + 10 + 1 145 



The return difference F 2 with reference to A 21 / is deduced from 



Equation 3.75 to be 



F* = F, 



o 

1*45 

= 10 - 8 F28 = 12 ' 2 



We therefore find that, in the feedback amplifier of Fig. 3.36, 
because F 2 is greater than F x the overall current gain Il/Is is less 
sensitive to variations in the parameter h 2ie n of stage 7X2 than it 
is to variations in the parameter h 2ie f of stage 7X1. 



3.8.5 THREE-STAGE FEEDBACK AMPLIFIERS 

There are many different ways of applying overall negative feedback 
to a cascade of three valve or transistor stages. We shall consider 
only three representative examples, widely used in practice. 



Shunt-shunt feedback type 

The circuit of Fig. 3.39 shows this type of feedback applied to a 
cascade of three common emitter stages; the internal amplifier and 
feedback network are seen to be connected in parallel at their input 
as well as output ports. The feedback amplifier of Fig. 3.39 can 
have very low input and output impedances provided that a large 
feedback is applied. 

In Fig. 3.39 the internal amplifier, as one whole unit, exhibits 
practically no interaction between its input and output ports. 



i 
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Also the forward gain is very high; accordingly, even if the required 
open-loop gain is large, the elements of the feedback network 
normally turn out to have such values that negligible loading is 
presented at the input and output ports. Then, provided that we are 
interested only in the effects of the externally applied feedback, the 
classical feedback theory developed in the early part of the chapter 
may prove quite adequate. 

The open-loop gain T of the feedback amplifier of Fig. 3.39 is 
given by Equations 3.13 (b), which is reproduced here for 
convenience 



y\2^v 

Fin + Ys 



(3.76) 



where y 12 is the reverse short-circuit transfer admittance of the 
feedback network. 

The internal amplifier component can be represented by the 
equivalent circuit shown in Fig. 3.40, where Fi n and Tout are the 
input and output admittances, respectively; Y m is the mutual 
admittance responsible for signal amplification in the forward 
direction. Neglecting the internal feedback associated with each of 
the three stages, we have 

Ym - ~ (3.77) 

"ll e 

Tout ^ h 22e '" (3.78) 

y ^ h 2 \e h 2 \e h 21 e" 

" Au/(1 + WW + Alie7*') (1 + *22.'A u .* +^ne7* ff ) 

(3.79) 

The elements R' and R” account for the interstage biasing resistors 
(see Fig. 3.39). The common emitter /z-parameters with one prime 




Fig. 3.39. Three-stage transistor amplifier with shunt-shunt feedback 
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Fig . 3.40. Equivalent circuit for the three-stage feedback amplifier of Fig. 3.39 



refer to transistor 77*1, those with two primes refer to transistor 
TR2 , and those with three primes refer to transistor TR3. 

The feedback network will present a negligible loading effect at the 
input as well as the output ports provided its j-parameters y n and 
y 22 satisfy the following inequalities • 



Fin + Ys> y n 
F 0 ut + Yl ^ J 22 



(3.80) 



Then we find that the voltage gain Ky of the loaded internal 
amplifier without feedback is given by 



K v ~ 



— Y m 

Fout + Yl 



(3.81) 



Therefore, Equation 3.76 and 3.81 give the open-loop gain T of 
the feedback amplifier of Fig. 3.39 to be 



T „ —fizYm 

~ (Fin T“ Ys) (Fout + Y£) 



(3.82) 



In this equation we can regard the factor — F w /(F ou t + Yl) as the 
effective forward voltage gain of the loaded internal amplifier, and the 
factor — >W(Fin + Ys) as the effective reverse voltage gain of the 
loaded feedback network. 

If we assume that the magnitude of the open-loop gain is large 
compared to unity, then as explained in Section 3.1.1, the closed-loop 
gain K' — Vl/Vs becomes effectively equal to 1//?, which for the 
shunt-shunt feedback amplifier of Fig. 3.39 has the value of 




(3.83) 



As a numerical example let us assume that 
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R' = R* = 10 kG 

Z s = 4 kQ (i.e. Fs = 0-25 my) 

Z L = 2 kQ (i.e. F L = 0*5 my) 

and that all three transistors constituting the internal amplifier are 
identical and have the following common emitter A-parameters 

h 1X e = hue" = hue" == 1 kQ 
^21 e — A 2 ie = A 2 = 50 
A 22 e — A 22 « — A 2 2 « w = 25/xy 

The feedback network is to be in the form of a T section as in 
Fig. 3.41, and the problem is to evaluate its elements so as to realise 
an open-loop gain T of 30. 

The ^-parameters y ll9 y 12 , y 21 and y 22 of the feedback network can 



TO*-- 
INPUT OF 
INTERNAL ^ 
AMPLIFIER 




-•►TO 
OUTPUT OF 
INTERNAL 
AMPLIFIER 



Fig. 3.41. Feedback network in the form of a T section 

be determined from the definitions of Equations 2.1 14; then we find 
that they are given as follows 

y . 1 = \ 

^ 1^2 + ^ 1^3 + ^ 2^3 



? i2 y* i RiRi + RA + RiRa | v 

_ *1 + *3 

/22 * 1*2 + * 1*3 + * 2*3 

The second line of these equations can be solved for * s giving 



3 (— 1/7i.)-(*i + * 2 ) , V ’ 

Now since j u and y 22 are necessarily smaller than 1/R X and l/* 2 
respectively, it follows that the inequalities of Equation 3.80 are 
certainly satisfied provided we choose * x and * a such that 
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Y in + Ys 



Tout "h Yl 



In addition R x and * 2 must satisfy the following condition if * s is to 
be assured of a positive value (see Equation 3.85) 



(— 1/jia) > *i + *2 



(3.87) 



It must be remembered that in a passive network y 12 is negative. 

From Equation 3.79 we find that the mutual admittance of the 
internal amplifier has the following value 



1(1 + 1 x 0-025 + l/10) a 



= 98-7 X 10 s my 



Then with T = 30 it follows from Equation 3.82, that the required 
value of y 12 is 

.V 12 * ~(Y irL + Ys) (Tout + Y l ) (3.88) 



Further 



~ 98-7 x 10 3V ^ u 
= — 0*2 x 10~ 3 my 

1 1 
Tin + Ys - 1+ 0-25 



,(1 + 0-25) (0-025 + 0-5) 



0-8 kQ 



x ~ = 1 -9 kQ 

Tout + Y l ~ 0-025 + 0-5 

Therefore choosing R x = 33 kQ and * 2 = 75 kQ will satisfy the 
conditions of both Equations 3.86 and 3.87. Then Equation 3.85 
gives the value of the remaining element * 3 to be 

„ 33 x 75 

Ra ~ (10 3 /0-2) - (33 + 75) ~ °' 505 kQ 

An approximate value for the closed-loop gain K' can be found 
from Equation 3.83; it is 

0*25 

K' ~ = — 1 250 

" — 0*2 x 10- 3 ’ 
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Series-series feedback type 

For our next example we shall consider the series-series feedback 
amplifier of Fig. 3.42 involving a cascade of three common cathode 
stages. The interstage resistors are denoted by R' and R", and R g is 
the grid resistor of the first stage. The element R t is responsible for 
the applied negative feedback. 

The internal amplifier as one whole unit, can be represented by the 
equivalent circuit shown in Fig. 3.43 where 

Koo = open-circuit voltage gain 

PlPzPjR R /O OQ\ 

“ (R' + rad (*' + rad * 

The parameters r 01 , p lf refer to the valve VT 1 ; r a2 , Pt, refer to valve 
VT2, and r„ 3 , p 3 refer to valve VT3. 

Normally the feedback resistor R x is quite small compared with 
both the grid resistor R g of the first stage and the anode slope 
resistance r 03 of the last stage. Hence the feedback network will 




Fig. 3.42. Three-stage valve amplifier with series-series feedback 



present a negligible loading effect, and so we find that the forward 
voltage gain Kv of the loaded internal amplifier is effectively given by 

Kv ~ ^ KocZl (3.90) 

~t Taz 

We also find that normally the grid resistor Rg is very large com- 
pared to the source impedance. Therefore, if in Equation 3.13 (a) 
we neglect Zs and remember that KyZ i n = — KjZl , we find that 
the open-loop gain T of the valve feedback amplifier of Fig. 3.42 
has the value 
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r=== zf^ (3.9D 

where z 12 is the reverse open-circuit transfer impedance of 'the feed- 
back network. Therefore, Equations 3.90 and 3.91 give 



T ~ / 12 f° c - (3.92) 

The z-parameters z u , z 12 , z 21 and z 22 of the feedback network of 
Fig. 3.43 are all equal having the common value thus 

z 12 = R x (3.93) 

If the open-loop gain T has a large magnitude compared with 




unity, the closed-loop gain K' assumes the following approximate 
value 

Zl 

K ~ 

Z 12 

= - §r (3-94) 

To illustrate the above results with a numerical example let it be 
required to realise an open-loop gain of 30 given that 

R = R n = 6-8 kQ 
Z L = 10 kO 

and that the three valves are identical having the following para- 
meters 

r^i = r«2 = “ 8 kfi 





Hence the required feedback resistor R t follows from Equation 
3.93 to be 95 £2, which is quite small compared both with ra 3 = 8 kO 
and with the normal value of 100 kQ to 1 M£2 for the grid resistor 
R g of the first stage. This then justifies ignoring the loading effects 
of the feedback network. 

With T = 30 we shall be quite justified in using Equation 3.94 for 
obtaining an approximate value for the closed-loop gain, thus 



K' 






10 

0*095 
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Bridge feedback 

The simple shunt and series feedback circuits shown in Figs. 3.39 and 
3.42, which are quite suitable for most applications, suffer from two 
major disadvantages. First, the applied negative feedback causes 
the input and output impedances presented to the source and load, 
respectively, to assume either very low values or very high values. 
Therefore, if the feedback amplifier is required to match the internal 
impedance of the source at its input port, and the load impedance at 
its output port so as to minimise reflection effects, it will become 
necessary to pad the input and output ports of the amplifier with 
appropriate impedances in the manner illustrated in Fig. 3.44. 
With these arrangements, however, the impedance matching is 
achieved at the cost of reduced gain and reduced useful power 
output. 

The second major disadvantage of the shunt and series feedback 
circuits is that in both cases the open-loop gain T depends on the 
source and load impedances with the result that any variation in 
either terminating impedance will produce a corresponding change in 
the open-loop gain. In certain cases this effect can be appreciable 
enough to cause instability. 




Fig. 3.44. ( a ) Shunt-shunt feedback amplifier with series padding 

elements for impedance matching , (b) Series-series feedback ampli- 
fier with shunt padding elements for impedance matching 



INTERNAL AMPLIFIER 




Fig. 3.45. Bridge feedback 



F.C.A.-11 
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These difficulties, experienced with shunt and series feedback 
circuits, are overcome by the use of bridge feedback shown illustrated 
in Fig. 3.45. At the output port the elements Z x and Z 2 forming a 
potential divider across the load apply shunt feedback, whereas the 
element Z 3 applies series feedback. Similarly, at the input port the 
elements Z a , Z& and Z c are responsible for applying the feedback 
signal to the input port of the internal amplifier in parallel and 
series, respectively. 

In Fig. 3.45 the parameter K oc denotes the open-circuit voltage 
gain of the internal amplifier, and Z m and Z ou t represent its input and 
output impedances, respectively. The elements Z a , Z&, Z c and Zi n 




Fig. 3.46. Calculation 
of return difference 
with reference to K oc 



are seen to form the four arms of a Wheatstone bridge at the input 
end of the circuit, while the elements Z ly Z 2 , Z 3 and Z ou t form the 
four arms of another Wheatstone bridge at the output end. Both 
these bridges will be balanced provided the following conditions 
are satisfied _ 

(3.96(a)) 



Zj __ z 2 

Z 3 Zout 



(3.96(b)) 



Then with the first balance condition satisfied, we find that the input 
impedance Zm' measured looking into the port 1,1' becomes 
independent of the feedback impedance Z/, that is Zm' remains 
unchanged for zero or infinite feedback impedance. Hence 



Zm' = 



(Zq -\- Zft) (Zc ~h Zjn) 
Za “b Z& + Z c + Zin 



Eliminating Zm between Equations 3.96 (a) and 3.97 gives 



Zm' — 



ZcjZq Z&) 

Za + Z c 



THEORY OF FEEDBACK 



155 



Similarly the output impedance Z ou t' measured looking into the 
port 2,2' becomes independent of any variations in the feedback 
impedance Z s if the second balance condition of Equation 3.96 (b) is 
satisfied. Then we find that 

7 ' — (Zj + Z 2 ) (Z 3 + Zout) QQV 

out Z x + Z 2 + Z 3 + Zout (3 ’ 99) 

Eliminating Z ou t between Equations 3.96 (b) and 3.99 gives 



Z 3 (Z, + Z 2 ) 



(3.100) 



Next, let us evaluate the return difference of the feedback amplifier 
of Fig. 3.45 with reference to K oc assuming that both bridges are 
balanced. For this purpose, consider first Fig. 3.46 where the 
controlled source K 0 has been set equal to unity. The impedance 
Z is equal to the feedback impedance Z f plus the impedance Z 3 , 5 
measured between the point 3 and the common terminal 5 of the 
internal amplifier. Provided that Equation 3.96 (a) is satisfied, the 
impedance Z 3 , 5 becomes independent of the source impedance Zs, 
and so we obtain 



Z = Z,+ 



(Zq + Z c ) (Z» + Zm) 
Z a + Zb + Z c + Zm 



(3.101) 



Eliminating Z c between Equations 3.96(a) and 3.101, and then 
simplifying, we get 



Z — Zf - f- n a (Zb + Zm) 
where n a = the input potential divider ratio 

Zq 

Zq + Zb 



(3.102) 



(3.103) 



The current If flowing through the impedance Z (see Fig. 3.46) 
remains unchanged for zero or infinite load impedance provided 
Equation 3.96 (b) is satisfied. Thus we find 



— (Zi + Z 3 )/(Z + Z, + Z 3 ) 
z 2 + Zout + Z(Z X + Z 3 )/(Z + Z t + Z 3 ) 



(3.104) 



Eliminating Z 3 between Equations 3.96(b) and 3.104, and then 
simplifying, we have 



Z + Wi(Z 2 + Zout) 



(3.105) 
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where = the output potential divider ratio 



Zi 

Zi + Z 2 



(3.106) 



The current If flowing through the feedback impedance Z/ in turn, 
produces a voltage V x across the impedance Z\ n . This voltage will, 
because of Equation 3.96 (a), be independent of the source impedance 
Zs and is given by 



Zin(Z a 



Z& + Z c + Z in 



(3.107) 



Eliminating Z c between Equations 3.96(a) and 3.107, and then 
using Equations 3.103, 3.105 and 3.102 we get 

Y ZaZinlf 

Vl ~ Z a + Z b 

ftft/ljZin 

Z + «i(Z 2 + Zout) 

= — n i ft ox 

Zf + fla{Z b + Zin) + n x {Z 2 + Zout) y } 



Noting that the control parameter k corresponds to K 0 c , and that the 
returned signal V 1 is equal to the transmittance t ba , we find from 
Equations 3.22 and 3.108 that the return difference F with reference 
to Koc is equal to 



F= 1 + 



nitlaKpcZin 

w a(Z& + Zin) + «i(Z 2 + Zout) 



(3.109) 



In the case of an internal amplifier consisting of a cascade of three 
common cathode stages the open-circuit voltage gain K oc is given by 
Equation 3.89. If, however, the internal amplifier involves three 
common emitter stages, then K oc has the following value 



Koc — T m Z ou t 



(3.110) 



where Z 0 ut = 1/Tout and Y m are as given by Equations 3.78 and 
3.79, respectively. We thus see that in both cases K oc has a positive 
value, making the return difference F greater than unity. 

From Equations 3.98, 3.100 and 3.109 we can summarise the 
important properties of the feedback amplifier of Fig. 3.45 having 
balanced input and output bridge circuits, as follows: 
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1. Its input and output impedances are independent of the feed- 
back impedance Z/. 

2. The return difference F, which increases with decreasing Z/, is 
independent of both the source and load impedances. 

By choosing the source impedance Zs — Zi n ' and the load 
impedance Zl = Z ou t', where Zin' and Zout' are as given by Equa- 
tions 3.98 and 3.100, we ensure that the feedback amplifier is 
perfectly matched to both its source and load. 



Unbalanced Bridge Feedback 

Owing to the unavoidable variations that occur in the parameters 
of the transistors or valves which constitute the internal amplifier 
component, we find that the actual input and output impedances 
of the internal amplifier depart from the desired values which are 
necessary to satisfy the balance conditions of Equation 3.96. 
Furthermore, quite often the bridge feedback is deliberately made 
unbalanced in an effort to save useful power. In such situations 
we find that a certain degree of impedance mismatch occurs at the 
input and output ports of the feedback amplifier. In fact it can 
be shown that if the output impedance of the internal amplifier 
component has a value different from the Z ou t required to satisfy 
the balance condition of Equation 3.96 (b), then 




In this equation we have 



(3.111) 



F ± = return difference with reference to Koc after the change in the 
output impedance of the internal amplifier is made, 

p 2 = reflection coefficient at the output port 2,2' resulting from the 
change in the output impedance of the internal amplifier 



Zouti Zl 
Zouti + Zl 



(3.112) 



P2° = reflection coefficient, at the output port 2,2', that results if the 
internal amplifier were made passive by inactivating the 
controlled source KqcVj 



ZVti Zl 

Z°outi -h Zl 



Zouti, which is different from the Z 0 ut' of Equation 3.100, is the 
impedance measured looking into the output port 2,2' after the 
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balance of the output bridge in the feedback amplifier has been 
disturbed by the change in the output impedance of the internal 
amplifier component. The impedance Z 0 ou ti is the value of Z ou ti 
which results when the controlled source K 0 cV x is set equal to zero. 
It is to be noted that in Equation 3.1 1 1 it is assumed that, as before, 
the load impedance Zl has been chosen equal to the Z ou t' of Equa- 
tion 3.100. 

The reflection coefficient p 2 ° is always less than unity in absolute 
value. Therefore, from Equation 3.111 it follows that provided the 
applied feedback is large, then the absolute value of the output 




Fig . 3.47 



reflection coefficient p 2 will be small compared to unity. In other 
words, the departures produced in the output impedance which the 
feedback amplifier presents to the load will be small even though the 
actual output impedance of the internal amplifier may depart con- 
siderably from the value required to satisfy the balance condition of 
Equation 3.96 (b). However, the other important property of the 
balanced output bridge, that the return difference with reference to 
Koc is independent of the load impedance, is no longer applicable 
once the balance of the output bridge has been disturbed. 

Assuming that we are only interested in the magnitudes of the 
quantities in Equation 3.111, we find that on taking the natural 
logarithm of the magnitudes of both sides of this equation, and then 
multiplying throughout by —1, we get 

—logelpal — loge | p 2 ° | + loge F x (3.114) 

The term — log e |p| is referred to as the ‘return loss’ in nepers. To 
obtain the return loss in decibels, we simply multiply the value in 
nepers by 8-69. 

Now because |p 2 °| < 1, we deduce from Equation 3.114 that in 
an unbalanced bridge feedback having a load impedance Zl equal 
to the Zout' of Equation 3.100, the return loss (in nepers) measured 
at the output port 2,2' of the feedback amplifier is necessarily 
greater than the amount of feedback (in nepers) acting in the 
circuit. Therefore, in practice we should ensure that the return 
difference with reference to Koc equals at least the required output 
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return loss. Similar remarks apply to the bridge feedback at the 
input end of the amplifier. 

PROBLEMS 

1. Fig. 3.47 illustrates the block diagram of a multiple-loop 
feedback amplifier. If p x K x = — 1, show that (a) the closed- 
loop gain becomes independent of variations in K 2 , and (b) 
harmonic distortion produced by nonlinearities associated with 
the AVstage is completely eliminated from the output signal. 
What practical difficulties can be experienced in the design of 
such an amplifier? 

2. State the advantages gained from the application of negative 
feedback to an amplifier. Derive an expression for the factor 
by which the amplification without feedback must be multiplied 
to give the amplification in the presence of feedback. Show 
that, with certain assumptions, the harmonic distortion present 
in the output is reduced in the same ratio. 

Discuss the effect of negative feedback on noise introduced 
into (a) the input, (b) the output stage, of an amplifier. 

A certain amplifier has l/5000th part of its output fed back 
in antiphase to the input, the gain of the amplifier itself (without 
feedback) being 55,000. 

Calculate the percentage reduction iiTt|ie amplification if the 
overall amplification without feedback falls to 40,000. 

(London University, B.Sc. Eng., Part III, Telecommunica- 
tion, 1959). 

3. A negative feedback amplifier, involving three identical stages, 
has a closed-loop gain of 50. It is found that a change of 
5 per cent in the gain^of each of the three stages causes the 
closed-loop gain to change by 0*5 per cent. Calculate the gain 
of each individual stage. Assume that the direct transmittance 
from source to load is zero. 

4. The circuit of Fig. 3.48 shows local shunt feedback applied to a 
common cathode stage. Show that 

K' = closed-loop gain of the stage 

Rf 

/ — MAM 1 




Fig. 3.48 
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Fig. 3.49 



t 2 gyftRf 

K 1 + ( Rs + Rf) (ga + Gl) + gmRs 
F = return difference with reference to g m 

1 I gmRs 

+ 1 +(Rs+ Rf)(ga + G L ) 

where g a = anode slope conductance, g m = mutual con- 
ductance of the triode, and Gl = 1/Rl is the load conductance. 
5. Assuming that the transformer of the split-load stage of 
Fig. 3.49 is ideal, and that the parameters h 12e and h 22e have 



negligible effects, show that the return difference F with 
reference to h 2ie is 

F= ! , ftAie^Lp?! + n 2 ) 

Ki'Rl + h lie + Rs 

6. In the transistor stage of Fig. 3.50 the series and shunt types of 
local feedback are combined together. Neglecting the effects of 
h 12e and h 22 e , determine the return difference with reference to 
h 2ie . Show that when R e Rf = h lie RL , the input impedance of 
the stage becomes independent of h 2ie . 




2700 
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Fig. 3.53 
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7. Fig. 3.51 shows the Schmitt trigger circuit. Assuming that the 
circuit is operated in its linear region, calculate the critical 
value of the potential divider ratio m that will cause the closed- 
loop gain to become infinite. The two valves are identical, 
each having r a = 10 kD and = 20. 

8. Calculate the closed-loop gain and input impedance of the 
transistor feedback amplifier of Fig. 3.52. The two transistors 
are identical, for each one of which h lie = 1 *06 kft and 
h 2ie = 38. Neglect effects of the h 12e and h 22e parameters of 
both stages. 

9. The voltage gain of a two-stage direct-coupled amplifier is 
1,000 when the output terminals are open-circuited. The input 
impedance is infinite and the final stage of the amplifier is 
equivalent to a generator having an internal resistance of 
8 kQ. Feedback is provided by the network shown in Fig. 3.53. 

What is the voltage gain of the amplifier when the feedback is 
operative? What is the output impedance of the amplifier 
including the feedback circuit shown in Fig. 3.53? 

(London University, B.Sc., Eng., Part III Electronics, 1959) 

10. A common emitter stage has a load resistance Rl = 10 kO 
and is driven from a voltage source of internal resistance 
Rs = 1 kO. The transistor has the following common emitter 
^-parameters. 

h lie = 1 kQ 



h 2 ie — 30 
h 22e — 25 w 



Determine the return difference of the stage with reference to 

(a) the h w parameter 

(b) the y 2ie parameter 

(c) the z 2ie parameter 

(d) the g 2ie parameter 

Comment on the results. 

11. In a single-loop feedback amplifier show that 



F — Fj pc 



Zs + gin' 
Zs + Zin° 



„ Y S + F in ' 
1SC Y S + F in ° 



source impedance Zs = 1/Fs, Fioc and F 1SC are the values of 
F when the input port port is open-circuited and short- 
circuited, respectively, 

Zin' = 1/Fin' is the input impedance of the feedback amplifier, 
Zin° — 1/ F in 0 is the value of the input impedance which 
results when the control parameter is set equal to zero. 

What are the corresponding relations for the output port? 

To what forms do these various relations reduce when they 
are applied to the basic series — series and shunt-shunt feed- 
back circuits? 

12. Using the impedance formula of Equation 3.38, derive the 
relation of Equation 3.111 which applies to an unbalanced 
bridge feedback circuit. 
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where F is the return difference with reference to a specified 
control parameter when the input port is terminated with the 



CHAPTER 4 



Analysis in the p - plane 



Feedback circuits can be classified as stable or unstable depending on 
the nature of their closed-lbop response. The circuit is stable if its 
output signal decays with time ultimately becoming zero when the 
applied input signal is an impulse. Thus, the stability problem of a 
feedback circuit can be studied in terms of its closed-loop transient 
response; this we shall do in the present chapter. Alternatively, as 
we shall see in Chapters 5 and 7, it is possible to investigate the 
stability performance of a feedback circuit in terms of its open-loop 
frequency response or its driving-point impedances. 

4.1 Impulse response 

Consider a linear circuit having the following transfer function G(p) 

C ( \ _ bmP m + bm-ip m l + . . . + b*rf) + b 0 .. 

KP) a n p n + cin-xP n “ 1 + . . . + a^p + a Q y J 

where p is the complex frequency variable, a 0 , a x . . . a n ~ i, a n and 
b 0 , &i . . . b m - 1 , b m are all real coefficients. Suppose that this 
circuit is subjected to a unit impulse. Then, the excitation transform 
will be equal to unity, and from Equation 2.23 we see that the 
corresponding response transform <h 0 (/?) is 

®o(p) = G(py\ (4.2) 

Therefore, the transfer function of a circuit that is initially at rest and 
that is subjected to a unit impulse is equal to the Laplace transform 
of the resulting response function MO which represents a voltage or 
current. 

Expressing G(p) in terms of its poles and zeros, we see from 
Equations 4.1 and 4.2 that 
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O (ri) = bmp m + bm-iP 171 " 1 + - • • + b^J? + b 0 
0 a n p n + an-iP^ 1 + . . . + a^p + a 0 

= H ^ P - z i) (p ~~ * 2 ) - - ■ (p - Zm) 

O — />l) O — /?«) 

where H is the scale factor; z l9 z 2 ... z m are the zeros of G(p) and 
Pi, P 2 • • • Pn are its poles. 

Owing to the nature of any linear feedback circuit, the transfer 
function is restricted to have n> m. Then, assuming that all the 
poles are simple ones, we can expand Equation 4.3 into partial 
fractions as follows 
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(4.3) 



%(P) — ~ — ~ + z — ^zr + • • • z — ~ 
P — Pi P — P2 P — Pn 



IP ~Pi 



where the coefficient At is given by 

Ai = [(jp— pi) ®o(p)] P = Pi (4.5) 



From pair No. 5 of the Laplace Transform pairs Table 2.1 we see 
that the term l/(p — pt) will contribute the component e? if to the 
response function ^ 0 (0* Therefore, 

MO = A 1 + A 2 e Pat + ... + An & nt 

»=n 

= ^ Ai (4.6) 

i=l 



With the coefficients a 0 , a x . . . a n ~i, a n all real, we find that the poles 
of G(p) can be either real numbers or occur in pairs of complex 
conjugate numbers. Hence, there are two cases to consider: 



1. Real poles 

In this case the pole at p% is real and contributes Ai e^* to the impulse 
response. If pi is negative, that is, the pole is located on the cr-axis 
and in the left half of the p- plane as in Fig. 4.1 (a), then as t increases 
the value of e^ decreases exponentially and reduces to zero at 
infinite time as illustrated in Fig. 4.1 (b). If, however, pi is positive, 
that is, the real pole lies in the right half of the p-plane as in Fig. 
4.2 (a), then the value of e^ f increases exponentially with increasing 
time and becomes infinite at t = 00 as shown in Fig. 4.2 (b). 
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2. Complex conjugate poles 

In this case p% and At are both complex and so we can write 
Pi = (7< + jo h and At = at + j bi where a iy t a\ and b\ are all real 
numbers. Then the pole at p% contributes 

Ai Q Ptt = (at + j bi) z ait & Wit 

= tf'Xai + j bi) (cos c ott + j sin out) (4.7) 

to the impulse response of the circuit. Since the poles occur in 
complex conjugate pairs, it follows that there must be a second pole 
at pi * = at— jcu t where pt* denotes the complex conjugate of pt. 
Therefore, the contribution of this second pole to the impulse 
response is equal to Ai* t pi * 1 where At* is the complex conjugate of 
A{, that is, At* = at — j bi. Thus 

At* qp** 1 = (ai — j bi) e CT< * e“>* ( 

= e ait (ai — j bi) (cos ant — j sin ott) (4.8) 

Adding Equations 4.7 and 4.8 gives the total contribution of a pair 
of complex conjugate poles at pi and pt* to the impulse response to be 




(*) (b) 

Fig. 4.1. ( a ) Real pole located in left half of p-plane (pi < 0), 

( b ) Impulse response 




(a) (b) 

Fig. 4.2. (a) Real pole located in right half of p-plane (pi > 0), 

( b ) Impulse response 
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(*) (b) 

Fig. 4.3. (a) Pair of complex conjugate poles in left half of p-plane 

(cri < 0 ), ( b ) Impulse response 




2 t ait (ai cos wit — bi sin ont) = 2 V( a i 2 + bt 2 )-e ait cos (corf + 0*) 

(4.9) 

where 

6, - tan r‘(!) 

If the poles at pi and pt* lie in the left half of the /7-plane as in 
Fig. 4.3(a), then ut is negative and the corresponding impulse 
response contribution is of a damped cosine form as illustrated in 
Fig. 4.3 (b). 

But if the two complex conjugate poles lie in the right half of the 
/?-plane as in Fig. 4.4 (a), then ot is positive and the corresponding 
impulse response contribution will be of an exponentially increasing 
cosine form as shown in Fig. 4.4 (b). 

Finally, if the two complex conjugate poles lie on the jtu-axis of the 
/7-plane as in Fig. 4.5 (a), then cr* is zero and Equation 4.9 reduces to 
2 V(^ 2 + ^ 2 ) cos + 0<). This corresponds to a sustained 
oscillatory function as shown in Fig. 4.5 (b). 
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p-PLANE ij» 
j«lx 



-J»tj 

to < b > 

Fig. 4.5 . (a) Pair of complex conjugate poles on imaginary axis 

(cri — 0), ( b ) Impulse response 

From the above discussion we can draw the following important 
conclusions regarding the transfer function G{p) of any linear 
circuit: 

1. The location of the poles of G(p) in the /7-plane uniquely defines 
the nature of the transient response. Real poles and the real 
parts of complex conjugate poles contribute exponential terms; 
hence, they control the damping of the response. The 
imaginary part of a pair of complex conjugate poles controls the 
frequency of their oscillatory response contribution. 

2. The exponential terms contributed to the impulse response by 
poles located in the right half of the /?-plane increase with 
increasing time despite the fact that the driving impulse 
function is zero for t > 0. Therefore, a transfer function 
having any pole in the right half of the /7-plane corresponds to 
an unstable circuit . 

3. For a stable response it is necessary that all the poles of the 
transfer function are located in the left half of the /?-plane. 

4. The joj-axis of the /?-plane is the dividing line between the 
domains of stability and instability. 





4.2 Stability considerations of feedback circuits 

Consider a single-loop feedback circuit represented by the signal 
flow graph of Fig. 4.6 where all the transmittances have been 
assumed to be functions of the complex frequency variable p so as 
to keep the discussion quite general. The closed-loop gain function 
K'(p) of the feedback circuit is thus given by (see Section 3.7.1.) 
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where 

K(p) = tsa(p)k(p)hi(p) (4.11(a)) 

T(P)= -k(p)ha(p) (4.11(b)) 

In a single -loop feedback circuit we normally find that both the 
direct transmittance t s i(p) and the gain function K(p) of Equation 
4.11 (a) represent stable transfer functions in that they have all 
their poles located in the left half of the /7-plane. We therefore see 
from Equation 4.10 that the closed- loop gain function K'(p) can 
have poles in the right half of the /7-plane if the return difference 
F(p ) = 1 + T(p) happens to have zeros in the right half of the 
/7-plane. Conversely, if F(p) has zeros in the right half of the 
/7-plane, then K'(p) must have poles there except in the extremely 
unlikely case that the K{p) of Equation 4.11 (a) should have zeros 







Fig. 4.6. The signal flow graph for a single-loop feedback circuit 



at the correct positions to cancel all the zeros of F(p). We therefore 
conclude that the closed-loop gain function K'(p) represents a stable 
transfer function if and only if the return difference F(p) has no 
zeros at all in the right half of the p- plane. In other words, the 
stability performance of a single-loop feedback circuit is completely 
determined by the location of the zeros of F(p) = 1 + T{p) in the 
/7-plane. 

Let us assume that the open-loop gain function T{p) is expressed 
as follows : 



T(p) = H 



N(p ) 
D{p) 



( 4 . 12 ) 



where H is the scale factor, and D(p) and N(p) are two polynomials 
in /?. Then the zeros of F(p) are the same as the roots of the charac- 
teristic equation 



F.C.A.-12 



D(p) + H’N(p) = 0 



(4.13) 
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By evaluating the roots of this equation it is possible to establish 
whether or not the closed-loop gain function K'(p) has any poles ih 
the right half of the /7-plane. The numerical evaluation of the roots 
of the characteristic equation is quite straightforward; but it 
becomes more time consuming as the order of the highest power of p 
increases. A simpler method of establishing that K\p) corresponds 
to a stable circuit is to apply to the characteristic equation a criterion 
developed by E. J. Routh 1 in 1877. 

4.3 Routh’s criterion!* 

Suppose that for a given feedback circuit the characteristic equation 
is of the following form 

Oq p n + <*i p n ~ x + a 2 /> n_2 + . . . + a n = 0 (4.14) 

where it is assumed that all the coefficients are real and a 0 is positive. 
By inspecting the coefficients a 0 to oc n and applying Routtis criterion 
it is possible to detect the presence of roots with positive real roots, 
that is, roots located in the right half of the /7-plane. As an illustra- 
tion*, consider the case of n — 5; then Equation 4.14 becomes 

a 0 /? 5 + aip 4 + P Z + a 3 P 2 + a 4 P + a 5 = 0 (4.15) 

The various coefficients of this equation are arranged first into two 
rows as follows 

Row 1 a 0 a 2 a 4 

Row 2 a x a 3 a 5 (4.16) 

The next step is to construct the following array of terms 

a 0 a 2 a 4 
a x a 3 a 5 

B 1 B s (4.17) 

C\ C 3 
D, 

E x 

where the coefficients B l9 B 3 , C l9 C 3 , D x and E x are related to the 
coefficients a 0 to a 5 as follows 

t Routh’ s criterion is also referred to as the ‘Routh-Hurwitz Criterion*. 
A. Hurwitz, who was unaware of Routh* s work, developed essentially the 
same result in 1895, but in a somewhat different form. 



1 <*1 


a l a 2 “ “0*3 
«1 


(4.18) 


a 

1 

k« o ft 

X 

J? £ 

1 


a x a 4 — <XqOC 5 


(4.19) 


-^3 — 




S* 

li 

^ £ 

»x 
=$» £ 

II 


B x oc^ — a x i? 3 
B x 


(4.20) 


B 1 ' < < 0 


J? x a 5 a x X 0 


(4.21) 


C °- B x ~ 


B, -0t5 




C x Bz B X C% 


(4.22) 


c ‘~ c, - 


Cl 


E 

El ~ D, - 


AC 3 - Cx x o „ 
Di Q 


(4.23) 



The final step is to examine the signs of the elements in the first 
column of the table of Equation 4.17. If all these elements are 
positive, then the given characteristic equation has all its roots 
located in the left half of the /7-plane. If, however, there are 
elements with negative signs in the first column of Equation 4.17, 
then the number of sign changes will be equal to the number of roots 
located in the right half of the p- plane. 

A special case that is found to occur in the study of feedback 
circuits is that of a row having zero for all of its elements. Normally 
this means the presence of conjugate roots on the joj-axis of the 
/7-plane. In such a case we speak of the feedback circuit being on the 
threshold of instability. 

Further, in certain cases it is not necessary to form the table of 
Equation 4.17 because a preliminary inspection of the given charac- 
teristic equation may reveal a missing term or the coefficients having 
different signs, in which case it is immediately deduced that the 
given equation must have roots in the right half of the /7-plane. 
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4.4 Three-stage feedback amplifier 

To illustrate the application of Routh’s criterion, consider a single- 
loop feedback amplifier involving three common cathode or common 
emitter stages and having a purely resistive feedback network. The 
corresponding open-loop gain function is given by 



T(J>) = 



: 

( 1+ £)(‘ + £)(* + £) 

q>icu a tu3r(0) 

(P + “>]) ( P + Wj) (j> + o> 3 ) 

. a>ia> a a> 8 r(0) 

p 3 + (^l 4* + w 3)p 2 + (<*>! C0 2 + W 1 a> 3 + aj 1 co 2 co 3 



where T( 0) is the low frequency value of the open-loop gain and 
are the individual stage cut off frequencies. From 
Equations 4.12 and 4.24 we see that 

H-N(p) = * \ 

D (P) = P z + ("i + + ™z)p 2 | (4.25) 

+ + ^1^3 + ^2^3 )p +^1^>2 W 3 / 

Then, Equations 4.13 and 4.25 give the corresponding characteristic 
equation to be 



P z + C qp 2 + oc 2 p + a 3 = 0 



where 



a l — W 1 + w 2 “I" w 3 > 

a 2 = + <*>2 W 3 (4.27) 

a 3 = (1 + T(0))W 1 W 2 W 3 j 

From the coefficients of Equation 4.26 we can develop the following 
table 



<*1 “3 

( a l a 2 — <* 3 )/ a l 0 

a 3 0 
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The elements of the first column of this table will be all positive and 
so the feedback amplifier will be stable provided that 

a x a 2 — a 3 > 0 (4.29) 

Using Equations 4.27 and 4.29 we deduce that the necessary con- 
dition for stability is 

rn < H + «, + ««) (^- + 2- + T) - 1 (4.30) 

V°i <u 2 to s / 

Hence, a three-stage feedback amplifier, having the open loop gain 
function of Equation 4.24, will remain stable as long as its low 
frequency open-loop gain T( 0) satisfies the inequality of Equation 
4.30. 

From the table of Equation 4.28 we also see that if a^a, = a 3 then 
the third row will have zero for both of its elements and the amplifier 
will be on the threshold of instability. Using T om to denote the 
corresponding value of the open-loop gain, we get 

T 0 m = (<«1 + C0 2 + o> 3 ) l— + — + — \ — 1 (4.31) 

\ W 1 CD 2 0> 3 / 

This is the low frequency value of open-loop gain which is just 
sufficient to cause the feedback amplifier to become oscillatory. 
T om is therefore termed the threshold open-loop gain . 

In order to ensure that the feedback amplifier remains stable under 
all possible operating conditions, it is found necessary to have T( 0) 
sufficiently less than T m ; thus 

T(0) = (4.32) 

I m 

where T m > 1. Expressing the various loop gains in decibels we 
obtain 

20 log 10 7X0) = 20 log 10 T 0 m — 20 log 10 (4.33) 

where 20 log 10 T m is termed the gain margin expressed in decibels. 
It can be defined as the number of decibels by which the low 
frequency open-loop gain can be increased to make the amplifier just 
unstable. It is intended to guard against the effect of parameter 
variations caused by changes in the d.c. supply voltage and/or 
ambient temperature. 

Suppose that the individual stage cut off frequencies of the internal 
amplifier are such that a> 3 > <o 2 > w v Then, Equation 4.24 
corresponds to the pole-zero pattern of Fig. 4.7. If oi 2 and w 3 are 
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Fig. 4.7 . Pole-zero pattern of open-loop 
gain function of three-stage feedback circuit 

maintained constant, we deduce from Equation 4.31 that it is 
possible to increase the threshold open-loop gain T 0 m by allowing 
the pole at p = — w 1 to come closer to the origin. This is referred to 
as narrowbanding because it results in a reduced cut off frequency for 
the stage concerned, and it can be achieved by shunting the input 
port of the particular transistor or valve stage with a suitable 
capacitor as shown in Fig. 4.8. Here it is assumed that w x refers to 
the first stage. 

Alternatively, T m can be increased by shifting the pole at 





Fig. 4.8. Feedback amplifier with its first stage narrowbanded 
by means of capacitor C 



p = — o> 3 further away from the origin. This is known as broad- 
banding as it results in an increased cut off frequency for the particular 
stage, and it can be achieved by applying local feedback to the 
particular stage, f 



4.5 Root locus diagrams 

The root locus method of studying the behaviour of closed-loop 
feedback circuits was first introduced by W. R. Evans 2 in 1948. It 
provides a graphical technique for determining the roots of the 



t Effect of local feedback on frequency response is discussed in Chapter 8. 
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characteristic equation of a single-loop feedback circuit from a 
knowledge of the poles and zeros of its open-loop gain function. 

In Section 4.2 it was shown that the stability of a single-loop 
feedback circuit is determined by the location of the roots of its 
characteristic equation in the p-plane. The root loci are plots of the 




Fig. 4.9. Root locus diagram of single-stage feedback circuit 



roots of the characteristic equation as a function of a suitable circuit 
parameter such as the low frequency open-loop gain. 

As an illustration consider a single-stage feedback circuit having 
the following open-loop gain function 



T(P) = 




qj o T( 0) 
p + <*>0 



(4.34) 



where T(0) is the low frequency value of T(p), and w 0 is the stage cut 
off frequency. From Equations 4.12 and 4.34 we see that 



H-N(p) = a>oHO) 

D{p) = P + 



(4.37) 



Then, Equation 4.13 gives the corresponding characteristic equation 
to be 



P + w oO + ?T0)) — 0 (4.38) 

which has a single root at —oj 0 (1 + T(0)). As T( 0) is increased, this 
root moves along the a-axis of the p-plane further away from the 
origin as depicted in Fig. 4.9. Therefore, a single-stage amplifier 
with negative feedback is inherently stable. 

As a second example consider a two-stage feedback circuit whose 
open-loop gain function is 
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m = 



(4.37) 

where a> : and « 2 are the individual stage cut off frequencies. Com- 
paring Equations 4.12 and 4.37 we have 

H-N(j>) = w^TiO) 

D(p) = {p + “>i) (j> + “> 2 ) ’ (4.38) 

= P t + (^1 + W 2)P + WjCOj j 

Hence, Equations 4.13 and 4.38 give the characteristic equation of 
the two-stage feedback circuit to be 

p 2 + («>i + + " 1 ^ 2(1 + T( 0)) = 0 (4.39) 

This is a quadratic equation in p and has the following two roots 

Pi, Pi = i[— (°»i + w a) ± VK"i + w 2) 2 — 4a> 1 a> 2 (l + 7X0)]] (4.40) 

Here we see that when T{ 0) = 0, the two roots are equal to — «>! 
and — which are the poles of T( p) as given by Equation 4.37. 
Next, the two roots become equal to — i(t«i + "> 2 ) when 7X0) 
satisfies the condition 

(coj + cojj) 2 — 4 oj 1 cu 2 (1 -f 7X0)) = 0 

that is, when 

7X0) = ~ t ° l)2 (4.41) 

4o7 1 aj 2 

When T( 0) assumes a value greater than that of Equation 4.41 the 
two roots of the characteristic equation become complex conjugate 
and located on a line parallel to, and a distance of + o> 2 ) 

from the jco-axis of the '/>-plane. We thus find that as 7X0) is 
increased from zero, the two roots of Equation 4.39 trace out the 
loci shown in Fig. 4.10. From this root locus diagram we deduce 
that with both oj ± and co 2 positive: 

(a) The circuit remains stable for all positive values of T( 0) 

(b) The transient response is overdamped when 




q>i^ 2 r(0) 

( P + <*>i) ( P + ^2) 
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^ ^ > 7X0) > 0 (4.42) 

4a> 1 W 2 

It is critically damped when 7X0) has the value defined by Equation 
4.41, and it becomes underdamped when 

7X0) > {0J \- (4.43) 

In the case of open-loop gain functions having more poles and 
zeros than those considered above, the construction of the root loci 
is facilitated by applying a number of rules to be developed. 

4.5.1 CONSTRUCTION OF THE ROOT LOCI 

From Equations 4.12 and 4.13 we see that the characteristic equation 
of a single-loop feedback circuit can be also expressed as follows 

T(p) = - 1 (4.44) 

This equation is satisfied if the magnitude and phase angle of the 
open-loop gain function meet the following conditions, respectively, 

\T(p)\ = 1 (4.45) 

/T{p) - (1 + 2k)7T (4.46) 

where k is any integer, including zero. In general, the open-loop 
gain function can be expressed in terms of its poles and zeros by 



P- 



Fig. 4.10. Root locus diagram of two-stage feedback circuit 
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T ( n \ = ™(P - z l) (P ~ • • • jP ~ 

W (P ~ Pi) (P ~ Pi) • • • (P - Pn) 

m 

n (p - z<) 

= (4.47) 

n(p -Pi) 

3-1 

where n> m and H is the scale factor. From Equation 4.47 it 
follows that H is related to the low frequency value T( 0) of the open- 
loop gain as follows 

T( 0) = H - i Za ' ‘ ‘ Zm (- \) n ~ m (4.48) 

P1P2 • • •Pn 

With negative feedback assumed to exist in the circuit, 7X0) will 
have a positive value. 

Using Equation 4.47 we find that the two conditions of Equations 
4.45 and 4.46 are equivalent to, respectively 

m 

n Ip - z<| 

= 1 

n Ip — pjI 

3=1 

m n 

2 /p — ~ — 2 / p ~~ p} = c 1 + 2fc ) ,r 

i = l 1 

Equation 4.50 is seen to be independent of the scale factor H ; 
it therefore applies over all points of the root loci. 

We shall next develop the various rules, and later on in the chapter 
we shall illustrate them by considering three examples. 




Fig. 4.1 L Illustrating rule No. 5 



(4.49) 

(4.50) 
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4.5.2 RULES FOR CONSTRUCTION OF THE ROOT LOCI 

Rule 1 : The root loci start at the poles of the open-loop gain function 
(with H ~ Q) 

Referring to Equation 4.47 we see that at each of the poles p l9 
p 2 , . . . p n of the open-loop gain function, the value of the denomina- 
tor is equal to zero. Therefore, to satisfy Equation 4.45, it is 
necessary for the scale factor H to be zero too. In other words, as 
H approaches zero, p approaches the poles of T (/>). 

Rule 2: The root loci terminate on the zeros of the open-loop gain 
function ( with H — 00 ) 

Again with reference to Equation 4.47 we see that at each of the 
zeros z l9 z 2 . . . z m of the open-loop gain function, the value of the 
numerator is equal to zero. Hence, the scale factor H must equal 
infinity if the condition of Equation 4.45 is to be satisfied. In other 
words, as H approaches infinity, p approaches the zeros of T(p). 

Rule 3: The root loci are symmetrical with respect to the o-axis of 
the p-plane 

This rule follows simply from the fact that complex poles and zeros 
always occur in conjugate pairs. 

Rule 4: The number of root loci is equal to the number of poles of 
the open-loop gain function 

This follows from Equation 4.13 when it is remembered that the 
order of the denominator polynomial D(p) of the open-loop gain 
function is greater than that of the numerator polynomial N(p ), that 
is, n > m in Equation 4.47. 

Rule 5: A root locus is the locus of those points in the p-plane for 
which the phase angle of the open-loop gain function is equal to 
(1 + 2k)7T where k is any integer 

This is re stating the condition of Equation 4.46 and enables us to 
determine whether a given point in the p-plane lies on the root locus 
or not. As an illustration consider Fig. 4. 1 1 where it is assumed that 
the open-loop gain function T(p) has one zero at z 1 and three poles at 
Pi, p 2 and p 3 . Let us next draw vectors directed from the poles and 
zeros of T(p) to an arbitrary point s t in the p- plane. For s 1 to lie on 
a root locus it is necessary that the sum (6 Zl — 9 Pl — 0p 2 — dp 3 ) is an 
odd multiple of 180°; the angles 0 Z , 6 Pl , dp 2 and 9 Pi are as defined in 
Fig. 4.11. 
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Rule 6: For very large values of p, the root loci become asymptotic to 
straight lines making angles of —(1 + 2 k)7r/(n — m) with the a-axis'of 
the p-plane , where n and m are the number of poles and zeros of the 
open-loop gain function respectively , and k = 0, 1, 2, ... up to 
k = n — m 

When p — > co, we find from Equation 4.47 that 

T(p) Hp m ~ n (4.51) 

Then, the condition of Equation 4.46 gives 




Thus, if n — m — 3, that is, T(p ) has a triple zero at infinity, then the 
asymptotes make angles of —60°, —180° and —300° s +60° with 
the (j-axis as indicated in Fig. 4.12. 



Rule 7 : The asymptotes meet at a point located along the a-axis and 
determined by the relationship (S poles — 2 zeros) I (number of 
poles — number of zeros) 

From Equation 4.47 we see that 



where 



+ dm-xP m ~ X + . 
P* + Cu-tf*- 1 + 



dm - 1 — — (Zi + Z 2 * 4 * . . . Zm) 



m 




Cn-i = — (Pi+Pi + ■ ■ ■ Pn ) 



(4.53) 



(4.54) 



0 = 1 



(4.55) 



If in Equation 4.53 the numerator polynomial is divided into the 
denominator polynomial, we get 



T(p) = 



H 

p n-m 4- ( C „_j — dm-Jp ”-™- 1 + ... 



(4.56) 
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Then, from Equations 4.44 and 4.56 it follows that the root loci are 
described by 

P n ~ m + (Cn—x - dm^P”-” 1 - 1 + ... = - H (4.57) 

For very large values of p the first two terms on the left hand side 
predominate and Equation 4.57 becomes practically indistinguish- 
able from the following 



(p + g”- 1 ~ = - H 

\ n — m J 



This equation defines a family of (n — m) straight lines, that is, 
asymptotes whose intersection point corresponds to H = 0. Then, 
if p = cr 0 denotes the point at which the asymptotes meet, we find 
from Equation 4.58 that 




Therefore, Equations 4.54, 4.55 and 4.59 give 
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Rule 8 : On the a-axis the root loci lie on alternate sections connecting 
the real poles and zeros of the open-loop gain function , starting from 
the real pole or zero farthest to the right 

For any point p = a x on the a-axis of the p-plane, the sum of the 
angles of the vectors directed* from any pair of complex conjugate 
poles and zeros is always zero. Therefore, when it is required to 
satisfy the condition of Equation 4.46 for values of p on the a-axis, 
we can justifiably ignore the effect of complex conjugate poles and 




real axis 

zeros of T(p ), if any. Further, the angle contributed by a real pole 
or zero to the left of point a x is zero, while the angle contributed by a 
real pole or zero to the right of a l9 is equal to — n or +7r, respectively. 
Hence, along the a-axis the root loci lie to the left of an odd number 
of open-loop poles and zeros. 



Rule 9: Any two real poles connected by a section of the root locus 
move towards each other , as the scale factor is increased , till they 
become coincident whereafter they separate from the a-axis initially 
at right angles , to form a pair of complex conjugate roots 



To illustrate the procedure for evaluating the point of departure 
from the a-axis, consider an open-loop gain function having three 
real poles at — <o l9 — co 2 and — cu 3 as in Fig. 4.13. The point of 
departure is at p = a^. At a neighbouring point p — a a + jS we 
see from Fig. 4.13 that if 8 is small then 
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The point p = a a + jS will lie on the root locus if 

-0i - 0 2 - 0 3 - - 7T (4.62) 

Therefore, using Equations 4.61 and 4.62 we see that oa is given by 
the solution of the following equation 



+ 1 I I I v v ■ ,V, ~V 

<^1 0J 2 + ad + ad 

Rule 10: The points at which the root loci cross the jco-axis of the 
p-plane can be determined from the application of Routh's criterion 
to the characteristic equation 

As an illustration consider the characteristic Equation 4.26 which 
applies to an open-loop gain function having real poles at —<o l9 —<*> 2 , 
and — co 3 . From the table of Equation 4.28 we deduce that this 
characteristic equation will have a pair of complex conjugate poles 
on the jco-axis when oqa 2 = a 3 , in which case Equation 4.26 becomes 
(p + ocj) (p 2 + 0 * 2 ) = 0. Therefore, the root loci cross the jco-axis at 

P — ± jV a 2 = ± jV( a> i aj 2 + ^1^3 + ^2^3) (4.64) 

where we have made use of the second line of Equation 4.27. 



Rule 1 1 : The angle of departure of the root locus from a complex 
pole and the angle of arrival at a complex zero can be determined 
from Equation 4.50 

Suppose that it is required to determine the angle of departure B vz at 
the complex pole p 3 shown in Fig. 4. 14. At a point on the root locus 
and very close to the pole p 3 , we have from Equation 4.50 that 
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®z\ — + &P2 + 0p3 + 2 j = (1 2k)7T (4.65) 

Having measured the angles 6 Z1 , 6 Pl and 9 P2 , we can solve Equation 
4.65 for the angle 0 P3 . In a similar way we can determine the angle 
at which the root locus arrives at a complex zero. 

Rule 12: Having constructed the root loci, the value of the scale 
factor H at any point on the root loci can be determined from 
Equation 4.49 

As an example, consider Fig. 4.15 where it is required to evaluate H 
at the point s x on the root locus. Suppose that A, B and C are the 




lengths of the vecots directed from the poles of T(p) to the point s v 
Then, from Equation 4.49 it follows that H = A.B.C. at p = s v 

4.6 Examples 

We shall next illustrate the application of the above twelve rules to 
facilitate construction of the root loci by considering three examples. 

Example 1 

Consider a single-loop three-stage feedback amplifier with a purely 
resistive feedback network and having the following open-loop gain 
function: 

t( P ) m 

W (1 + 10/0 (1+/>)(1+ 0-5/0 

which has three poles at —0*1, —1 and —2 all located on the a-axis of 
the p- plane. All the zeros of T(p) are at infinity. Therefore, there 
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are three loci starting at/> = — 0*1,/?= — 1 and p = — 2 and 
terminating at infinity. The asymptotes make angles of —60°, 
— 180° and —300° (= + 60°) with the a-axis, and from Equation 
4.60 we see that they intersect at 



(- 0*1 - 1 - 2 ) 
3 



The point of departure from the a-axis is determined from 
Equation 4.63; thus 



_ L_ + o 

<r<i + 0*1 1 + <*d 2 -j- <j<i 



Simplifying, we obtain 



3 a^ 2 -j- 6'2a^ -J- 2*3 — 0 

Solving for a^, we find that cr d = —0*483 or a d = —1*58. The 
former solution is the acceptable one, because the point of departure 
must be between the poles at p = — 0*1 and p = — 1. 

From Equation 4.64 we find that the points at which the root loci 
cross the j co-axis are given by 

P — ± jV^‘3 = ± jl*52 

At this intersection point, we see from Equation 4.31 that 
T( 0) = 34*7. 

Using the above results and rule No. 5 we can go on to construct 
the root loci of Fig. 4.16. 



Example 2 

In the second example, we shall assume that the open-loop gain 
function has one real zero and three real poles ; thus 



T(p) = r(0) 



1 + 2 p 

(1 + 10/0(1 +/0(1+ 0*5/0 



The root loci start at the poles p = — 0*1, —1 and —2, and 
finish at the zero p = — 0*5 and the two zeros at infinity. Since 
there are three finite poles and one finite zero, that is n = 3 and 
m = 1, it follows that there are two asymptotes at angles of —90° 
and —270° (== + 90°). They intersect the a-axis at 



(_0*1 - 1 -2 + 0*5) 
(3-1) 



- - 1*3 



F.C.A.— 13 





Fig. 4.17. Root loci for T(p) (1 + Wp)(1 +p )(i + o-5p) 
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Extending Equation 4.63 to the case of three real poles and one 
zero, then the point of departure p — on can be determined from 



&d "I - 0*5 <7 d + 0*1 od + 1 2 4* 

Simplifying, we get 

2o<t 3 + 4*6cr<t a + 4<Td + 2*3 = 0 

Solving this cubic by Newton’s methodf we find that oa — — 1 *47. 

In Fig. 4. 1 7 the root loci do not intersect the j o> axis of the p-plane ; 
therefore, it represents a stable feedback circuit and clearly demon- 
strates the stabilising influence of the zero at p = — 0*5. 



Example 3 

For the final example consider the open-loop gain function 



Tip) = 7X0) 



1 + 0-lp + 0*lp 2 
(1 + p) (1 + p + p 2 ) 



which has a pair of complex conjugate zeros at p = — 0*5 ± j3*12, 
a real pole at p = — 1 and a pair of complex conjugate poles at 
p = — 0*5 ± j0*866. As p tends to infinity. Tip) behaves as 
0*1 TifS)lp. Therefore, there are three root loci, two of which start 
at the complex conjugate poles and terminate on the complex 
conjugate zeros; the remaining one starts at the real pole and 
terminates at infinity. 

To determine the values of 7\ 0) at which the root loci intersect the 
jco-axis, we apply Routh’s criterion to the characteristic equation 



(1 + p) (1 + p + p 2 ) + 7X0) (1 + 0*lp + 0*lp 2 ) = 0 
that is 



p 3 + p 2 (2 + 0*1 7X0)) + p(2 + 0*1 7X0)) + (1 + 7X0)) = 0 



Thus we obtain the following array of elements 



2 + 0*1 7X0) 

0*1 7X0) 

w 2 + 0*17X0) 

1 + 7X0) 



2 + 0*17X0) 
1 + 7X0) 

0 

0 



t Turnbull, H. W., Theory of Equations, Oliver and Boyd, Edinburgh (1946). 
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The characteristic equation has imaginary roots when 

2 + 0-17X0) 1 + ?TQ) _ q 

i + UiiW 2 + 0-17X0) U 

which simplifies to 

3 - 0*67X0) + 0-01T 2 (0) = 0 

Solution of this quadratic equation gives T(0) = 5-5 or T( 0) = 54-5. 
We therefore deduce that the feedback circuit is stable provided 

7X0) < 5*5 or else T( 0) > 54*5 

The two root loci starting from the complex conjugate poles cross 
into the right half of the p - plane when r(0) exceeds 5*5. Then as 
7X0) is increased further, these two root loci cross back again into the 
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Fig . 4.18. Evaluation of angles of departure from complex 
poles and angles of arrival at complex zeros 
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left half of the /7-plane when T(0) exceeds 54-5. This form of 
stability is referred to as conditional stability because it is conditioned 
by the value of 7X0). 

For evaluating the angle 0 P of departure from the pole at 
p = — 0*5 + jO-866 we can make use of rule No. 11. Thus if 
vectors are drawn from this pole to all the other poles and zeros/and 
the angles at these poles and zeros are measured, we find that (see 
Fig. 4.18 (a)) 

270° + 90° - (90° + 60° + 6 P ) = 180° 

Therefore 

0 P = 30° 

Similarly, to determine the angle 6 Z of arrival of the locus at the 
zero p = — 0*5 + j3*12, we draw vectors from this zero to the other 
zero and all the poles as in Fig. 4.18 (b), and measure the various 
angles; then we get 

90° + 0 Z - (90° + 90° + 81°) = 180° 
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Hence, 0 Z = 351°; this is equivalent to 0 Z = — 9°. Then with the * 
aid of rule No. 5 the complete root locus can be sketched as in 
Fig. 4.19, which is seen to be symmetrical with respect to the or-axis. 

4.7 Significance of closed-loop poles in the p-plane 

The root locus method of design directly relates the closed-loop poles , 
that is, poles of the closed-loop gain function, to the open-loop 
poles and zeros, that is, poles and zeros of the open-loop gain 




Fig. 4.20 . Pair of complex conjugate poles 



function. It provides a convenient method for adjusting the open- 
loop poles and zeros and the multiplying factor T( 0) or H in such a 
way as to produce satisfactory positions for the closed-loop poles 
in the ^-plane. 

The transient response of the circuit is very largely controlled by 
the location of the closed-loop poles. Therefore, it is important to 
be able to relate the location of the closed-loop poles to the form of 
the associated transient response. 

Consider a pair of complex conjugate poles located at 

Pi,Pz = ~ &o ± j<W(l ~ £ 2 ) (4.66) | 

as shown in Fig. 4.20. The step function response of a circuit , 
having such a pair of poles was studied in Section 2.2.7 where it was i 
shown that the response function v 2 (t) to a unit-step is given by 

*2(0 = 1 - sin (“V'V(1 - t 2 ) + <!>) (4.67) 

where £ = cos From Equation 4.67 we see that the factor £co 0 j 
which is equal to the real part of either complex pole, controls the 
time required for the transient response to decay. Therefore all 
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closed-loop poles located on a vertical line parallel to the jco-axis 
contribute to the transient response terms which decay with time at 
/ the same rate; the closer the vertical line is to the imaginary axis the 
slower is the rate of decay. 

From Equation 4.67 we also see that the frequency of oscillation 
is controlled by the factor tt> o y(l — £ 2 ), which is equal to the 
imaginary part of either complex pole in Fig. 4.20. Hence, all 
closed-loop poles located on a horizontal line parallel to the cr-axis 
contribute to the overall transient response, terms which have the 
same frequency of oscillation; the closer the horizontal line is to 
the cr-axis the smaller is the frequency of oscillation. 

Another significant factor in connection with the location of 
closed-loop poles is the damping ratio £ which controls the amount 
of overshoot y of the oscillatory response (see Equation 2.55). The 
closer £ is to unity, that is, the closer the angle ^ of Fig. 4.20 is to 
zero, the smaller is the overshoot. For a constant amount of over- 
shoot, we must have the closed-loop poles located along a pair of 
radial lines through the origin and symmetrically placed with respect 
to the <7-axis of the />-plane. Motion of a pair of complex conjugate 
poles along such a pair of radial lines does not change the form of the 
associated transient response component, but only alters the time 
scale. 

In the study of linear feedback circuits it is usually found that there 
exists a pair of complex conjugate closed-loop poles lying in close 




Fig. 4.21. Illustrating the dominant closed-loop poles 



proximity to the ja>-axis of the jp-plane (as — p x and —p* in the 
example of Fig. 4.21). Such a pair of poles gives rise to the principal 
oscillatory mode of the transient response ; it is so-called because it 
has the longest decay time. The other closed-loop poles are either 
located so far out to the left in the /?-plane (as — p 2 and — p 2 in 
Fig. 4.21) or else lie so close to a closed-loop zero (as —p z in Fig. 
4.21) that they contribute negligibly to the transient response. 
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Fig. 4.22. Restrictions on location of closed-loop poles in the p-plane 



Accordingly we find that the transient response of the circuit is 
dominated by the two closed loop poles — p 1 and — p t * and any 
zeros that lie in the significant part of the p-plane. 

We thus see that if the damping rate, frequency of oscillation and 
amount of overshoot of the closed-loop transient response are not to 
exceed specified values, then when constructing the root loci it is 
necessary to restrict the dominant closed-loop poles and the other 
roots of the characteristic equation to lie within the shaded region 
of Fig. 4.22. In the appendix at the end of the book it is shown 
that much useful information about the relative positions of the 
various closed-loop poles in the left half of the p-plane can be 
obtained from the characteristic equation by applying certain 
transformations. 



4.8 Effect of parameter variations 

It is often required to know how sensitive the roots of a characteristic 
equation are to changes in the low frequency value T( 0) of the 
open-loop gain, and to changes in the open-loop pole and zero 
positions. Such an evaluation would be most useful in assessing, for 
example, the effect of valve or transistor parameter variations on the 
closed-loop pole positions of a feedback circuit. 

Let us assume that the open-loop gain function T(p) is defined as 
in Equation 4.47, then 



T(p) = H 



N(p) 



N(p ) = (p ~ z^ip — z<t) . . .(p — z m ) 



> 



■* 



where 



(4.68) 
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1 

>5 

sGii 

II 

I 


(4.69) 


i 


Dip) = ip ~ Pi) ip ~ Pid • • • iP ~ Pn) 






iP ~Pi) 


(4.70) 



The scale factor H is directly proportional to the low frequency 
open-loop gain 7X0), as in Equation 4.48. Since the number of 
characteristic roots is equal to the number of open-loop poles, it 
follows that the characteristic polynomial 

Q(J>) = D(p) + H-N{p) (4.71) 

can be expressed in factorised form as follows 

Dip) + H-N(p) = O — sjip — s 2 ) . . .{p — s n ) 

= h(P-s*) (4-72) 

A — 1 

where s u s 2 . . . s„ denote the characteristic roots. Taking the 
natural logarithm of both sides of Equation 4.72, we have 

loge [Dip) + H-N(p)] = loge ip — Si) + loge ip — S 2 ) 

+ . . . + loge ip — s n ) 

n 

= 2 !oge ip - j a) (4-73) 

A=1 

Suppose the open-loop poles and zeros are maintained fixed, and the 
scale factor H is changed by a small amount 8H . The corresponding 
change &y A in the characteristic root at p = s x is given by 

Ss a = ^'S77 (4.74) 



Differentiating both sides of Equation 4.73 with respect to H gives 



Nip) V -1 



Dip) + H-Nip) 



= V .ggA 

Z-i p — s x 2>H 



Noting the definition of Equation 4.71 for Qip), we deduce that 
^ = T imi t ^ ^^)-Njp) 

DH “2? Qip) 
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-g} = Limit 

‘ d ~ C0>) 



= Limit 



#(/>) + - s JtKM 

Q'(p) 



Njs ^ (4.76) 

Q’(sJ 1 J 

where 

ow -[£*)]„, 

But p — s x is an assumed root of the characteristic equation, 
therefore 

D( Sx ) + H-N(s x ) = 0 



and Equations 4.74 and 4.76 give 



Ssi — 



Dfo) S H 
Q\s *) H 



When the positions of the open-loop poles and zeros are unaltered as 
assumed above, we see from Equation 4.48 that a fractional change 
SH/H in the scale factor is equal to the fractional change 8 7X0)/ 7(0) 
in the low frequency value of the open-loop gain. Hence the 
sensitivity of the characteristic root at p = s A to a variation in T{ 0) 
is given by 



8J(0)/T(0) 



gfr a) 
Q'(S a ) 



In the special case of an open-loop gain function having no finite 
zeros, the numerator polynomial N(p ) reduces to a constant, and its 
derivative with respect to p is zero. Then Q'(p) = D'(p), and 
Equation 4.78 becomes 



sr(0)/r(0) D\sd 



where 
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Numerical example 

single-loop feedback amplifier involving two identical stages has 
the open-loop gain function 



np) = 



m 

(i+p) 2 



where p is normalised with respect to the stage cut off frequency. 
The normal value of T(0) is equal to 9, and it is required to evaluate 
the effect of a 10% increase in the value of T( 0) on the closed- 
loop poles. 

For T{ 0) = 9 the characteristic equation is 



that is. 



(1 +/0 a + 9 = 0 

p z + 2p + 10 = 0 



This is a quadratic equation in p\ hence the normal positions of the 
two closed-loop poles are 

s x = — 1 i j3 A = 1, 2 

Now 

D<JP) = (1 + p) 2 

D'(j>) — 2(1 +p) 

Hence Equation 4.79 gives the sensitivity of the root at p = — 1 + j3 
to be 

Ssx (1 - 1 + j3) 2 . 

0-1 2(1 - 1 + j3) J 

35 A = j0-15 

Thus the characteristic root at p = — 1 + j3 moves to the new 
position of p = — 1 + j 3 T 5 as a result of 10% increase in the value 
of 7X0). Similarly the root at p = — 1 — j3 moves to the new 
position of p -- — 1 — j3-15. 



4.8.1 SENSITIVITY OF CHARACTERISTIC ROOTS TO 
VARIATIONS IN OPEN-LOOP POLES AND ZEROS 

Let us next evaluate the effect of a small shift in an open-loop pole 
position. Suppose T(p) has a pole of order b at p = p a - then 




(4.80) 
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where the polynomial q(p ) is non-zero at p = p a . The characteristic 
polynomial Q(p) is 

Pa) b + H- N(p) = n(P - «a) (4.81) 

Taking natural logarithms, we get 

n 

loge [q(p) ■ o - Pa) b + H- N(p )] = ^ loge (p - 5a) (4.82) 

A=a 

If the scale factor H is maintained constant but the open-loop pole 
at p = Pa shifts by a small amount 8p a , then the corresponding 
shift 8s x in the position of the characteristic root at p = s x is 
equal to 

> (4.83) 

Differentiating Equation 4.82 with respect to p a gives 



-q(p)'b(p - Pa) 6 - 1 = y -1 S5 A 

• O - Pa) b + H-N(p) Zp - 7>p a 



-1 ^3 



Remembering that 



90) O - Pa) b = X>0) 



90) O - Pa) b + H-N(p) = Q{p) 



we find from Equation 4.84 that 



1)5 a _ b Limit £ 5 A . -PQ) 

Oo p— Pa CO) 



5-[0-5a)-^0)] 

= ft Limit 

^[0-^)-C0)l 

= ft Limit T>0) + Q - 5 a )L>'Q) 
P~+ S A Q(p) + (p ~ Pa)Q'(p) 

a) 

(5a “ P»)G'(5a) 



(4.85) 
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where we have made use of the fact that CO) = 0 at the root 
p = Hence Equation 4.83 gives 



SS), — ft- 



5a ~Pa C'(5a) 



In a similar manner we can show that a small shift Sz* in the 
position of an open-loop zero of order y at p = z x is to displace a 
characteristic root at p = s A by an amount equal to 



8s x = -y- 



SZx . T>(5a) 
5a - Z* C'(5j 



(4.87) 



The combined effect of variations occuring in the low frequency 
open-loop gain as well as the open-loop poles and zeros upon the 
position of a given characteristic root can be determined by summing 
the individual effects, provided that the changes involved are 
relatively small. 



PROBLEMS 

1. By applying Routh’s criterion determine whether the feedback 
circuits having the following characteristic equations are stable 
or not 

(a) p 3 + 11 p*+ llp+ 10 = 0 

(b) 8 p 3 + Ip 3 + 4p + 16 = 0 

(c) 4p i + 3p 3 + 7p 2 + 3p + 4 = 0 

(d) 4p i + 5p 3 + 9p 3 + 5p + 4 = 0 

2. A negative feedback circuit has the following loop gain 
function 



T(p) = T(0) 



l+ p -+?- 

1 + 4 + 20 



1+2 P + P - 2 + P - 2 



Determine by means of Routh’s criterion the range of values of 
7X0) for which the amplifier is unstable. 

3. Sketch the root locus diagram for a negative feedback amplifier 
having the open-loop gain function 
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On the diagram indicate such important data as the asymptotes, 
points of departure from the cr-axis, points of intersection with 
the jco-axis, and the threshold value of 7(0). 

What is the value of 7( 0) that gives critical damping? 

4. A negative feedback amplifier, with a purely resistive feedback 
network, has the open-loop gain function 

/tv \ m 

W)- (l + l0pHl+p+p 2 ) 

Sketch the root locus diagram indicating such important data 
as angle of departure from the complex conjugate open-loop 
poles, points of intersection with the jo; axis, and the threshold 
value of 7(0). 

If 7(0) has the value of 10, determine the percentage over- 
shoot of the closed-loop transient response to a step function. 

5. The open-loop gain function of a three-stage amplifier having a 
purely resistive feedback network is 

/TV — \ T( 0) 

1KF) 1 + 10/7 -f 30/7 2 + 20/? 3 

The normal value of 7( 0) is 12. Determine the corresponding 
positions of the closed-loop poles. 

What is the effect of 20 % increase in the value of 7( 0) on the 
closed-loop pole positions? Comment on the result. 

6. A three-stage feedback amplifier with a purely resistive feed- 
back network is required to realise a low-frequency open-loop 
gain 7(0) = 49*5 and a gain margin of 6 dB. Two of the 
stages have cut off frequencies at 10 6 rad/sec. Determine the 
necessary cut off frequency of the third stage. 

7. A single-loop negative feedback amplifier has three identical 
stages and employs a purely resistive feedback network. 
Determine the low-frequency value T(0) of the open-loop gain 
required to realise a pair of complex conjugate closed-loop 
poles with a damping ratio of £ = 0 097 and a normalised 
frequency of oscillation a> n = 1*48 rad./sec. What is the 
position of the remaining closed-loop pole? Hence obtain an 
approximate value for the fractional overshoot exhibited by the 
closed-loop transient response to an input step function. 
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CHAPTER 5 

Frequency Response 



In the previous chapter, the stability of a feedback circuit was 
studied in terms of the location of the closed-loop poles in the 
p-plane and the associated transient response. It is also possible 
to study the stability problem by considering the open-loop response 
of the feedback circuit in the real frequency domain. This method 
of analysis not only indicates the absolute stability and degree of 
stability of the feedback circuit, but also provides adequate informa- 
tion about how the stability performance of the feedback circuit 
may be improved. 

A branch of mathematics that is essential to a detailed study of 
the open-loop frequency response is the theory of functions of a 
complex variable, which we shall briefly discuss in the next section. 



5.1 Functions of a complex variable 

A function f(p) of the complex frequency variable p = a + jo> 
will itself be complex ; that is 

f(p) =f(p + j^) = X(a, oj) + j y(a, o>) (5.1) 

where the real part x(a, o>) and the imaginary part y(a , to) are both 
real functions of the real variables a and to. 

The derivative of the function f(p) with respect to p at the point 
p = s x is defined by 



/'(Si) = Limit®— ^ (5.2) 

P~+ 8 1 P ~ S i 

where f(sj) is the value of f(p) at the point p = s v Necessary 
and sufficient conditions for the derivative of f(p) to be independent 
of the direction along which the variable p approaches the point s x 
are that the real and imaginary parts of f(p) satisfy the Cauchy - 
Riemann equations which state that 
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dx __ _ dy_ 
t)o> da 

dy _ dx 
dto da 

The function f(p) is said to be finite if both its real and imaginary 
parts are finite. It is single valued if, for any given value of p there 
exists one and only one value for f(p). When the function f(p) is 
finite, single valued and possesses a derivative, then it is said to be 
analytic. Those points in the p-plane at which f(p) is not analytic 
are referred to as singularities. An important kind of singularity 
is the pole defined as follows. If at any point p = p x we find that 
the function (p — p^) n f(p) approaches a finite value as p approaches 
p l9 then f(p) is said to have a pole of order n at the point p = p v 
When n = 1, the pole is referred to as a simple one. 

If f(p) has a pole of order n at p = p x then we can expand it as a 
Laurent series in the neighbourhood of p = p x to give 




f(p) = «0 + a x (p - p t ) + a 2 (p - p x y + • • 
_P_1. i ^2 , b n 



+ 



P ~ Pi + (P -Pi? 



+ • 



( P ~ Pd n 



(5.4) 



The coefficient b x is termed the residue of the function f(p) at the 
pole p = p x ; it is given by 

** - 5nh)i L ;“:‘ - *)%»] w 

In the special case of a simple pole, we have 

b x = Limit (p — pdf(p) ( 5 * 6 ) 

v~+v i 



5.1.1 CAUCHY’S THEOREM 

Consider next the integral of f(p) with respect to p between the limits 
s x and s 2 , that is, 

( 8t f(p)dp 

J 

Fig. 5.1 shows two possible paths a and b along which the variable p 
can move from the point s x to *y 2 . If f(p) is analytic at all points 
within and on the closed contour C of Fig. 5.1, then 

f ’/(/>) dp = f 'f(p) dp (5.7) 

aj bj «! 

F.C.A.-H 
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S 2 




Fig. 5.1. Illustrating Cauchy's theorem 



i.e. the integrals along the different paths a and b are equal. However 
f“/0>)d/> = - dp (5.8) 

bj i % bj i x 

and the contour C consists of the paths a and b; therefore the 
integral round C is 

f f(p)dp = \ , 'f{p)Ap+ fV0>)d/> (5.9) 

J c aj bj 8% 

Hence, from Equations 5.7 to 5.9 it follows that 

f /O) dp = 0 (5.10) 

We have thus shown that if the function f(jp ) is analytic inside and 
on the closed contour C in the p-plane, then the integral of f(p) round 
the contour C is zero. This is known as Cauchy's theorem . 

Consider next a closed contour C enclosing a second such contour 
y, and suppose that f(p) is analytic at all points between and on these 
two contours. In Fig. 5.2 the contours C and y are connected 
together by the cuts a x b x and ajb 2 which eventually run into coinci- 



f(p) IS ANALYTIC HERE 




Fig. 5.2. Illustrating extension to Cauchy's theorem 
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dence. Then, applying Cauchy’s theorem to the composite contour 
# consisting of the sum of paths C, a x b ly y and a 2 b 2i we get 



j/(p)dp = 0 

f = f + f - f + f 

J ^ J C J a % b t J Y J Ml 



and in the limit we have 



/ =-f 

J (Za&j J b 



Hence, Equations 5.11 to 5.13 give 



j c f(j>) dp = jf iP) dp 



where both integrals are taken round the contours in the clockwise 
direction. Similarly if C encloses a number of closed contours 
Vi, y 2 > • • • Yq then we have 

f f(p) dp = f f(p) d p + [ f(p) dp + . . . f f(p) dp 

J C J Vi J Vi J Ytt 

= 2 f f(p) dp (5.15) 

This result is referred to as the extension to Cauchy's theorem . 

5 . 1.2 CAUCHY’S RESIDUE THEOREM 

Suppose that f(j>) is analytic inside and on a closed contour C 
except for the points p x , p 2 , . . . p q where it has poles of orders 
n t9 n 2 , n q respectively. Let these poles be surrounded by 
circles y x , y 2 , . . . yq of radii r x , r 2 , . . . r q respectively and centred 
at the poles as shown in Fig. 5.3. The radii are to be such that the 
circles do not intersect. Then, /(p) will be analytic at all points 
between the contours C and y x , y 2 , . . . y q , and so the integral of 
f(p ) round C can be determined by using Equation 5.15. 

In the neighbourhood of the point p = p x we can express /(p) as a 
Laurent series as follows 

f(p)=g(p) + j> 



(5.16) 
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where g(p) = a 0 + a x (p — Pi) + a 2 (p — p x ) 2 + . . . From this 
we see that g(p) is analytic inside and on the circle Yu hence, the 
integral of g(j > ) round the circle y 1 is zero. Thus 






(p - Pi) m 



On the circle yi we have p — p x = r x & 6 and dp = j rye# d0. Also, 
as p moves along y x once, the angle 6 decreases from 2v to zero. 
Therefore 



f bm , f° b 

J Vi (P~Pi) m P ~ J 2»0ie 



: jr ie i 9 d 6 



; j b m r^~ m f 

J 2tj 



c a-m)ie dQ 



When m = 1, Equation 5.18 becomes 



L.F=7> dp=A $y 



= — j2irfei (5.19) 

For any other value of m greater than unity, we find from Equation 
5.18 that the integral vanishes when r x is allowed to approach zero. 
Hence, from Equations 5.17 to 5.19 it follows that 



f f(p) dp = — ]2.Trb 1 

J Vi 



However, the coefficient b x is, by definition, equal to the residue of the 
pole at p = p v Similarly, the integral of f(p) round the circle y 2 
is equal to — j2 tr times the residue of the pole at p = p 2 and so on for 



< 3 f 

5 (3 



-f(p) IS ANALYTIC HERE 



Fig. 5.3 . Illustrating Cauchy's 
residue theorem 
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the remaining poles. Thus, Equation 5.15 leads to Cauchy* s residue 
theorem which states that 

f(j>) dp = — )2 tt ^ (residues of poles of f(p) inside contour C) 

(5.21) 

5.1.3 RELATIONS BETWEEN REAL AND IMAGINARY 
PARTS 

Consider a rational function f(p ) that is analytic everywhere in the 
right half of the p - plane and on its jco-axis. Also, suppose that f(p) 
has a finite value equal to /(oo) when p is allowed to become 
infinitely large. Then, applying Cauchy’s theorem to the related 
function / (j>)/(p — jw c ) leads to the result 

f JM- dp — 0 (5.22) 

J cp — }<*>c 

where the closed contour C is as shown in Fig. 5.4. It consists of 
three parts: the large semicircle C x of radius R, the small 
semicircular indentation C 2 (of radius r) round the point p — joj c , 
and the jco-axis C 3 . The indentation C 2 has been introduced to 
avoid the pole of the function f (p)l(p — j oj c ) at the point p = jcu c 
and so ensure that this function is analytic at all points on and within 
the contour C, thereby justifying the result of Equation 5.22. 

Along the semicircle C x we have p — Re^ and dp — j Re) 6 . 
Therefore 



J c,p — JO Uc J tt /2 Re 19 — J We 



(5.23) 
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Now let R become infinitely large: then 



dp ~ ]f (oo) 

' J W 2 

= — j7r/(00) 



When p = jw, we have 



/GV) = x( w )+iK<«0 (5.25) 

where the real part x (co) is an even function of m, and the imaginary 
part y(oj) is an odd function of m. Hence, y( w ) can have either a 
zero or a pole at infinity, and so if /( oo) is to be finite, then y(to) 
must be zero at infinity. Thus, /(oo) = x(oo) and Equation 5.24 
becomes 

(5 ' 26) 

Next, along the small semicircle C 2 we have p = jco c + re 1® and 
dp = jre^ dd. Then, the integral round C 2 is 

<-> 

Now let r approach zero ; thus 

f -M- d P = jf (jco c ) f W2 de 

J C t p — ) 0 >c J 

= (5.28) 

where /(jto c ) is the value of f(p) at the point p = ]w c . 

Along the jco-axis we have p = jto and dp — jdco. Therefore, 
the integral along the portion C 3 of the jo>-axis is given by 

f d. + f* JfcLd. 

J C,/? — J^c J w - ai c J Wc+r o> — 0>c 



In the limit when r = 0 and i? = oo, Equation 5.29 reduces to 



r- /pcu) 

J CO — to, 



The integral along the contour C is equal to the sum of the three 
integrals of Equations 5.26, 5.28 and 5.30. Hence, adding these 
three contributions and using Equation 5.22, we get 
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d(x) = J*7r[x(oo) —fQoJc)] 



If next we combine Equations 5.25 and 5.31 and then separate the 
real and imaginary parts, we obtain the following two important 
results 

JC (««) = jc(oo) -If” dm (5.32) 

TtJ-oo^ — OJ c 

y(m c ) = - f°° J&Lfa (5.33) 

Equation 5.33 states that if the real part of a complex function 
/(ja>) is specified over all frequencies, then its imaginary part is 
uniquely determined provided that the function /(p) has no poles in 
the right half and on the jcu-axis of the p- plane. Similarly, from 
Equation 5.32 we see that if the imaginary part of f(]m) is specified 
over all frequencies, then its real part is completely determined 
except for the additive constant x(oo). 

The integrals of Equations 5.32 and 5.33 are improper in that, 
in each case, the integrand has a singularity at the point m — m c 
along the path of integration. They must be evaluated according 
to Fig. 5.4; thus, in the case of Equation 5.32 we have 



f" -Z& 4 - d» - Limit f f-’ 

J —cc CO C0 C r— *0 LJ —R 



In a similar way the integral of Equation 5.33 can be evaluated. 
The apparent difficulty presented by the impropriety of the integrands 
can in fact be removed by making use of the fact that| 



_O 0 to QJ C 



r°° ?*. = umit r f“ e_r + r * 

J — oo 0) — o>c f — >0 LJ -R 60 — J oj 0 



r->0 LJ o) — c o c j oj e -f r o> — co c ] 

R-+ oo 

= Limit pog e (— r) — log e (“i?-w c ) + log e ( R — u c ) — log e r] 

r-+0 

R—*-co 



= Limit loge ( — ) = loge 1 = 0 

r — >0 \ — R — ojq r ! 
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Then, we can add any convenient constant to y( o>) or x(w) in the 
integrands without changing the values of the integrals. Adding 
the constant — y(oj c ) to the numerator of the integrand in Equation 
5.32 and the constant —x(w c ) to the numerator of the integrand in 
Equation 5.33 we get 

x(w c ) = x(oo) -if 00 yW- doj (5.36) 

7T J -00 OJ — <Jt) c 



y(a>c) = 



x(co) — x(a> c ) 
, a> — a> c 



where, in each case, we now see that the numerator and denominator 
of the integrand vanish at w = w c . Accordingly the integrands are 
both perfectly proper in Equations 5.36 and 5.37. 

5.1.4 THE ENCIRCLEMENT THEOREM 

Consider a function f(p) having a zero of order m 1 at the point 
p = z v In the neighbourhood of this zero we can express f(p) as 

f(P) = 0- z^gip) (5.38) 

where g{p ) is non-zero and analytic at p = z v Differentiating 
both sides of Equation 5.38 with respect to p we obtain 

f'(j>) = mi(p — Zi) m '~ l g(p) + (p — Zi) m 'g'(p) (5.39) 

where f'(p) and g'(p) are the derivatives of f(p) and g(p) with respect 
to p. Dividing Equation 5.39 by 5.38 we get 

f(p ) - i g'(p) f54m 

f(p)~p-Zi g(p) { ) 

The second term on the right hand side is analytic at p = z x . There- 
fore, the function f'(p)/f(p) has a simple pole at p — z l9 with a 
residue equal to m t . 

Suppose next that f(p) has a pole of order n x at p — p v Then, 
in the neighbourhood of this pole,/(p) can be expressed by 



/(/>) = 



(p - PiY 1 



where h(p) is non-zero and analytic at p = p x . If again we differen- 
tiate both sides of Equation 5.41 with respect to p we get 

f>( n \ _ - "i KP) , h\p) 

JKP) {P-P^ +1 ^ (J>~P^ 



(5.42) 
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Dividing Equation 5.42 by 5.41, we have 

f(p) _ , h\p) 

fiP ) P— Pi h{p) 
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(5.43) 



In this case we see that the function f(p)lf(p) has a simple pole at 
p = p x with a residue equal to — n v 

Thus, if in the general case the function f(p) has zeros of orders 
m lt m 2 , . . . m r at the points z lt z a , . . . z r respectively, and poles of 
orders n lt n a , . . . n q at the points p u p a • • • Pt respectively, all located 
inside a closed contour C in the p-plane, then the related function 
f'(p)lf(p) will have simple poles at the points z x , z a , . . . z r and 
Pi, Pz - ■ - Pq with residues equal to m v m 2 , . . . m r and — n x , — w a . . . 
— n Q respectively. Integrating f(p)lf(p) round the contour C and 
applying Cauchy’s residue theorem (i.e. Equation 5.21) we find that 



Jc7(p) ^ = ~ + • • • + m r) — («i + « a + . . . +««)] 

= — j m ~ 2 ”*) ( 5 - 44 ) 

\<^i *^i ' 



= - }2n(M - N) 



where M = ^ m * and N = ^ »*• Thus, M and N denote total 

jfe=l 

number of zeros and poles of f(p) inside the contour C, respectively, 
with each zero and pole counted according to its order of multi- 
plicity. The integration is assumed to be in the clockwise direction. 
Next, we note that 

(5.45) 

Therefore, from Equations 5.44 and 5.45 we get 

J c d[log e /(p)] = - j27r(M - N) (5.46) 

Expressing /(p) in terms of its magnitude and phase angle, we have 
loge/Cp) = loge I f(p) | + j /f(p) (5.47) 



Suppose that the variable p starts at an arbitrary point s 1 on the 
contour C and returns to the point s t f after traversing C once, as 
shown in Fig. 5.5 Then 
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I. 



d[log e /0>)] = loge/(5i') — loge/fo) 

= loge \f(Si)\ + j /JW) ~ loge |/(5i)| - j //fa) 

(5.48) 



If the point s/ is infinitely close to we have 

loge|/(Si')l = loge |/(‘ r i) | 



and Equation 5.48 reduces to 

d[loge/0)] = i\/ f(si) - /f(s i) 1 (5.49) 

Hence, combining Equations 5.46 and 5.49 we get the result 



Change in the phase angle of/O) in’ 
traversing contour C in the p-plane 



- 2 7t(M - N) 

(5.50) 



Let us next represent the function f(j>) on a complex plane of its 
own. Then, as the variable p moves round the contour C in the 
p-plane, as in Fig. 5.6 (a), we find that f(p) describes a closed curve 
in the /0)-plane, as in Fig. 5.6 (b). Now a change in the phase 
angle of f(p) equal to — 2tt radians corresponds to one encirclement 
of the origin of the /(p)-plane by the plot of f(p) in the clockwise 
direction. Therefore, from Equation 5.50 we deduce that if a function 
f(p ) has a total number of M zeros and N poles inside a closed contour 
C in the p-plane, then as a result of the variable p moving round the 
contour C once in the clockwise direction, the plot of f(p) will encircle 
the origin of the/(p)-plane in the clockwise direction (which is in the 
same sense as that of contour C) a number of times equal to M — N. 
This is known as the encirclement theorem which is the basis of 
Nyquist’s stability criterion. 



5.2 Nyquist’s criterion 

The closed-loop gain K'(p) of a single-loop feedback circuit is 
given by Equation 4.10 which is reproduced here in the form 

K’(p) = Up) + m (5.51) 

where F(p) = 1 + T(p) is the return difference expressed as a 
function of p , and T(p) is the open-loop gain function. The 
feedback circuit is stable if it can be established that it has no 
closed-loop poles in the right half of the p-plane, that is F(p) has no 
zeros in the right half of the p-plane. This problem can be studied 





Fig. 5.6. (a) Contour C in p -plane, ( b ) Locus of f(p) inf(p)- plane 




Fig. 5.7 . Contour used in the derivation 
of NyquisVs criterion ( note that R oo) 
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by applying the encirclement theorem to the return difference F(/?). 
For this purpose the contour C is chosen to be an infinitely large 
semicircle in the right half of the /7-plane built on the jw-axis, as 
shown in Fig. 5.7. Then, this contour will enclose all the possible 
zeros of F(/?) that may be located in the right half of the /7-plane. 

Now the poles of F(j>) are the same as the poles of T(p) and the 
zeros of F{p) are the same as the closed-loop poles. Further, we 
normally find that the amplifier is stable when the feedback loop 
is opened, which means that all the poles of the open-loop gain 
function T(p) are confined to the left half of the /7-plane. Therefore, 
in a single- loop feedback circuit neither the open-loop gain function 
T(p) nor the return difference F(p) can have poles in the right half 
of the p- plane. Thus, when applying the encirclement theorem to 
F(p) 9 we have N = 0. As p traverses the contour C of Fig. 5.7 
the plot of F(p) will encircle the origin of the F(p)-plane M times, 
where M is equal to the total number of zeros of F(p) located in 
the right half of the /7-plane. At infinite frequency the open-loop 
gain function T(p) is reduced to zero with the result that F(p) 
approaches unity as p approaches infinity. Hence, the plot is 
essentially of the function F(jtu). We thus deduce that if, as a 
result of varying co between the limits — oo to + oo, the plot of 
F(ja>) encircles the origin of the F(jaj)-plane M times, then the 
return difference F{p) has M of its zeros located in the right half 
of the p-plane. If the feedback circuit is to be stable, that is, 
M — 0, then the plot of Fgo>) must not enclose the origin of the 
F(ja>)-plane. 

In practice it is found more convenient to work with the open-loop 
gain function T( jco) rather than F(ja>) because T{ jw) is directly 
measurable. The difference between a plot of F(ja>) and that of 
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r(jco) is simply a shift in the imaginary axis. Since 
F(joj) = 1 + TQoj) it follows that the origin of the F(jo>)-plane 
corresponds to the point (—1,0) in the F(jo>)-plane. Therefore, 
the feedback circuit is stable if the plot of T( }w) does not enclose the 
critical point (— 1,0) of the F(joj)-plane as to is varied from — oo to 
+ oo. This is known as Nyquist 9 s criterion for stability . 

The required plotting of T(]oS) can be simplified by observing that 
the magnitude of T( jto) is an even function of and its phase angle 
is an odd function of <*>, that is 

I UK*) I = |IX-j«)l (5.52a) 

/TQco) = - / T( - jco) (5.52b) 

Therefore, it is necessary only to plot T( jtu) for positive frequencies 
from co = 0 to <o — oo. The plot for negative frequencies from 
— oo to 0 can be inserted as the mirror image of this part with respect 
to the real axis of the F(jco)-plane, as illustrated in Fig. 5.8. The 
plot for negative frequencies is needed only when it is required to 
determine the number of zeros of F(p) located in the right half of the 
/ 7 -plane. If, however, the problem is simply to determine whether 
or not the feedback circuit is stable, then the plot for positive 
frequencies can be sufficient. Thus, if the critical point (—1,0) is 
not enclosed by the plot of F( jco) for positive frequencies as in 
Fig. 5.9 (a), the feedback circuit is stable. On the other hand, the 
plot of Fig. 5.9 (b), where the critical point (— l,0>is enclosed by 
the plot of T( jco), corresponds to an unstable feedback circuit. The 
plots of Fig. 5.9 are usually referred to as Nyquist loci. 

When the Nyquist locus passes through the critical point ( — 1,0), 





Fig. 5.9. (a) Nyquist locus for stable circuit , ( b ) Nyquist locus for unstable circuit 
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the feedback circuit is on the threshold of instability. This corres- . 
ponds to the characteristic equation of the feedback circuit having 
a pair of conjugate roots on the jco-axis of the p-plane. 



5.2.1 STABILITY MARGINS 

From the Nyquist diagram of Fig. 5.10, which corresponds to a 
stable feedback circuit, we see that when the phase angle of the open- 
loop gain function equals — 180°, its magnitude equals \/T m . The 
quantity 20 log 10 T m is equal to the gain margin expressed in decibels. 
The angular frequency w v at which T(]w p ) = T m ~ x / — 180° is 
termed the phase crossover frequency . 

In Fig. 5.10 we also see that when the magnitude of the open-loop 
gain equals unity, its phase angle equals — 180° +<f > m • The phase 
angle j> m is termed the phase margin; it is equal to the additional 
phase lag (at unity magnitude) required to just cause instability. 
The angular frequency w g at which TQ^g) = 1 / — 180° + <f> m ° is 
termed the gain crossover frequency . In an absolutely stable feed- 
back circuit w g is necessarily smaller than the phase crossover 
frequency w p . 

The gain and phase margins are the generally accepted measures 
of the degree of stability of a feedback amplifier. They are intended 
to guard against the variations occurring in valve or transistor 
parameters as a result of supply voltage changes, temperature 
variations and other causes. In practice it is found that gain 
margins of 6 to 12 dB and phase margins of 20° to 40° are quite 
adequate. 



5.2.2 APPLICATION OF NYQUIST’S CRITERION TO 
MULTIPLE-LOOP FEEDBACK AMPLIFIERS 



Nyquist’s criterion, developed above for a single-loop amplifier, 
can be also applied to any loop of a multiple-loop feedback amplifier, 
provided that the amplifier remains stable when the particular loop 
is broken. If, however, it is found that the amplifier becomes 
unstable when one of its loops is broken then to apply Nyquist’s 
criterion it is necessary to find a mesh of the amplifier which, if 
broken, will simultaneously break all the feedback loops. 

As an example consider the two-loop feedback amplifier of Fig. 
5.11 (a) where the &(jco)-feedback network constitutes a minor loop 
applying local feedback to the ^(jcoj-amplifier, and the £ a (jw)- 
feedback network constitutes a major loop applying overall feedback 
to both KiQw) and Kf]w) amplifier stages. The closed-loop gain 
K'(jw) of such an amplifier is 





w "l+ 



(5.53) 





(*) 




Fig. 5.11. (a) Block diagram of multiple-loop feedback circuit , ( [b ) Block 

diagram showing the simultaneous opening of both feedback loops 

Hence the stability performance of the amplifier is determined by 
the frequency response of Pfiw^Kfiw) + jS 2 (jtu)^: 1 (jaj)^: 2 (jw) which 
can be obtained by breaking both loops at the input of K x {jwy 
stage, as in Fig. 5.11 (b) and evaluating the frequency dependence 
of the voltage ratio V^wfV^w). The complete amplifier is 
stable if the Nyquist locus of — ^(jc^/F^a;) does not encircle the 
critical point ( — 1,0). 
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5.2.3 EXAMPLES 
Single-stage feedback amplifier 

In the real frequency domain the open-loop gain function of a single- 
stage feedback amplifier, with a purely resistive feedback network, is 




where T(0) is the low frequency open-loop gain, and to 0 is the stage 
cut off frequency. For positive frequencies the Nyquist locus of 
Equation 5.54 is a semicircle as shown in Fig. 5.12. For all 
positive values of T( 0) the locus remains in the fourth quadrant 
of the r(jco)-plane, and so a single-stage amplifier with negative 
feedback is inherently stable. 



Two-stage feedback amplifier 

The open-loop gain function of a two-stage amplifier with a purely 
resistive feedback network, providing overall negative feedback, is 



T( jo) = 



\ "1/ \ “V 



where and co 2 are the individual stage cut off frequencies. As in 
the previous case, TQw) = T(0) at zero frequency. 

Each pole factor contributes a phase angle of — 90° at infinite 
frequency. Hence, with two pole factors as in Equation 5.55, the 




Fig. 5.12. Nyquist locus for single-stage feedback amplifier 



frequency response 
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Fig. 5.13. Nyquist diagram for two-stage feedback amplifier 

phase angle equals — 180° at infinite frequency. For positive 
frequencies the Nyquist locus of Equation 5.55 is thus shown as in 
Fig. 5.13. The Nyquist locus will not enclose the critical point 
(— 10) no matter how large the value of T(0) is. Therefore, for all 
positive values of T(0) the two-stage feedback amplifier having the 
open-loop gain function of Equation 5.55 is always stable. 



Three-stage feedback amplifier 

Consider next a three-stage feedback amplifier having a purely 
resistive feedback network. We shall assume that its open-loop 
gain function is given by 

(]W) ~ (1 + j 10w)(l + jw)(l + j0-5to) (5 - 56) 

The denominator polynomial can be also expressed as 
1 + jll-5ca - 15 # 5o> 2 — j5o> 3 
Hence the phase angle of TQco) is 



, re x A — 5o> 3 \ 

^7Xjoj) — tan ^ j _ 15 . 5cu2 j 



This angle reaches the value of — 180° when 



that is, when co = 1.52. Therefore the phase crossover frequency 

F.CA.-15 
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w p equals 1*52 rad/sec. At this frequency TQa>) has the following 
magnitude 




which shows that the amplifier is stable provided T(0) is less than 
34-7. 

Next we note that, with three pole factors, the phase angle of 
T( jo>) is equal to — 270° at a> = oo ; accordingly the Nyquist locus 
goes through three quadrants as c o is increased from zero to infinity. 
The diagram of Fig. 5.14 shows the Nyquist loci for two different 
values of T( 0). When T(0) = 5 we see that the critical point 
( — 1,0) is not encircled by the Nyquist locus. The corresponding 
gain margin is 

201og 10 ^y? = 16-8 dB 



From Fig. 5.14 we also see that the phase margin is 65°. On the 
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other hand, when T( 0) = 40 we find that the resulting Nyquist locus 
does encircle the critical point (—1,0), and so the feedback circuit 
becomes unstable. In Fig. 5.14 only the high frequency portion 
of the Nyquist locus for T(0) = 40 is shown plotted. 

Let us next evaluate the effect of adding a zero factor to the open- 
loop gain function; thus 

TXjai) - r(o) (1 + j 10a i) ( i + >xi + j0 -5»i) 

The high frequency portion of the Nyquist locus of this open loop 
gain function is shown plotted in Fig. 5.15 when T( 0) = 40. In 
this diagram we have also included the corresponding high frequency 
portion of the Nyquist locus for the open-loop gain function without 
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the zero factor (1 + j2co). On examining these two loci we clearly 
see the stabilising influence of the added zero factor. At high 
frequencies, the zero factor has the combined effect of increasing 
the magnitude of the open-loop gain, and reducing the phase angle 
by introducing a phase advance into the open-loop frequency 
response. 



Conditional stability 

For our final example we shall consider the open-loop gain function 



re = m 



1 + 0-ljcu - (Ho) 2 

(1 + j<o)(l + ja> — CD 2 ) 



The denominator polynomial is equal to 

1 + j2cD — 2co 2 — jcD 3 

and so the phase angle of T( jco) is 

Z W = tan- 1 ( r ^l^) _ tan-i^ 
When this angle reaches the value of — 180° we have 



0*lo> 

1 - (Ha, 2 



1 -2u>* 



which simplifies as follows 



co 4 - I0w 2 +19 = 0 

This is a quadratic equation in c*> 2 and has the two positive roots 
& — 1*6 and w = 2*73 

Therefore, the open-loop gain function of Equation 5.57 has two 
crossover frequencies at co Pl = T6 rad/sec and oj Pi = 2*73 rad/sec. 
At oj = co Pl = 1*6 we see from Equation 5*57 that TQto) has a 
magnitude equal to 

\ m<x) II - TO # ~ 01 X 1>62 ) 2 + (0’ 1 X 1 ’ 6 ) 2 ] 1/2 

10 Pl)l ( ) (1 + l - 6 2 ) y z [(\ ~ 1 * 6 2 ) 2 + 1 - 6 2 ] 1 / 2 



At w = to P2 = 2*73 we find that r(ja/) has the magnitude 
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T(}oj P2 )\ — 



™ [(1 - o-l X 2-73 2 ) 2 + (0-1 X 2-73) 2 ]!/2 
( ' (1 + 2-73 2 ) 1/2 [(l - 2-73 2 ) 2 + 2-73 2 P 



m 

54-5 



We therefore deduce that if T(0) is less than 5-5, the Nyquist locus 
is as shown in Fig. 5.16 (a) and the amplifier is stable. If T( 0) is 
greater than 5-5 but less than 54*5, the Nyquist locus encloses the 



CRITICAL 




Fig. 5.16. Illustrating conditional stability associated with 



TQco) = T(0) 



J + O-ljai-O-lco 2 

( 1 + j^)(i + “ ^ 2 ) 



(a) T(0) = 4 , , (b) T{0) - 40, (c) Tip) - 80 



critical point ( — 1,0) as in Fig. 5.16 (b), and the amplifier becomes 
unstable. If T(0) is greater than 54*5, the Nyquist diagram assumes 
the form illustrated in Fig. 5.16 (c), which shows the amplifier to be 
stable. Hence a feedback amplifier having the open-loop gain 
function of Equation 5.57 is conditionally stable, and for stability 
we must have J(0) < 5*5 or else T( 0) > 54*5. 

The results of the above four examples concerning the stability 
performance of feedback amplifiers, and obtained from Nyquist 
locus consideration are, as to be expected, in perfect agreement 
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Fig. 5.17. Pole-zero patterns: (a) Non-minimum 
phase function , (b) All-pass function , (c) Minimum 
phase function 



with those which we deduced earlier when the same examples were 
investigated in Chapter 4 in terms of the root locus diagram. 



5.3 Gain-phase analysis 



5.3.1 MINIMUM PHASE TRANSFER FUNCTIONS 



In Section 4.1 (p. 168) we showed that if a transfer function is to 
correspond to a stable circuit, then all its poles must be restricted 
to the left half of the p-plane. We shall now discuss the effect of the 
location of zeros in the right half of the /7-plane. Consider a transfer 
function G^p) having the pole-zero pattern of Fig. 5.17 (a) where 
the poles at —Pi, — p 2 and — p 2 * are all located in the left half of the 
/?-plane, and the zeros at z l9 z 2 and z 3 * are all located in the right half. 
Then 



r / n x _ ( P - Zl)(P - z z)(p - V) 
1KP) (p+pj(p+pj(p+p**) 



(5.58) 
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GiOO = <?„(/>) • G(P) 


(5.59) 


where 


_ (p ~ Zy)(p - z 2 )(p - Z 2 *) 

° {P (P + Z])(P + Zi)(P + V) 


(5.60) 




r(rl ) _ (P + Zl )(P + Z2 )(P + V) 
KP) (P + Pl)(P + Pi)(P + Pi) 


(5.61) 



The transfer functions G 0 (p) and G(p) correspond to stable circuits 
and have the pole-zero patterns of Figs. 5.17 (b) and 5.17 (c) 
respectively. The sum of these two patterns is the same as the 
pole-zero pattern of Fig. 5.17 (a) when it is remembered that a pole 
and a zero located at the same point in the p-plane cancel each other. 

A transfer function whose zeros are the negatives of its poles is 
called an all-pass function. For stability, the poles must be located 
in the left half plane; hence, the zeros of an all-pass function are 
all located in the right half plane. From the pole-zero pattern of 
Fig. 5.17 (b) we see that G 0 (p) is an all-pass function. The factor 
(p — z^j(p + z x ) is termed a first order all-pass function and the 
factor (p - z ? ) [p — z 2 *)/(p + z 2 ) (/> + z 2 *) is called a second order 
all-pass function ; in each case the order refers to the number of 
poles. If, in Equation 5.60, we put p — jc o, we find that | G 0 Qoj) | = 1 . 
Therefore, an all-pass function has the property that, along the 
jw-axis, its magnitude is equal to unity for all values of cu. However, 
its phase angle is frequency dependent. Thus, the phase angle of 
the first order all-pass function (jo> — z x )/(jo> + z x ), for example, is 
equal to —*2 tan -1 ^^), which continuously decreases from 180° at 
zero frequency to zero degree at infinite frequency. 

Next, a transfer function that has all its poles and zeros located 
in the left half plane is called a minimum phase function. From the 
pole-zero pattern of Fig. 5.17 (c) we see that G(p) is a minimum 
phase function. Such a transfer function has the important pro- 
perty that, as we shall see later, its magnitude and phase angle 
characteristics are uniquely related to each other. Further, for a 
specified magnitude characteristic, it has the minimum phase lag 
possible. It is to be noted that a minimum phase function is per- 
mitted to have simple poles, and zeros of any order of multiplicity 
along the jco-axis. 

A minimum phase transfer function is permitted to have only 
simple poles along the jw-axis of the /7-plane because of stability 
considerations. As an illustration, consider the transfer function 

which has double poles at p = d=jw 0 along the jco-axis. Assuming 
that the excitation is a unit impulse, we find that the response 



This transfer function can be also expressed as follows 
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transform <f> 0 {p) is also equal to oj 0 2 /(p 2 + ^ 0 2 ) 2 * From pair no. 15 
of the Laplace transform pairs Table 2.1, we see that the response 
function <£ o (0 is 

<£o (0 — 5 —- (sin w ot — c °s 

2o) 0 

The amplitude of the resulting oscillations becomes infinitely large 
at t = oo. Therefore, a transfer function which has double, or 
higher order, poles along the jo>-axis is unstable. In other words, 
any poles of a stable transfer function which are located along the 
jcu-axis of the /7-plane must be simple. 

The product of an all-pass function and a minimum phase function 
is termed a non-minimum phase function , which is, therefore, charac- 
terised in having zeros in the right half plane. Thus, from the pole- 
zero pattern of Fig. 5.17 (a) we see that G^(p) is an example of a 
non-minimum phase function. Since | G 0 G^) | = 1 it follows that 
the non-minimum phase function G^to) and the minimum phase 
function G(jo>) have exactly the same magnitudes, but they differ 
in phase by an amount equal to the phase angle of the all-pass 
function G 0 (jw). Therefore, the magnitude and phase angle charac- 
teristics of a non-minimum phase function cannot be uniquely 
related to each other because the phase angle characteristic can be 
changed as desired by the addition of an all-pass function without 
affecting the magnitude characteristic at all. 

5.3.2 PHASE AREA THEOREM 

Let r(jw) denote the natural logarithm of a steady state transfer 
function G(jo>). Then, in terms of the magnitude and phase angle 
of G(jw), we can express T(ja>) as follows 

TQw) = log e G(jaO 

= A(«>) + (5.62) 

where 

A(a)) = logarithmic gain in nepers 

= log e |G(j<o)| (5.63) 

w) = phase angle in radians 

= / G(ja>) (5.64) 

Suppose that G(p) is a minimum phase function; then, it cannot 
vanish or become infinite in the right-half plane because it has no 
poles or zeros in this region. Therefore, the logarithm of G(p ), 
that is, V(p) is analytic in the right half plane. Since it is per- 
missible for G(p) to have simple poles, and zeros of any order along 
the /cj-axis, it follows that T(/?) can have logarithmic singularities 
along this axis. 



Let us integrate the function 

F(/ 7 ) loge G{p) 

P — j^c P ~ j^c 

round the contour C shown in Fig. 5.18. This contour has been 
indented to the right, not only round the point p = ]co c but also 
round any of the logarithmic singularities of r(/?) that may be 
found along the jw-axis. Then, by Cauchy’s theorem it follows that 
the integral round the contour C will be equal to zero. In the limit, 
when the radii of the various small semicircles are allowed to 
approach zero, we find that the logarithmic singularities will con- 
tribute nothing at all to the contour integral, f Therefore, we can 
use Equations 5.32 and 5.33 or Equations 5.36 and 5.37 to relate the 
gain and angle functions A(w) and B(aj). 

Let it be assumed that A(w) has finite values equal to ^4(0) and 
^ 4 (oo) at zero and infinite frequencies, respectively. This condition 
restricts the transfer function G(p) to have an equal number of 
poles and zeros. Then, noting that r(jco), A(a>) and B(o)) correspond 
to the functions /(jo»), x(cu) and y(w) considered in Section 5.1, we 
find from Equation 5.32 that 



t Suppose that T(p) has a logarithmic singularity at the point p = jco 0 as 
shown in Fig. 5.18. Then we can write 

G(p) = O — j^o )g(p) 

where g(p) is non-zero and analytic at p = jcu 0 . Therefore 

T(p) = loge GO) = loge O — j^o) + logegO) 

Integrating round the semicircular indentation (call it <g) of radius r and centre 
at p = j<»o, we get 

r O) dp = loge (p - j"o) dp + [loge £0)1 dp 

As the radius r is allowed to approach zero, we find that the second integral on 
the right hand side approaches zero too, and so it is sufficient to consider the 
first integral only. Along the semi-circle #, we have p — j^ 0 = rc i& and 
dp = jre^dtf. Thus, 

f loge (p — j« 0 ) dp = f loge (r o> 6 ) j r dd 

J tt/2 

f tt/ 2 rW2 „ 

= jr log. r J _ w/2 d # — »■ J _ n/2 0 

Now 

Limit r log e r — ► 0 

r— > 0 

Therefore, the contribution of a logarithmic singularity to the contour integral 
approaches zero as r approaches zero. 
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A(oj c ) = A(oo) -if" dw (5.65) 

When w c — 0, Equation 5.65 gives 

.4(0) = A(oo) -if” ® dcu (5.66) 

7T J — oo 

Since the phase angle B(a>) is as odd function of o>, it follows that 
B(oj)/w is an even function of w. Hence, 

f* (5.67) 

J -00 <0 Jo W 

In practice, it is found convenient to plot the gain and phase angle 
characteristics on a logarithmic frequency scale; thus, let us define 

--'Ms) <568) 

Then, we find that dw = dcojco. Also, u = — oo when w = 0 and 
u = oo when = oo. Therefore, combining Equations 5.66 to 5.68, 
we get 

dw = 3^(00) - ,4(0)] (5.69) 

This equation states that the area under the phase angle charac- 
teristic, plotted on a logarithmic frequency scale, is equal to 7 t/2 
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Feedback network with compensating inductor 
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Fig. 5 JO. Feedback network with inductor L removed from circuit 



times the difference between the infinite frequency and zero frequency 
values of the gain function A(co), and that it is independent of the 
way in which the gain function varies between these two limits. 
This is known as the phase area theorem . 

To illustrate this theorem, consider the T-network of Fig. 5.19 
which is the feedback network component of a shunt-shunt type of 
feedback amplifier. The internal amplifier component is assumed 
to consist of a cascade of three common emitter stages. The 
terminal 1 of Fig. 5.19 is connected to the base of the input transistor, 
and terminal 2 is connected to the collector of the output transistor. 
We shall assume that the resistors R 1 and R 2 are large compared 
to the input impedance of the internal amplifier and the load 
impedance, respectively. This is, in effect, equivalent to short- 
circuiting the input port of the feedback network and feeding its 
output port from a voltage source V 2 equal to the load voltage, 
as in Fig. 5.19. Then, the reverse short-circuit transfer admittance 
y 12 (joi) becomes a direct measure of the reverse transfer function 
/?(jo>) of the feedback network. From Fig. 5.19, we find that 

JiaO") = y 



— (*3 + i w L) 

*1*2 + (*1 + *2) (*3 + j «Z) 



If the inductor L is removed from circuit as in Fig. 5.20, we have 
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Jl 2 (0) = 

= Rjr 2 + + Rj (5 ‘ 71) 

Hence, the effect of inserting the inductor L in circuit can be expressed 
by 

eT ( M = y_ 4 H 

712(0) 

= n !^ tu + a, 0 (5.72) 

jco + mwi 

where 



m = 14 ^2 

+ + R 2 ) ) 

Evaluating the gain and phase angle functions, we get 



A( \ 1 [ 1 + ( to/oji ) 2 l 1 / 2 

A(o) - loge [) + Ylrnmfl 
B(w) = tan~ 1 (-'i - tan- 1 !'—) 



(5.75) 



These are shown plotted in Fig. 5.21 for three difference values of 
L . We see that at all frequencies, the phase angle is positive. 
Therefore, the effect of adding the inductor L to the feedback network 
is to introduce a phase advance into the open-loop frequency 
response. 

From Equation 5.74 we find that at zero frequency, .4(0) = 0 
and at infinite frequency 

^4(oo) = loge m (5.76) 

Therefore, the phase area theorem (that is Equation 5.69) gives 

Jla, ^ u ~\ I 0 ® 6 m (5.77) 

This result can be verified by direct integration of Equation 5.75. 

We thus see that the total area under the phase angle characteristic 
is independent of the inductor L. The effect of varying the inductor 
L is to shift the frequency at which the phase advance attains its 
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(b) 

0 

Fig. 5.21. Effects of inserting inductor L: (a) Gain 

characteristic , ( b ) Phase characteristic 

maximum value. Further, the larger the feedback resistor R 39 
the smaller the value of m and the smaller is the area of phase 
advance available for compensation. However, for given 
values of and jR 2 , the larger the feedback resistor i? 3 , the greater 
is the amount of feedback applied to the circuit in the useful fre- 
quency band. Therefore, as the applied feedback is increased, the 
available phase advance is reduced and it becomes more difficult to 
achieve stability with phase advance compensation in the feedback 
path. 





5.3.3 GAIN-SLOPE THEOREM 



The phase area theorem enables the calculation of the phase integral 
when the behaviour of the associated gain characteristic at zero and 
infinite frequencies is known. This theorem, however, gives no 
information whatsoever about the value of the phase angle at any 
specified frequency. In practice, it is often required to compute the 
phase angle characteristic from a knowledge of the gain characteristic 
over all frequencies. For this purpose, we can make use of Equation 
5.37 from which we deduce that the angle and gain functions are 
related as follows 




A(aS) — A(od c ) 

OJ OJ c 



duo 




CO — a> c 
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Replacing co with — co in the first integral of the second line of 
Equation 5.78 and changing the limits of integration accordingly, 
we obtain 



A((xi) — A(a) c ) 



A(— co) — A(oj c ) 



(- doj) 



= _ f °° A ( w ) — dot) ( 5. 79) 

Jo OJ + to c 

where we have used the relationship A( co) = A( — co), which states 
that the gain function is an even function of frequency. Sub- 
stituting the result of Equation 5.79 into Equation 5.78 we get 

2j (We) = _ I r^H-^K) daj + 1 f x ^)-A( ^i da) 

V 77 J 0 (O + O) 0 77 J 0 O) ~ W C 



= 2w c r« A(co) AM dat ( 5 . 80 ) 

IT J 0 CO® — <O c ® 

If we change to a logarithmic frequency scale by the use of Equation 
5.68 we find that Equation 5.80 modifies to 

f* ) j “ (581 > 

Integrating the right hand side of this equation by parts leads to the 

following resultj 

B( co c ) = -i J ^ l°Se (cothj-^jj d u (5.82) 

t On integrating by parts, we find from Equation 5.81 that 



B(w c .) = - ^[(^(") - loge (coth 



i/!oC^ )lOSe ( COth |) d “ 



Now coth m/2 = (e M + 1 )/(e u — 1); hence, when u — oo, coth «/ 2 — 1 and 
loge (coth m/2) — 0. Further, when m = — oo, coth u/2 — — 1 — ei" and so 
loge (coth m/2) = Also, A(co) — A( 0) when u = — co because this 
corresponds to <*> = 0. Therefore, the integrated part of the above equation 
reduces to j[/l(0) — y4(o) C )]. . . 

Next, for negative values of m, we note that coth m/2 is negative and its 
logarithm is complex; thus 



loge (coth “ j = loge (coth | 
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Fig. 5,22. Weighting factor 



This equation states that the phase angle at any particular frequency 
depends on the slope of the gain characteristic (plotted on a 
logarithmic frequency scale) at all frequencies. The relative 
importance of the gain-slope at different frequencies is determined 
by the weighting factor 

loge (cothl^h = loge - + — (5.83) 

\ \2\J CO CO<* 

This is shown plotted in Fig. 5.22 where we see that it becomes 
logarithmically infinite at co = w c . At frequencies high compared 
with co c the weighting factor approximates to 2co c /co, and at fre- 
quencies low compared with co c it approximates to 2co/co c . There- 
fore, the slope of the gain characteristic at a frequency lying close 



where u < 0 
Therefore 

IT— air^ l08e ( coth s) du = ar 5 * loge H 1 |?|) d “ 

W°- 

" i JI. loge (“* |i|) d “ + 

= l/-co dM^ l0ge ( C<>ttl l^l) i W( w «) “ 



where it is noted that o> = a> c at u — 0, and o) = 0 at u — — oo. 
Finally, combining the above results, we get Equation 5.82. 





PHASE ANGLE (DEGREES) GAIN (dB) 





Fig. 5.24. Semi-infinite constant slope: (a) Gain characteristic , {b) Phase 

angle characteristic 
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to co c , where the phase angle is being determined, has a much larger 
effect than the gain-slope at a more remote frequency. We thus 
find that the phase angle at w c is effectively determined by the 
slope of the gain characteristic in the frequency range extending 
from a> c /10 to I0a>o It is to be noted that the gain slope theorem 
defined by Equation 5.82 applies to all minimum phase transfer 
functions whether or not they have poles and zeros at infinite fre- 
quency. On the other hand, in the case of the phase area theorem, 
poles and zeros at infinity are excluded. 

5.3.4 examples 
Constant gain-slope 

This is the simplest possible gain characteristic and is shown plotted 
on a logarithmic frequency scale in Fig. 5.23 (a). The gain-slope 
is equal to k at all frequencies. Therefore, dA(a))jdu = k , and so 
Equation 5.82 becomes 

B(w c ) = £ J" loge (coth | j d u (5.84) 

The definite integral is known to be equal to tt 2 /2 so that 

B(a> c ) = ^ (5.85) 

Therefore, the phase angle is constant and independent of frequency 
as indicated in Fig. 5.23 (b). It is equal to 90° for a unit slope , 
that is, k = 1. A unit slope is equivalent to a change in A( w) by 
one neper per unit change of u. A unit change of u , in turn, corres- 
ponds to a change in frequency by the factor e — 2.718 and is 
therefore equal to l/log e 2 octaves. Since, one neper equals 8.69 dB, 
it follows that a unit slope is the same as 6 dB per octave. 

Semi-infinite slope 

For the second example, we shall consider the problem of evaluating 
the exact phase angle characteristic associated with the semi- 
infinite constant slope characteristic of Fig. 5.24 (a). The gain is 
zero up to w c = w 0 , beyond which it has a constant unit slope (i.e. 
6 dB per octave). Let 

* - iog> fe) 

then the gain is zero in the range below u c , and Equation 5.82 gives 
the phase angle at any frequency o> c to be 

F.C.A.-1 6 
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B(w c ) = J loge ^cothj^j j d u (5.86) 

This definite integral has been computed and tabulated by 
Thomas 1 for different values of co c . The results of the integration 
are shown plotted in Fig. 5.24 (b). 

If c o c is low compared to the corner frequency w 0 , we can show 
from Equation 5.86 that 

B(w c ) ~ ^ (co c < o, 0 ) (5.87) 

7TOJq 

which states that, at low frequencies, the phase angle of the semi- 
infinite constant slope characteristic of Fig. 5.24 (a) varies practi- 
cally in a linear manner with frequency. In the general case of a 
semi-infinite characteristic of slope equal to k dB per octave 
we have 

B(w c ) ~ — c (w e < o 0 ) (5.88) 

rroj Q 



5.4 Ideal loop gain characteristic 

5.4.1 CONSTANT PHASE CUT OFF 

Up till now, we have considered evaluating the minimum phase 
angle characteristic associated with a gain characteristic specified 




Fig. 5.25. Constant phase cut off characteristic 
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throughout the complete frequency range from zero to infinity. 
It is also possible to specify the gain function in one frequency range 
and the phase angle function for all other frequencies outside this 
range. Let us thus assume that the gain is specified to be constant 
at a level equal to A 0 nepers up to a frequency of o> 0 , and from a> 0 
upwards the phase angle is specified to be constant at a level equal 
to — X7 r radians. Then, the problem is that of evaluating the gain 
for all frequencies greater than ou 0 and the phase angle for frequencies 
less than oj q . This problem has been solved by Bode 2 and the result 
is that when <o c < o> 0 , we have 

A(oj c ) = Aq 

B(a> c ) = — 2x shr 1 ^^ 
and when w c > 

B(a> c ) — — Xtt 

Fig. 5.25 shows A(a> c ) and B(co c ) plotted for the case of A 0 = 3*46 
nepers = 30 dB and x = 5/6. We shall refer to this characteristic 
as the constant phase cut off characteristic. 

When the frequency tu c becomes large compared with o) 0 we 
find from Equation 5.90 that the gain approximates to 

A(o) c ) ~ A 0 ~ 2x loge fac > oj 0 ) (5.91) 

Therefore, at high frequencies, the gain decreases asymptotically 
at the rate of — 12jc dB/octave. If this asymptote is extended to 
the left, it intersects the flat portion of the gain characteristic at 
a> 0 /2, as can be deduced by setting A(co c ) = A 0 in Equation 5.91. 
We thus see that the gain characteristic of Fig. 5.25 bears a resem- 
blance to the semi-infinite constant slope characteristic except that 
the flat portion extends one octave higher in frequency. 

Further, the high frequency asymptote cuts a vertical line drawn 
through the frequency co 0 at a point located below the horizontal 
line A 0 by an amount equal to 2x log e 2 nepers, that is, 12x dB. 
This can be confirmed by putting co c — a ) 0 in Equation 5.91. 

5.4.2 bode’s ideal loop gain characteristic 

In the practical design of feedback amplifiers, the requirements are 
usually for a specified constant open-loop gain throughout the useful 
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Fig. 5.26. Illustrating effect of final asymptote on gain and 
phase characteristics 



frequency band and for specified gain and phase margins. These 
design requirements can be satisfied simultaneously if it were possible 
to realise a constant phase cut off type of characteristic for the 
open-loop frequency response, that is, if A(a>) — log e | Tfjo.) | and 
= /_ T(]cj) have the characteristics shown in Fig. 5.25. Then, 
the constant phase base can be set at an angle of — xn radians thereby 
providing a constant phase margin of (1 — xfir radians, where 
x < 1. Also, the flat portion of the gain characteristic, extending 
up to oj 0 , provides a constant open-loop gain throughout the useful 
frequency band. 

In practice, however, the open-loop frequency response can be 
shaped to follow the constant phase cut off characteristic only 
up to a certain frequency for the following reason. If the open-loop 
gain function T(jp ) has m zeros and n poles, then it follows that 
as the frequency approaches infinity, we have 

Limit r Qco) = H^-4- = H- (jw)-<»-m) (5.92) 

where H is a scale factor. On a logarithmic frequency scale, 
Equation 5.92 represents a straight line, referred to as the final 
asymptote , with a slope equal to — 6 (n — m) dB per octave. Since, 
the logarithmic gain of a common cathode or common emitter 
stage falls off ultimately at the rate of — 6 dB per octave it is clearly 
impossible for ( n — m) to be less than the number of valves or 
transistors that make up the internal amplifier component of the 
feedback circuit. Further, in negative feedback amplifiers where 
there is likelihood of instability occurring we find that the slope of the 



final asymptote is greater in absolute value than that of the constant 
phase cut off characteristic, that is, 6 (n — m) > 12*. Therefore, 
the constant phase cut off can be realised only up to the frequency 
where it intersects the final asymptote, as shown illustrated in 
Fig. 5.26 (a) for the practical case of n — m = 3 and * = 5/6. 

The effect of the final asymptote can be taken into account by 
adding, to the constant phase cut off characteristic, a semi-infinite 
constant slope characteristic of a slope equal to — 6(n — m — 2* ) 

> dB per octave and a corner frequency equal to the intersection 
frequency. This added semi-infinite characteristic modifies the 
total phase angle to the form shown in Fig. 5.26 (b), where we see 
that the much desired constant phase feature has been completely 
destroyed. However, we can counteract this effect, at least within a 
limited frequency range, by introducing a minor transition region 
in the form of a horizontal step between the constant phase cut off 
slope and the final asymptote as shown in Fig. 5.27 (a). The 
horizontal step is located below the zero dB line by an amount 
equal to thfe specified gain margin. The design then becomes 
complete once the frequency to b is determined. 

The characteristic of Fig. 5.27 (a) can be resolved into the sum of 
a constant phase cut off characteristic extending to infinity and two 
semi-infinite constant slope characteristics, one of which starts at 
the frequency and has a positive slope of 12* dB per octave, 
and the other starts at coa and has a negative slope equal to that of 
the final asymptote, that is — 6 (« — m) dB per octave. From 
Equation 5.88 we deduce that, at low frequencies, the phase angle 
of the first semi-infinite asymptote is equal to Axo^d^b radians, 




We 

tOo 



Fig. 5.27. Bode* s ideal loop gain characteristic 
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and the phase angle of the second one is equal to — 2{n — 
radians. These two phase angles can be made to cancel each other 
provided that we choose 



o>& 



2xo>d 
n — m 



(5.93) 



Then, at low frequencies, the total phase angle associated with the 
gain characteristic of Fig. 5.27 (a) becomes practically the same 
as that obtained from a constant phase cut off characteristic. For 
the case of x — 5/6 and n — m = 3, the complete phase angle 
characteristic is as shown in Fig. 5.27 (b). The gain characteristic 
of Fig. 5.27 (a) is known as Bode's ideal loop gain characteristic . 

In the examples considered in the next chapter, we shall illustrate 
how the above characteristic can be used in the practical design of 
feedback amplifiers. 



5.5 An approximate evaluation of the principal oscillatory mode of the 
closed-loop transient response from the open-loop frequency response 

In a great majority of feedback amplifiers the closed-loop transient 
response is dominated by the principal oscillatory mode which is 
due to a pair of closed-loop poles nearest the jco-axis of the p-plane 
(see Section 4.7). The closer these two poles move to the jo> axis 
the smaller will be the resulting stability margins of the open-loop 




W (W 

Fig. 5.28 . (a) A pair of dominant closed-loop poles in the 

p-plane, ( b ) The two roots of 1 + 7\(A) — 0 located on the 
imaginary axis of the X-plane 
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frequency response. This relationship between the principal 
oscillatory mode of the closed-loop transient response and the 
stability margins of the open-loop frequency response can be put 
on to a quantitative basis by examining the Nyquist locus around the 
critical point (— 1,0). 

Consider Fig. 5.28 (a) showing a pair of dominant closed-loop 
poles at p = <j n ± jcu n , with the remaining poles located far out to 
the left in the p-plane. The closed-loop poles are the same as the 
roots of F(p) = 1 + T(p) = 0 where T(p) is the open-loop gain 
function of the feedback amplifier. Further, let the open-loop 
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Fig. 5.29. Curve ( a ) is the Nyquist plot of T(]co), 
Curve (b) is the Nyquist plot of T(o n + joj) 



frequency response of the amplifier be represented by the Nyquist 
locus (a), Fig. 5.29, which is obtained by putting p = }a> and then 
plotting r(jo>), with oj varying from zero up to infinity. If, next, 
we put p = a n + A, where A is a new complex variable, we obtain 
T x ( A) = T(a n + A). Then we find that 1 + 7\(A) = 0 has a pair 
of roots at A = ± ya) n along the imaginary axis of the A-plane, 
as in Fig. 5.28 (b). Accordingly, if A is put equal to jo>, and a Nyquist 
locus of TiQco) = T(o n + yoj) is plotted, we see that this locus just 
passes through the critical point ( — 1,0), as shown by curve (b) in 
Fig. 5.29. The frequency at which this occurs is equal to the 
oscillation frequency a> n of the principal oscillatory mode. In 
other words it is required to determine the values of o n and oj n 
which satisfy the equation 1 + T{a n + j oj n ) = 0. 

Expressing the open-loop gain function in its logarithmic form, 
we have 



loge T(p) = loge T(o + j«) 

= A(ct,oj) + j B(a, a >) 



(5.94) 
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where A(v,a>) is the open-loop gain in nepers and B(a,o)) is the open- 
loop phase in radians, both being functions of a as well as o>. 
Suppose that ct and co are allowed to change by the small amounts 
8cr and 8o>, respectively. Then to a first order of approximation, 
we find from the total differential theorem that the corresponding 
changes SA and SB in the values of A(g,o)) and B{ ct , w ), respectively, 
are given by 

8,4 = ^ 8(7 + ^ So, ) 

* ^ (5.95) 

85 = ^ 8<r + ^ Sa> ) 

The logarithmic function log e T(p) is, however, analytic in the region 
surrounding the critical point ( — 1,0) in the J-plane; therefore, 
the functions A(a,a>) and 5(cr,co) must satisfy the Cauchy-Riemann 
Equations 5.3 where the functions x(a,o>) and y(o,a>) correspond to 
A(<t,co) and 5(cr,a>), respectively. Therefore 



^A = 'bB 

7)cr 7)0) ) 

Eliminating 7)A/7)a and 7)B/7)a between these relations and Equations 
5.95, we get 

8^ = 8(x + ^ 8o> ) 

00) oa> 

(5.97) 

85 = - Sct + ^ 8oo 

Let us apply these generalised results to the case of Fig. 5.29 
when we shift from the point P (where a = 0, o) — o) g ) to the 
point Q (where ct = cr n , o) = o) n ). We thus have Sct = a n and 
So) = o) n — o) g , where o) g is the gain crossover frequency. In 
Fig. 5.29 we see that the points P and Q are both unit distance 
from the origin; hence, the function T(p ) does not change in 
magnitude, that is, 8,4 = 0. We also see that the phase angle of 
T(p) changes by the amount SB tt — ( — tt + <f>m) = — <f>m> 
where <t> m is the phase margin in radians. Substituting these changes 
into Equations 5.97, we get 

S'" + 5^ <"*-"«) \ 

~ ~ ~ n + iZ (co ” - J 
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The derivatives 7)Aj7 ) oj and 7)B/7)o) are equal to the rates of change 
of the open-loop gain and phase with frequency, respectively, both 
being measured at the gain crossover frequency to ff . Putting 
Sa = 'bA/Do) and Sb = 7)B/7) oj, and then solving Equations 5.98 for 
ct m and o ) n , we get 



<r n = 



Sa <f>m 
Sa 2 + Sb* 



(5.99) 



<*>n = <*>a “ 



Sa 2 + Sb 2 



(5.100) 



In a stable feedback amplifier all the closed-loop poles are located in 
the left half of the /?- plane; therefore, the parameter a n must 
necessarily have a negative value. This, in turn, requires the 
product term Sa <f>m to be always negative. Further, in Equation 
5.99 we see that the absolute value of a n decreases with decreasing 
<£ w . In other words, the smaller the phase margin, the nearer will 
the dominant closed-loop poles move to the j co-axis and the greater 
will be the overshoot exhibited by the resulting closed-loop transient 
response. 

It must be emphasised that, when using Equations 5.99 and 5.100, 
greater accuracy is obtained for highly oscillatory feedback ampli- 
fiers for which the Nyquist locust passes close to the critical point 
( — 1,0). This, of course, is to be expected because Equations 5.95, 
which are the results of first order approximation, are then reason- 
ably well justified. For damping ratios less than 0*5, the accuracy 
can be of the order of 30 per cent, or better. 

If at the unity-gain point P the Nyquist locus is nearly tangential 
to the radius OP, a case which arises when, for example, the open- 
loop frequency response of the feedback amplifier has been shaped to 
follow Bode’s ideal loop gain characteristic, then the phase slope Sb 
is small (or zero) compared to the gain slop Sa. For such a feedback 
amplifier we find from Equations 5.99 and 5.100 that 



G n 




(5.101) 



and that the frequency of oscillation o) n of the principal oscillatory 
mode is very nearly equal to the gain crossover frequency o) g . 

It is also possible to relate the open- and closed-loop responses 
of a feedback amplifier by considering the — 180° phase point R 
on the Nyquist locusf . Then as we move from the point R to point 
Q, the loop gain changes by an amount 8A equal to the gain margin 
in nepers. The phase change SB is zero because both points Q and 
R lie on the imaginary axis of the T-plane. Using these results in 



t See J. C. West and J. Potts* 
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(a) (b) 

Fig. 5.30. Graphical construction for evaluating the principal oscillatory mode 
of closed-loop transient response: (a) p -plane, ( b ) T-plane 



Equations 5.97, we can then solve for the parameters a n and <o n 
of the principal oscillatory mode in terms of the gain margin, phase 
crossover frequency co p , and gain and phase slopes measured at 
oj = c op. However, in general, the results of this evaluation are 
less accurate than those of Equations 5.99 and 5.100 based on the 
phase margin concept. 



5.5.1 A GRAPHICAL METHOD FOR EVALUATING THE 
PRINCIPAL OSCILLATORY MODE 

The parameters of the principal oscillatory mode can be also 
evaluated by applying a graphical technique due to J. C. West, 4 * 5 
which uses the frequency scale on the Nyquist locus to construct an 
orthogonal diagram such that the T-plane becomes a conformal 
transformation of the p-plane. In a conformal transformation any 
small geometrical figure in the p-plane is transformed into a similar 
figure in the T-plane with the angles of intersection and the approxi- 
mate geometrical shapes being preserved as we go from one plane 
to the other. Accordingly, we find that a set of small equilateral 
triangles based on the jco-axis of the p- plane, as in Fig. 5.30 (a), 
is transformed, in the T-plane, into a corresponding set of curvilinear 
triangles based on the Nyquist locus. If, however, the elementary 
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triangles in the p-plane are chosen small enough, then the corres- 
ponding curvilinear triangles in the T-plane can be approximated 
with straight sided triangles, as in Fig. 5.30 (b). 

To determine the principal oscillatory mode, we first select on the 
Nyquist locus a number of points which represent equal increments 
8o> of frequency starting from (or close to) the gain crossover 
frequency oj 9 . The successive points are joined together by straight 
lines, and on each line as base an equilateral triangle is constructed. 
Then the apices of successive triangles are connected with a new set of 
straight lines, and the process is continued till the graphical construc- 
tion crosses the real axis of the T-plane. 

The curves drawn through the apices of successive rows of 
triangles represent loci for which o changes at increments of 
— &o*sin 60° = — 0*866Sa>. The number of such increments 
lying between the Nyquist locus and the critical point ( — 1,0) is 
equal to the real co-ordinate cr n of the dominant closed-loop poles. 
To determine the imaginary co-ordinate a> n of these poles, we 
construct a line to pass through the critical point ( — 1,0) and at 
right angles to the constant <j loci; the frequency at which this line 
intersects the Nyquist locus equals a >». Provided the frequency 
increment Scj is chosen sufficiently small then, at the expense of a 
greater constructional effort, it is possible to achieve fairly accurate 
results with this graphical method. 

PROBLEMS 

1. By applying Nyquist’s criterion, determine whether the 
feedback circuits represented by the following open-loop gain 
functions are stable or not : 

20 

(a) TQo>) = (1 + j5co) (1 + j6u) (i + jto/5) 

(b) TQw) = (1 + j 10co) (1 _ co 2 + j (U ) 

2. For the open-loop gain function of Problem 2, Chapter 4, 
calculate by means of Nyquist’s criterion the range of values 
of T( 0) for which the amplifier is unstable. 

3. A three-stage amplifier has the open-loop gain function 

w-a+fb 

where co 0 = 10 8 rad/sec is the angular cut off frequency of each 
of the individual stages. Sketch the Nyquist locus and show 
that the amplifier is stable. 
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What is the value of 7(0) necessary for sustained oscillations, 
and what is the corresponding frequency of oscillation? 

4. A compensating network is added to the three-stage amplifier 
of Problem 3 modifying its open-loop gain function to 




If 7( 0) = 20, determine the gain margin in dB and the phase 
cross over frequency. 

5. A single-loop feedback amplifier involves three stages having 
angular cut off frequencies of 10 6 , 2 X 10 6 and 4 x 10 6 
rad/sec. The low frequency open-loop gain has a value of 
40 dB. 

Construct Bode’s ideal loop gain characteristic so as to 
realise a phase margin of 45° and a gain margin of 12 dB. 
Hence determine the loss characteristic of the interstage 
compensating network required for addition to the internal 
amplifier component. 

Plot the Nyquist locus for the compensated amplifier, and 
then using West’s graphical technique determine approximate 
values for the co-ordinates of the principal oscillatory mode 
of the resulting closed-loop transient response. 

6. Negative feedback is applied to a synchronously tuned three- 
stage amplifier resulting in the following open-loop gain 
function: 






c 




where c is a constant equal to the value of the open-loop gain 
at the resonance frequency <u r . Sketch the Nyquist locus for 
this amplifier and determine (a) the phase crossover frequencies, 
(b) the critical value of c for which the amplifier is on the verge 
of instability. 

7. The feedback loop of a linear circuit consists of an amplifier 
and a lossless transmission line of fixed delay r. The open-loop 
gain function of the circuit is 



T{ jo.) = 7(0) 



e -joJ T 

1 + jcu /w 0 



Discuss the effect of the delay factor e"J" r on the Nyquist 
locus, and show that the circuit oscillates at an angular 
frequency o> given by 



oo = — cx) 0 tan (out) 
provided at this frequency 

7X0) = — — 

7 COS OUT 

Hence demonstrate that an infinity of values for is possible. 

8. In a certain application it is required to establish that a 
negative feedback amplifier is not only stable but also that its 
dominant closed-loop poles have a real part more negative 
than a specified real number — cr 0 . Show that such a require- 
ment can be investigated by applying Nyquist’s criterion to 
the modified function 7(jx) which is obtained from the open- 
loop gain function 7(jcu) by substituting jcu = jx — a 0 . Hence, 
establish whether or not the dominant closed-loop poles of a 
negative feedback circuit with 



r(ja,) 1 + 3(jco) + 2Go>) 2 + G") 3 
have a real part more negative than —0*5. 
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CHAPTER 6 



Design of Compensating 
Networks 



In Chapter 3 we saw that a large value of open-loop gain is required 
in order to appreciably reduce harmonic distortion, sensitivity of 
gain to parameter variations, etc., and so improve the circuit 
performance of a negative feedback amplifier. On the other hand, in 
Chapters 4 and 5 we saw that it is possible for a feedback amplifier 
having a large open-loop gain to become unstable. The designer of 
a feedback amplifier is therefore faced with the difficult problem of 
having to realise a large open-loop open gain inside the useful 
frequency band and yet having to guard against instability with 
satisfactory margins. In order to achieve these two conflicting 
objectives it is necessary to suitably shape the open-loop frequency 
response, outside the useful band, by adding compensating circuit 
elements to the feedback network or the internal amplifier component 



R, R 2 




Fig . 6.1 . Shunt-shunt feedback amplifier 
with phase advancing feedback network 
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or both. In this chapter we shall consider these two methods of 
stabilisation. 



6.1 Compensation in the feedback path 

The stability performance of a feedback amplifier can be improved by 
introducing a phase advance into the open-loop frequency response 
so as to partially counteract the phase lag associated with the 
frequency response of the internal amplifier at high frequencies. 
As an example consider the shunt-shunt feedback amplifier of Fig. 
6.1. In Section 5.3 we showed that the effect of adding the inductor 
L to the feedback network is to multiply the uncompensated open- 
loop gain function by the following transfer function 





G(jto) = ^( j " + -0 
Jco + mm 1 


(6.1) 


where 


II 

3 


(6.2) 




i i -^1^2 

m ~ 1 + R 3 (Ri + Rd 


(6.3) 



With joi = p we obtain the pole-zero pattern of Fig. 6.2 for the 
transfer function G(j>) which has a real zero at p = — m and a real 



p-PUNE 


jco 




cr 


-mwi -2>t 





Fig. 6.2. Pole-zero pattern for feedback network of Fig. 6.1 

pole at p — — mm- The parameter m is necessarily greater than 
unity; hence the pole is located to the left of the zero. 

From Equation 6.1 we deduce that the gain A '(oj) in dB and the 
phase angle B(ui) in radians are given by, respectively 



A'(f>) — 201og 10 |G(jV)| 



= 10 




1 -f (atjoiif 
1 + (ojjmon) 2 



(6.4) 





The gain characteristic can be approximated by three line segments, 
as in Fig. 6.3 (a). The phase angle, shown plotted in Fig. 6.3 (b), 





CO-l/FtT LOGjq w 

Fig. 6.3. (a) Approximate gain characteristic , ( b ) Phase characteristic 

reaches a maximum value B m at an angular frequency o) m equal to 
the geometric mean of the two corner frequencies on and mwi 
that is, 

(x) m = oixy/ m ( 6 . 6 ) 

At o) — w m , we have from Equation 6.5 

which can also be expressed in the following equivalent form 




The corresponding value A m of the gain function is obtained from 
Equation 6.4 to be 






(6.9) 
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The gain function A'(oi) attains its maximum value of 20 log 10 m at 
infinite frequency. Therefore, the maximum values of both A f (oi) 
and 5(<y) are independent of the compensating inductor L . 

It is important to note that as the open-loop gain is increased in 
magnitude, the feedback resistor R z becomes smaller for fixed values 
of R x and i? 2 , the parameter m decreases tending to approach unity, 
and accordingly the maximum phase advance B m decreases. 

The compensating inductor L is chosen such that the angular 
frequency a of maximum phase advance coincides with the gain 
crossover frequency w g at which the uncompensated open-loop gain 
drops to zero dB. Then from Equations 6.2 and 6.6 we find 



L = 



BW/n 



( 6 . 10 ) 



In a practical design problem the elements R u R 2 and R 3 of the 
feedback network are first evaluated, in the manner described in 
Section 3.8.5, so as to realise a specified value for the open-loop gain 
in the useful frequency band of the amplifier. Next, the gain and 
phase characteristics of the uncompensated open-loop response are 
plotted, and the gain crossover frequency w g is located. Then, 
Equations 6.3 and 6.10 are used to evaluate the compensating 
inductor L , and the stability performance of the compensated 




system is assessed by examining the open-loop response that results 
from adding the gain and phase characteristics, as calculated from 
Equations 6.4 and 6.5, to the uncompensated open-loop gain and 
phase response, respectively. 

Another way of introducing phase advance into the open-loop 
response of a feedback amplifier is by adding two capacitors in 
parallel with the feedback resistors R 1 and R 2 , as in Fig. 6.4. In this 
case it is convenient to choose C x and C 2 such that 

C X R X = C 2 R 2 = — (6.11) 

0>c 

Then analysis of the feedback network of Fig. 6.4 shows that its 
reverse short-circuit transfer admittance y x /j>) has a double zero at 

F.C.A.-17 
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p = _ i/co c and a simple pole at p = — tnw e where the parameter m 
is as defined in Equation 6.3. At high frequencies the feedback 
network of Fig. 6.4 can produce quite an appreciable loading effect. 
In the case of a transistor amplifier the loading effect at the output 
port is greater than that at the input port, and it can be taken into 
account by adding a pole at p = — 1 IC^Rl to the compensated 
open-loop gain function; Rl is the load resistance. Therefore, as a 
result of adding the capacitors C x and C a to the feedback network of 




Fig. 6.5. Pole-zero pattern of Equation 6.12 



Fig. 6.4, the uncompensated open-loop gain function becomes 
multiplied by a transfer function having the pole-zero pattern of 
Fig. 6.5 and given by 



G(p) = 



(l 4- phcf 

(1 + pjmojc) (1 + pC 2 Rl) 



( 6 . 12 ) 



6.2 Compensation in the forward path 

Another widely used method of shaping the open-loop frequency 
response of a feedback amplifier is to modify its internal amplifier 
component. This can be achieved by applying local feedback to the 
particular stage which has the largest cut off frequency, thereby 
increasing the threshold open-loop gain, as discussed in Section 4.4 




(a.) (b) 

Fig. 6.6. (a) Pentode stage with RC-shaping network , (b) Equivalent circuit 



DESIGN OF COMPENSATING NETWORKS 



251 



p-PLANE 



“TU *>0 — CO | 



Fig. 6.7. Pole-zero pattern of pentode stage of Fig. 6.6 (a) 

(p. 174). Alternatively, the open-loop response can be shaped by 
means of interstage networks. We shall illustrate the design of such 
networks by considering two examples, one involving valves and the 
other involving transistors. 

6.2.1 THE RC-INTERSTAGE NETWORK 

Consider the pentode stage of Fig. 6.6 (a) where Rl is the load 
resistance, C 0 is the total shunt capacitance, and the elements R , C 
have been added for the purpose of stabilisation. The voltage gain 
function of this stage can be calculated from the equivalent circuit 
of Fig. 6.6 (b); thus 

V — ~SmV 1 sr i 

2 (1 /Rl) + pC 0 + pC/( 1 + P CR) 

Let 

oj Q = uncompensated stage cut off frequency 

- ok < 614) 

1 /Z' 1 z-\ 



Then in terms of cu 0 and we can re-write Equation 6.13 as follows 

V* = --gmRLOJ^p + ^i) / 6 16 x 

V\ p 2 T~ pi^o H - w i H“ CR£) ~h <*>0 W 1 

Expressing the denominator polynomial as the product of two real 
pole factors, we get 

Yl ? __ gmRL“>o(p + ^l) /C 1 7 >v 

Vi (P + nw 0 )(p + ajjn) y J 



(X>1 

w o + w i + CRl = nc °o + “ 



where 



(6.18) 
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LOG to CO 



Fig. 6.8. Approximate gain characteristic of pentode stage of Fig. 6.6 (a) 

Therefore, the pole-zero pattern of the pentode stage of Fig. 6.6 (a) is 
as shown in Fig. 6.7. In the absence of the compensating elements 
R and C, the voltage gain function* of the stage has a pole at 
p = — ai 0 . We thus see that the effect of adding the elements R and 
C has been to move the pole originally associated with the stage. 
Further if we put p = jtu in Equation 6.17 we find that the gain 
characteristic of the stage of Fig. 6.6 (a) can be approximated by four 
straight line segments as in Fig. 6.8. The dashed portion of this 
diagram represents the approximation to the gain characteristic of 
the stage without the elements R and C. 

We shall regard the quantities o , 1 and rt as design parameters, in 
terms of which we find from Equation 6.18 that the compensating 
element C is given by 




Then Equation 6.15 gives the element R to be 

R = ( 6 - 2 °) 

oj x C 

Example 

To illustrate the procedure for evaluating the parameters w 1 and n 
let it be supposed that the internal amplifier consists of a cascade of 
three identical pentodes with two RC - interstage shaping networks, as 
shown in Fig. 6.9. The last stage has a voltage gain function equal 
to — gmRL<*>ol(p + ^o)> whereas that of each of the first two stages is 
given by Equation 6.17. Hence we deduce that the overall voltage 
gain K(p) of the internal amplifier is equal to 
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_ (-gmRLUq) 3 (p + “l) 2 

w (p + w 0 ) ip + no, o) a ( P + * ojny 



( 6 . 21 ) 



If we choose o) x equal to the uncompensated stage cut off frequency 
a> 0 , a pole-zero cancellation takes place and Equation 6.21 simplifies 
to 



( gmRLQ,(t) Z (j> + to 0 ) 

W (P + nu> 0 ) 2 (p + wjnf 



( 6 . 22 ) 



Further, if we assume that the feedback network is purely resistive 
and that it presents negligible loading to the internal amplifier, then 




Fig. 6.9. Three-stage pentode valve amplifier with two RC-shaping networks 



we find that the reverse transfer function /S (p) of the feedback 
network is purely real and equal to |S, and the resulting open-loop 
gain function T{p) = fi(p)K(p) is given by 



Tin) = w 0 3 r(°) (p + w„) 

( [p + no , 0 ) a O + ojjn ) 2 



(6.23) 



where T(0) = — \ 8g m z Ri? is the low frequency valve of the open-loop 
gain. The open-loop pole-zero pattern corresponding to Equation 
6.23 is shown in Fig. 6.10, where we see that T(p) has a simple zero 
at p = — o, 0 and a double pole at each of p = — nco 0 and 
p = — oi 0 /n. 

Suppose next the design requirements are for low frequency 
open-loop gain (in dB) = 20 log 10 T( 0) = 30 dB (that is T(0) = 31-6) 




Fig. 6.10. Pole-zero pattern of Equation 6.23 
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Phase Margin > 30° 

Gain Margin > 10 dB 

Then noting that the uncompensated open-loop gain function is 
equal to T(0) (1 + jtu/a> 0 ) _s and following the procedure described in 
Section 5.4.2 we can construct Bode’s ideal loop gain characteristic 
shown in Fig. 6.11. After a few trials it is found that this charac- 
teristic can be approximated reasonably closely by four straight line 
segments corresponding to the open-loop gain function of Equation 
6.23 with p — jcu and the parameter n = 5. 

Assuming that 



Rl = 10 kn 
c, = 4 pF 

we find from Equation 6.14 that 



O) 0 



1 

4 x 10- 12 x 10 4 



= 25 x 10® rad/sec 



Remembering that cuj was chosen equal to cu 0 , and using the value 
n = 5 deduced from Fig. 6.11 we find from Equations 6.19 and 6.20 
that the elements C and R of the compensating interstage networks of 
Fig. 6.8 have the following values 

i \ 

~ 10 4 \25 x 10® 5 X 25 X 10®/ 

= 12-8 x 10- 12 F = 12-8 pF 

R I 

* ~ 25 x 10® X 12-8 X 10- 12 
= 3-12 X 10 3 £1 = 3T2 k£2 



Compensated open-loop frequency response 

Let us next evaluate the gain and phase margins actually realised 
by the compensated amplifier with T(0) = 31*6. Putting p == jo> 
and n = 5 in Equation 6.23 we get 



rpf \ _ 31-6o) 0 8 (ju> + tO„) 

U ' (jw + 5w 0 fQw + wJ5y 

31-6(1 + jcu/co 0 ) 

(1 + jco/5co 0 ) 2 (1 + j5cu/o> 0 ) 2 



(6.24) 




Fig. 6.11. Construction of Bode's ideal loop gain characteristic 

The gain and phase characteristics for each of the zero and pole 
factors of this expression are shown plotted in Fig. 6.12, these 
characteristics have been obtained as follows. The factor 
(1 + W^o) h as a corner frequency ct> 0 and leads to the gain and 
phase curves labelled a which are of the same form as those of Fig. 
2.28, but inverted ; this is because (1 + j o>/co 0 ) is a zero factor whereas 
the characteristics of Fig. 2.28 apply to a pole factor. Next, the pole 
factor (1 + jai/5co 0 ) 2 is of order 2 and has a corner frequency of 
5o) 0 ; therefore, to obtain its contribution we shift the actual gain and 
phase characteristics of Fig. 2.28 along the frequency scale such that 
the 3 dB point occurs at the comer frequency 5o> 0 , then multiply each 
characteristic by 2 which is the order of the factor (1 + ja>/5aj 0 ) 2 . 
We thus obtain curves b of Fig. 6.12. Similarly, the second order 
pole factor (1 + j5co/co 0 ) 2 has a corner frequency at co 0 /5 and leads to 
curves c. Finally the scale factor T( 0) = 31-6 contributes a constant 
gain of 20 log 10 31*6 = 30 dB and a constant phase angle of 0°. 
Adding these contributions to curves a, b and c of Fig. 6.12 we 
obtain the total gain and phase characteristics of Fig. 6.13 for the 
open-loop gain function of Equation 6.24. Therefore, the gain and 
phase margins of the compensated amplifier are 15 dB and 39° 
respectively; these margins are both greater than the required values 
of 10 dB and 30°, thereby satisfying the design specifications. 



Closed-loop response 

To complete the design problem we shall determine the closed-loop 
response by constructing the root locus diagram. Putting n = 5 in 
Equation 6.23, we have 



7Y„\ _ «J 0 3 r(Q) {p + qj 0 ) 

W (J> + 5co 0 ) 2 (p + 0-2oi 0 ) 2 



(6.25) 












PHASE ANGLE (Df 




Fig. 6.12. (a) Gain-frequency characteristics , ( b ) Phase angle-frequency 

characteristic 




Fig. 6.13 . Open-loop response of compensated amplifier 
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This open-loop gain function has one zero and four poles; hence the 
root locus diagram has three asymptotes making angles of —60°, 
— 180° and +60° with the cr-axis of the p-plane. From Equation 
4.60 we find that the asymptotes intersect alrthe point p = a 0 where 



*0 



—2 X 5oj 0 — 2 X O*2o> 0 + a>o 
4- 1 



= - 3T3o> 0 

There are four root loci, equal to the'number of the open-loop poles; 
one root locus terminates on the open-loop zero at p = — <o 0 , and 
the remaining three terminate at infinity. With the aid of rule No. 5 
(p. 179), we can then construct the root locus diagram, as in Fig. 6.14. 
Here we see that when T(0) assumes the design value of 31.6, the 
closed-loop poles are at 

p = — l*86cu 0 

p = — 7-02w 0 
p — — O*76o) 0 ± j 1 *39o> 0 

Assuming that the direct transmittance from the source to the 
load is negligible, we find that with a purely resistive feedback 
network we can express the closed-loop gain function K'(p) as 
follows 

^>=rrrw) (6 ' 26) 

Then the closed-loop zeros are the same as the open-loop zeros, and 
the closed-loop poles are the same as the zeros of 1 + T(p). Since 
the open-loop gain function T{p) of Equation 6.25 has a zero at 
p = — co 0 , it follows that for T(0) = 31-6 the complete pole-zero 
pattern for the closed-loop gain function K'(p) is as shown in 
Fig. 6.15. The value of K'(p ) at p — 0 is closely equal to 1/0 
because T(0) > 1 ; we therefore have 

1 1-86 X 7-02(0-76 2 + F39> 0 3 (/> + a> 0 ) 

K(P) ~ p(p + 1 *86o> 0 ) (p + 7-02a, 0 ) [{p + 0-76a> 0 ) 2 + (1*39^ 0 ) 2 ] 

_ 1 32-6a> 0 3 O + oj 0 ) 

” Pip + l-86co 0 ) ip + 7"02a» 0 ) [ip + 0-76a > 0 ) 2 + (l-39a> 0 ) 2 ] 

(6.27) 

The pole at = — 7-02 oj 0 lies so far out to the left in the p-plane 
that it contributes negligibly to the closed-loop transient response. 
Accordingly if the input signal is a unit-step function, we find that the 
transform Vl(p) of the output signal vlU) is effectively given by 



j* 

■j* 






-10 



J 2 



^«5V 

4 )( _oJ_)L 



O’/sOq 



p-PLANE 



Fig. 6.15. Closed-loop pole-zero 
pattern 
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Fig. 6.16 . Closed-loop transient response 





260 



FEEDBACK CIRCUIT ANALYSIS 



Vl ( D \ ~ A 4-68<VQ + a> 0 ) 

LKP) ~ P P(P + 1 -860.0) [(p + 0-76o) 0 ) 2 + (l-39o> 0 ) 2 ] 

Expanding into partial fractions, we get 

v ,„x „ iri , 0-685 _ far p + Q-76o) 0 

“ j3 Lp + P + 1 *86co 0 °™(p + 0-76cu 0 ) 2 + (1 -39co 0 ) ! 

Hence, we deduce that the output signal l’l( 0 is 

v L ( 0 si l [1 + 0-685 e- 1 ' 86 ""* - 1-685 e -° 76 “» ( cos (l-39o. 0 f)] (6.28) 

This is shown plotted in Fig. 6.16 where we see that v L (t) reaches 
its first maximum value of 1 -37//? at t = 1 *8/co 0 . Since the ultimate 
value, of v L (t) is approximately 1/jS, it follows that the closed-loop 
transient response exhibits a fractional overshoot equal to 37 %. 

The closed-loop frequency response can be determined from Equa- 
tion 6.27 by putting p = jco and then summing the contributions of 
of the various pole and zero factors; the result is shown in Fig. 6.17. 

In this diagram we see that the ‘closed-loop cut off frequency’, 
at which the closed loop gain drops by 3 dB below its zero frequency 
value K'(0), is equal to 2*55 w 0 . 

The closed loop cut off frequency can be also determined from 
the loop gain frequency characteristic more directly by noting that 
it is approximately equal to the frequency at which the open loop 
gain, in decibels, drops tof 

—20 log 10 [cos (f>m + V(1 + COS 2 

where </> m is the phase margin. This relation assumes that the 
amplifier employs a purely resistive feedback network, and that its 

t From Equation 6.26 we have 

= p i + r-'O*.) 

If T(0) > 1 , the zero frequency valve K'( 0) of the closed-loop gain is effectively 
equal to 1//3. Therefore, at the closed-loop cut off frequency 
\K / Qa>)\ ~ l/(j3 V2), that is 

|1 + T^Qoj)\ = V2 

In the neighbourhood of the frequency at which this relation is satisfied the 
open-loop phase angle is practically constant and equal to —180° + </>m, 
where <j>m is the phase margin. This assumes that the open-loop frequency 
response follows Bode’s ideal loop gain characteristic with a gain margin 
of at least 10 dB. 

Let T z denote the magnitude of TQco) at the closed-loop cut off frequency; 
then at this frequency we have 




DESIGN OF COMPENSATING NETWORKS 



261 



open loop frequency response has been shaped to follow Bode’s 
ideal loop gain characteristic. It is also assumed that T(0) > 1 and 
the gain margin is at least 10 dB. These conditions are satisfied 
by the characteristic of Fig. 6.13 for which (f> m = 39° and 
cos </> m = 0*776. Therefore, in the example being considered 

— 20 logio [ cos 4*™ + a/ ( 1 "b cos 2 <j>m )] = — 20 log 10 (0*776 + \/l*6) 

= -6*2 dB 

In Fig. 6.13 we see that the open loop gain drops to —6*2 dB at 
= 2*35 co 0 . Hence, the approximate value of the closed loop cut 
off frequency is 2*35 co 0 , a result which agrees fairly well with that 
of 2*55 co 0 obtained from the closed-loop frequency response of 
Fig. 6.17. 



Evaluation of the principal oscillatory mode from the open-loop 
frequency response 

Lastly, it is instructive to use the open-loop frequency response of 
Fig. 6.13 to determine the co-ordinates a n and w n of the dominant 
closed-loop poles, and compare the results with those deduced from 
the root locus diagram. In Fig. 6.13 we see that the rate of change 
of the open-loop phase angle with frequency is negligibly small 
around the gain crossover frequency w g which is equal to 1*41 w 0 . 
Therefore, it follows that 

d) n ~ o) g = 1*41 to 0 

where to n is the angular frequency of oscillation of the principal 
oscillatory mode of the closed-loop transient response (see 



r-^jw) = ~ eJ(i8O°-0 m ) = _ i (cos <f>m — j sin <f> m ) 
lx 

Therefore, 

|(l_C^ 2 ) + ii^m| =V 2 

Evaluating the magnitude of the expression on the left hand side leads to 

1 2 COS <f>m 1 n 

Tz* T x 



-1 := 0 



Since Tx must have a positive value, only the following solution of this 
quadratic equation is acceptable 

~ = COS <f> m + \/(l + COS 2 <t>m) 

1 x 

We thus see that the closed-loop cut off frequency is approximately equal to 
the frequency at which the open-loop gain drops to 

20 log 10 Tx — —20 logxo [cos <j> m + V(1 + cos 1 <£ m )] dB 




20 log |0 |flK'(j&>)[dB 
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Fig. 6.17. Closed-loop frequency response 



Section 5.5, page 241). Next, from Fig. 6.13 we deduce that at 
o) = cjg the open-loop response has a gain slope 

Sa= — nepers-sec./rad. 
a> 0 

Since the phase margin <f> m = 39° = 0-68 radians, it follows from 
Equation 5.101 that the real co-ordinate o n of the dominant closed- 
loop poles is given by 



0*68 n 
= i m/ = —0-673 w 0 

— 1-01/ojq 

From the open-loop frequency response of Fig. 6.13 we thus find 
that the dominant closed-loop poles are located at 

p =z o n ± joj n ~ —0-673 OJ 0 ± j 1-41 co 0 

This result compares moderately well with the actual positions of 



p = — 0*76 w 0 ± j 1-39 co 0 

as deduced from the root locus diagram (see the closed-loop pole- 
zero pattern of Fig. 6.15). 



6.2.2 THE RCL-INTERSTAGE NETWORK 

Another interstage network widely used in shaping the open-loop 
response of a feedback amplifier is the so-called trap circuit which 
consists of the series combination of a resistor, a capacitor and an 
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l' I| Tbb 




Fig. 6.18. (a) Common emitter stage with an RCL-shaping network , 

( b ) Equivalent circuit 

inductor. Fig. 6.18 (a) shows such a network connected across the 
input port of a common emitter stage. The effect of inserting this 
network can be calculated from Fig. 6.18 (b) where the transistor 
has been replaced by its simplified hybrid-^ equivalent circuit; thus 



where 



h — SmVb'e 

_ r^e 

~ 8m Z<J>) + ZUp) 1 + pCin'fb'e 

Z(p ) = impedance of the interstage network 



(6.29) 



= R+pL + jc ( 

Zinip) = input impedance of the common emitter stage 

i r t>'e ( 

— rtb' + 7- 7 —7; — r z — v 

1 + pC in fb'e 

Cirf = Cb'e Cb'cgmRls ^ 



Assuming that 



<x) a — uncompensated stage cut off frequency 



Cin fb'e 

n = low frequency value of ZiJjp) 
= Tbb‘ + fb'e 



and considering the special case of the elements R, C and L satisfying 
the condition 





•MS-' 
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WC 2 1 



then the current gain of the stage of Fig. 6.18 (a) is given by 

gm ' >e ( 1 + £ 3 ) 

1 + p (£ + k + Cr< ) + pi (i + + ^ ) + =£? 

(6.36) 

Next, expressing the denominator polynomial in factorised form, 
we have 

r Sm r b'e( 1 + 



where 



i "( 1 +5)(' + H£+$) 

1 28 2 1 
1 = 1 h Cr< 

Ct»2 CO4 a>3 CO a 

1 , 28 _ 1 2 

<u 4 2 <o a w 4 <0 3 2 CO z (O a ‘ COo 

<o 2 to 4 2 = w a w 3 2 



-^+ — = -4+ — + ^ (6.39) 

<u 4 2 <0 2 w 4 co 3 z a> 3 a> a co a 

a> 2 w 4 2 = o) a co s 2 (6.40) 

To simplify the design equations we shall assume that <o 2 is small 
compared to o> 4 , that is, 

a> 2 o> 4 

The validity of this assumption will be demonstrated later. 
Equations 6.38 and 6.39 then simplify as follows, respectively 



1 2,1,^ 

— ^ — I t- Cn 

w 2 co 8 CO a 

28 ^ _1_ _j_ 2 Cr&&/ 

o) 2 a> 4 a> 3 2 co 2 co a co a 



(6.41) 

(6.42) 



If the cut off frequencies <o 2 and c o 3 are regarded as design para- 
meters, and Equation 6.41 is solved for the compensating element 
c, we get 



ri\co 2 co a co z J 



(6.43) 
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Having evaluated C, we can then determine the remaining elements 
L and R of the interstage network from Equations 6.35, thus 



L c 


(6.44) 


R = -^c 

W Z C 


(6.45) 



Next, Equations 6.40 and 6.42 can be used to evaluate the para- 
meters co 4 and 8 and so we get 

(6.46) 

g _ V ( w a“a) (- + - + 

2 \co a ~ co 2 co a / 

If it turns out that the parameter 8 is greater than unity, then the 
quadratic term in the denominator of Equation 6.37 can be factorised 
further into the product of two linear factors. The resulting pole- 
zero pattern of the current gain function I 2 jl x of the stage will be 
of the form shown in Fig. 6.19 (a), and the gain-frequency charac- 
teristic can be approximated by five straight line segments as in 
Fig. 6.19(b). If, on the other hand, the parameter 8 is less than 
unity, then the current gain function I 2 jl x will have a pair of complex 
conjugate poles as shown in the pole-zero pattern of Fig. 6.20 (a); 
the corresponding gain-frequency characteristic is approximated by 





O) (b) 

Fig. 6.19. (a) Pole-zero pattern with 8 > 7, ( b ) Corresponding approximation 

to gain-frequency characteristic 



F.C.A.-18 
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four line segments as in Fig. 6.20 (b). The dashed portions of 
Figs. 6.19(b) and 6.20(b) represent approximations to the gain 
characteristic of the stage in the absence of the compensating 
elements R , C and L. 

Example 

Suitable values for the design parameters a> 2 and oj 3 can be obtained 
from knowledge of the uncompensated open-loop response of the 
feedback amplifier and approximation to Bode’s ideal loop gain 




LOG 10 to 



(a,) (b) 

Fig. 6.20. (a) Pole-zero pattern with $ < l,(b) Corresponding approximation 

to gain-frequency characteristic 



characteristic. As an illustration let us consider a transistor feed- 
back amplifier involving a cascade of three common emitter stages 
with a purely resistive feedback network and an .RCL-interstage 
shaping network connected across the input port of the output stage. 
Then the current gain functions of the first two stages will each have 
a pole at p — — w a while the current gain function of the output 
stage will be as given by Equation 6.37. We therefore deduce that 
the open-loop gain function of the feedback amplifier is equal to 



T(p) = 



r( 4 + k)' 

;) (‘ + £) ( l! 2S .», + =? 



where T(0) is the low frequency value of T(p). Let us next suppose 
that the amplifier is to satisfy the following specifications: 



LOOP GAIN(dB) 



DESIGN OF COMPENSATING NETWORKS 267 




0 08 01 0*2 0’3 0-4 0*5 0*6 0 8 J 2 3 4 5 6 7 8 9 10 



Fig. 6.21. Construction of Bode 9 s ideal loop gain characteristic 

Low frequency open-loop gain = 20 log 10 T( 0) = 30 dB (that is 
T(0) = 31-6). 

phase margin > 30° 
gain margin ^ 10 dB 

and that the transistor has the following hybrid-7r parameters 

Tw — 40 O 
r&'e — 1,140 Q 
gm = 40 mA/V 
Cb'e = 700 pF 
Cb'c = 10 pF 

The load resistance Rl = 1 kQ 

To determine the elements of the interstage shaping network, we 
first note that the uncompensated open-loop gain function of the 
amplifier has a triple pole at p = — w a . Hence the uncompensated 
and Bode’s ideal loop gain characteristics will be as shown in 
Fig. 6.21. After a few trials we find that this ideal characteristic 
can be approximated by the open-loop gain function of Equation 
6.48 having 

co 2 = 0*0834 CO a 
co 3 = 1 *67 co a 
o> 4 — 5*78 CO a 

Here we see that the inequality > o> 2 , which we assumed earlier, 
is perfectly justified. 
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Next, Equations 6.32 to 6.34 give 

Cm' = 700 + 10 X 40 X 10- 3 X 10 3 
= 1,100 pF 
10 12 

= 1.100 x 1,140 - °' 8 x 10 rad/sec 
n = 40 + 1,140= 1,180 a 

Then from Equations 6.43 to 6.45 we find 

c , 10 ~ 6 (-1 !_ _ L \ 

c 1,180 X 0-8\0-0834 1-67/ 

= 10,400 X 10- 12 F = 10,400 pF 

L 1 

(1-67 x 0-8) 2 x 10,400 

= 54 x 10- 6 H = 54 ixH 

R= 2 

1-67 x 0-8 x 10,400 x 10- 6 

= 144Q 



Equation 6.47 gives the parameter S to be 



8 = 



-^(0-0834) ^2 + + i-67 x 0-8 x 10,400 x 10~ 8 X 40 

0-455 



Hence with S less than unity, it follows that the open-loop gain 
function will have a pair of complex conjugate poles at 

P — — So> 4 ± jw 4 l/(l “ S 2 ) 

= - 0*455 x 5*78 cu a ± j5*78 1 “ 0-455 2 ) 

= — 2*64 to a i j 5 * 1 5 co a 



Compensated open-loop response 

To evaluate the gain and phase margins actually realised by the 
compensated amplifier with T(0) = 31*6, we replace p with ja> in 
Equation 6.48, thus 





Fig . 6.22 . (a) Gain-frequency characteristics , ( b ) Phase angle- 
frequency characteristics 
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T()w) = 



31-6| 


K 


H 

<*>*) 


2 

1 


\ oj a ) 


2 

1 1 


( 1+ 


jko' 1 


H 


f . , W co 2 \ 



(6.49) 



The zero factor (1 + jw/to 3 ) 2 is of order 2 and has a corner frequency 
at a) = cu 3 = 1-67 a> a ; it leads to the gain and phase curves a of 
Fig. 6.22. The second order pole factor (1 + jco/c o 0 ) 2 has a cut off 
frequency at to = cj a and, therefore, contributes the curves b of 
Fig. 6.22. The simple pole factor (1 + jo>/o> 2 ) has a corner frequency 
at <o = w a = 0-0834 cu 0 and contributes the gain and phase curves c. 
The quadratic pole factor, for which 8 = 0-455 and to 4 = 5-78 <o 0 , 




Fig . 6.23. Compensated open-loop response 



leads to the gain and phase curves d. Adding the gain and phase 
curves a , b, c and d of Fig. 6.22 to the constant gain of 30 dB and 
constant phase angle of 0°, respectively, contributed by the scale 
factor T(0) = 31 -6 we obtain the total gain and phase characteristics 
of Fig. 6.23 for the open-loop gain function of Equation 6.49. We 
thus find that the gain and phase margins of the compensated 
amplifier are equal to 12*5 dB and 52°, both of which satisfy the 
design requirements. 



Root locus diagram of compensated amplifier 

Let us next construct the root locus diagram for the purpose of 
evaluating the resulting closed-loop response. Substituting in 
Equation 6.48 the values obtained for w 2 , ou 3 , o> 4 and we see that the 
open-loop gain function has a double zero at p — — w 3 = — 1 *67 w a 
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a simple pole at/? = — co 2 = — 0-0834 o a , a double pole 'dtp = — w a 
and a pair of complex conjugate poles at/? = — 2*64 w a ± j5*15 oj a . 
Then as r(0) is increased in magnitude, starting from the value of 
zero, we obtain the root locus diagram of Fig. 6.23. At the design 
value of T(0) = 31-6 we find that the compensated amplifier has the 
following five closed-loop poles. 

p = _ 1*31 w a 
p = — 0*84 oj a ± j 1*33 co a 
P = — 2*17 co a i j 4*81 coa 
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Fig. 6.25. Closed loop pole-zero pattern 



Further with the feedback network assumed purely resistive, we 
deduce from Equations 6.26 and 6.48 that the closed-loop gain 
function K'(p ) has a double zero at p — — to 3 = — 1-67 a> a - 
Therefore, the complete pole-zero pattern of K'{p ) is, for T(0) = 31-6, 
as shown in Fig. 6.25. In a manner similar to the example of 
Section 6.2.1, the pole-zero pattern of Fig. 6.25 can be used for 
determining the closed-loop transient and frequency response of 
the amplifier. These evaluations, together with the evaluation of 
the co-ordinates of the dominant closed-loop poles from the open- 
loop frequency response of Fig. 6.23 are left as exercises for the 
reader. 
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In general, the impedance function Z n {p) can be expressed as 
follows 



CHAPTER 7 

The Impedance Concept 



In the previous three chapters we have studied the stability per- 
formance of a feedback circuit in terms of its closed-loop transient 
response and open-loop frequency response. In this chapter we 
shall study the stability problem by considering the behaviour of the 
impedance or admittance measured looking into either the input or 
output port of the circuit under closed-loop conditions. Such an 
approach is particularly useful when it is required to determine the 
terminating conditions under which the circuit is likely to become 
unstable, if at all. This study is, however, by no means restricted 
to feedback circuits; it can be applied, for example, to a linear 
circuit containing a negative resistance element. 

We shall first examine the significance of the location of the poles 
and zeros of driving-point impedance and admittance functions in 
the /7-plane. Then, we shall apply Nyquist’s criterion to determine 
the relationship between stability and the behaviour of these 
functions in the real frequency domain. In this way, we shall make 
use of some of the ideas and concepts developed in Chapters 4 and 5. 
Finally, we shall illustrate the driving-point impedance aspect of the 
stability problem by considering a number of different examples. 



7.1 Open-circuit and short-circuit stability 

Consider Fig. 7.1 where a current source i n (t) is connected across the 
port n,ri of a linear circuit consisting of passive elements and 
controlled sources only. Then, if v n (t) is the voltage developed 
across this port, we have 

V n (p) = Zn(p)I n (p) (7.1) 

where Z n (p) is the driving-point impedance function at the port n,n' 
and V n (p ) and I n (p) are the Laplace transforms of v n (t) and i n (t) 9 
respectively. Thus, V n {p) is the response transform and I n (p) is the 
excitation transform. 



Z n (p) = H 



. ( P - Zi) (p - fa) 
iP - Pi) ( P ~ Pi) 



(P ~ Zq) 
iP ~ Pr) 



(7.2) 



where H is a scale factor, and z x , z 2 , . . . z q are the zeros of Z n (p) 
and Pi, p 2 . . . p r are its poles. For a driving-point impedance 
function, any of the following three cases is possible 



or 

or 




(7.3) 



Combining Equations 7. 1 and 7.2 gives 



Vnip) = H 



iP - %) (p - Zj) 
ip - Pi) ip - Pa) 



iP ~ zq) 
ip - Pr) 



I nip) 



(7.4) 



If the driving function i n (t) is a unit impulse, its Laplace transform 
Inip) is equal to unity, and Equation 7.4 simplifies to 



Vnip) = H 



. iP ~ Zl) (P - Zii) 
iP ~ Pi) iP - Pa) 



iP ~ fg) 
iP ~ Pr) 



(7.5) 



Suppose that q = r — 1. Then, we can expand the rational function 
of Equation 7.5 into partial fractions as follows 



Vnip) = 






(7.6) 



where A 2 , . . . A r are the residues of the poles at p l9 p 2 , , p r . 

Using pair No. 5 of the Laplace transform pairs Table 2.1, we find 
from Equation 7.6 that the response function v n (t) is given by 

v n (t) = A x + A 2 + . . . + A r z Vrt (7.7) 

Therefore, p l9 p 2 , . . . p r are the natural transient frequencies of the 
circuit arrangement of Fig. 7.1. Now an ideal current source has 



Fig. 7.1. One-port net- 
work with terminating 
current source 
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in(t) = B^u+ft) + B 0 u 0 (t) + e Zif -f- . . . + Bq e z «* (7.12) 



infinite shunt impedance, and so as far as the natural transient 
frequencies of the circuit of Fig. 7.1 are concerned, the current 
source i n (t) presents an open-circuit to the port n,ri. We thus see 
that the poles of the driving-point impedance function Z n (jp ) are the 
open-circuit natural frequencies of the system. 

If the poles p ly p 2 , . . . Pr of Z n {p) are all located in the left half of 
the / 7 -plane, then the resulting response function v n (t) of Fig. 7.1 will 




Fig. 7.2. One-port network with terminating voltage source 

ultimately decay to zero, and the system is said to be open-circuit 
stable . If, however, any of the poles of Z n (p) are located in the 
right half of the /?-plane, then the response function v n (t) will increase 
with time and the system is said to be open-circuit unstable . 

Consider next the circuit arrangement of Fig. 7.2 where the 
driving function is a voltage source connected across the port 
n>n ' . If i n (t) is the resulting current response function, we find that 

/«(/>) = Y n (p)V n (p) (7.8) 



where Y n (p) is the driving-point admittance function at the port n,n f . 
Now Y n (p ) is equal to the reciprocal of Z n {p)\ hence 



y (n S _ J , (j>-Pl) (p - Pi) ■ ■ ■ (p - Pr) 
n(p) - H (j> - Zl ) (P - Zj . . . (P - Z q ) 



(7.9) 



Thus, the poles of Y n (p ) are the same as the zeros of Z n (p) and vice 
versa. Assuming that the applied voltage v n (t) is a unit impulse, it 
follows that its Laplace transform V n (p) is unity. 

Then, from Equations 7.8 and 7.9 we obtain 



. \. {p - PMP ZilA • • • (g - Pr) 

nW H (p-z 1 )(p-z i )...(j>-z Q ) 



(7.10) 



If, as before, we have q = r — 1 (that is, r = q + 1), the rational 
function of Equation 7.10 can be expanded into partial fractions 
as follows 

In(p) = BaoP + B 0 + - — + • • • + z — ~ (7.11) 
P — z i P — * 2 P — Zq 

From this, we find that the response function i n (t) is 



where u 0 (t) is a unit impulse and u +1 (t) is the first derivative of a unit 
impulse. At infinite time, both the unit impulse and its derivatives 
are reduced to zero. Therefore, the stability or instability of the 
circuit arrangement of Fig. 7.2 is completely determined by 
the location of its natural transient frequencies z l9 z 2 , . . . z q in the 
p- plane. Since an ideal voltage source has zero series impedance, it 
follows that as far as the natural transient frequencies of Fig. 7.2 are 
concerned, the voltage source v n (t) presents a short-circuit to the 
port Hence, the poles of the admittance function Y n (p ), that is, 
the zeros of the impedance function Z n (p) are the short-circuit 
natural frequencies of the system. 

If all the zeros of Z n (p) are located in the left half of the p-plane, 
the resulting current response function i n (t) of Fig. 7.2 will ultimately 
reduce to zero and the system is said to be short-circuit stable . If, on 
the other hand, any of the zeros of Z n (p) is in the right half of the 
/7-plane, then the response function i n (t) increases with time, and the 
system is said to be short-circuit unstable. 

A system which is open-circuit as well as short-circuit stable, and 
which remains stable when any external impedance is connected 
across the port n,n' is said to be absolutely stable with respect to the 
port n, n\ But if a system becomes unstable under certain terminating 
conditions, it is said to be potentially unstable. An example of 
potential instability is a system that is open-circuit stable, but 
short-circuit unstable. 

7.1.1 OPEN-CIRCUIT AND SHORT-CIRCUIT STABILITY 
CONSIDERATIONS OF SINGLE-LOOP FEEDBACK 
AMPLIFIERS 

Consider the series-series feedback circuit of Fig. 7.3. Normally, 
the internal amplifier component is stable on its own under all 
possible terminating conditions. The feedback network component 
is usually passive with the result that it is always stable too. There- 




Fig. 7.3. Series-series feedback circuit 
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fore, if the input port 1,1' of the complete feedback amplifier is 
open-circuited, then the flow of signal round the feedback loop is 
interrupted so that the feedback circuit of Fig. 7.3 is inherently 
open-circuit stable at its input port. For the same reason, the 
condition of open-circuit stability applies at the output port 2,2'. 

Next, in the case of the shunt-shunt feedback circuit of Fig. 7.4, 
we see that if either the input port 1,1' or output port 2,2' is short- 
circuited, the open-loop gain of the resulting circuit is reduced to 




Fig. 7.4. Shunt-shunt feedback circuit 



zero. Hence the feedback amplifier of Fig. 7.4 is short-circuit 
stable at both of its input and output ports. 

The above results can be generalised as follows. A single-loop 
feedback amplifier is open-circuit stable at its input port if the 
internal amplifier and feedback network are connected in series at 
this port; it is short-circuit stable if they are connected in parallell 
Similar remarks apply to the behaviour at the output port. 

7.2 Nyquist’s Criterion applied to driving-point impedance and admittance 
functions 

Suppose that a particular feedback amplifier is known to be open- 
circuit stable at its input port. Then, the input impedance function 
Zin(p) with feedback will have no poles in the right half of the 
/?-plane. In the sinusoidal steady state condition, we have p 
replaced with j oj resulting in the impedance function Zi n '(ja>). If we 
vary between the limits — oo to +oo and so plot a Nyquist 
diagram for it follows from Nyquist’s Criterion that the 

number of times the plot encircles the origin of the Zi n 'G w )"Pl ane * n 
the clockwise direction is equal to the number of zeros of Z\ n '(p) 
in the right half of the /7-plane. Therefore, the feedback amplifier 
will also be short-circuit stable at its input port if the Nyquist plot of 
ZmXj does not encircle the origin , otherwise, it is short-circuit 
unstable. 

When in Section 5.2 we applied the encirclement theorem to the 
return difference F(p), we used the contour C of Fig. 7.5 which consists 



of the jco-axis and a large semicircle in the right half of the p-plane. 
Because F(p) approached unity at infinite frequency, we dismissed 
the semicircular part of the contour C when its radius R was allowed 
to become infinitely large. The same simplification applies when 
considering Zi n '(/?) provided that it approaches a constant value at 
infinite frequency. This occurs when Z\ n \p) has an equal number of 
poles and zeros, that is, q = r in Equation 7.2. In this case, 
Zin'(p) becomes purely resistive at infinite frequency, as shown in the 
Nyquist diagram of Fig. 7.6 (a). 

However, in Section 7.1 it was pointed out that it is possible to 
have q = r — 1 or q = r + 1. In the former case, we find that at 
high frequencies Zi n '(/?) approaches the purely capacitive form 
l/(/7Coo). Therefore, the Nyquist diagram must be modified to 
include a very small semicircle round the origin of the Zin'O^O-plane* 




as illustrated in Fig. 7.6 (b), so as to represent the values assumed by 
the function Z\n{p) along the very large semicircular part of the 
contour C of Fig. 7.5. 

When q = r + 1 we find that Z^{p) approaches the purely 
inductive form pL «> at high frequencies. In this case, the Nyquist 
diagram must include a very large semicircle, as shown in Fig. 7.6 (c), 
to represent the values of Z\ n f {p) along the very large semicircular 
part of the contour C. 

Each of the three Nyquist diagrams of Fig. 7.6 encircles the origin 
twice, hence, in each case Z ln '(/?) has two zeros in the right half of the 
/>-plane and so corresponds to a feedback amplifier that is short- 
circuit unstable at its input port. 

The complete Nyquist plot of Zi n '(jo>) is required only when it is 
necessary to know the number of zeros of Z\ n '(p ) located in the 
right half of the /?-plane. If the problem is to determine whether or 
not the amplifier is short-circuit stable, then the Nyquist plot of 
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Zrn'Ci 60 ) for the frequency range w = 0 to w = oo is quite adequate. 
Thus, if the origin of the Zi n '(ja>)-plane is not enclosed by the plot of 
ZinXjw) when going from zero to infinite frequency as in Fig. 7.7 (a), 
the amplifier is short-circuit stable. On the other hand, it is short- 
circuit unstable if the Nyquist diagram encloses the origin of 
the Zin ( j^)*pl^ ne as in Fig. 7.7 (b). In this latter diagram, we see 
that in the frequency range oj 2 > w > the input impedance 
Zin'(ja>) has a negative resistive component. Suppose that an 
external impedance Zs = Rs + }Xs is connected across the input 
port of the feedback amplifier having the plot of 7.7 (b). Then, the 




Fig. 7.7. (a) Nyquist diagram for short-circuit stable system , (b) Nyquist 

diagram for short-circuit unstable system 

total impedance of the input mesh is equal to Zm' + Zs . The 
resistive component of this total impedance is positive at all 
frequencies from zero to infinity, thereby resulting in a stable 
amplifier independently of Xs, provided we ha veRs > r, where — r is 
the most negative value of R in ' as shown defined in Fig. 7.7 (b). 
But if Rs < r, the amplifier remains potentially unstable. 

Let us next consider the case of a feedback amplifier which is 
short-circuit stable at its input port. Then, the input admittance 
Yin'ip) with feedback has no poles in the right half of the /?-plane. 
If we draw a Nyquist plot of Tin'G 60 ) f° r <*> varying from — oo to 
+ oo, the number of times the plot encircles the origin of the 7in'(j^)- 
plane will be equal to the number of zeros of Ym'(p) in the right 
half plane. The amplifier will be also open-circuit stable at the 
input port provided that the Nyquist diagram of Tin'(j w ) does not 
encircle the origin; otherwise, it is open-circuit unstable. Here 
again we must give special consideration to the two cases of q = r — 1 
and q = r + 1. In the first case, Y in (p) approaches pCao at infinite 
frequency and so the Nyquist diagram of Fin'G^) must include a very 

F.C.A.-19 
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large semicircle in a similar way to Fig. 7.6 (c). On the other hand 
when q = r + 1 we find that Yin(p) approaches 1/OLoo) at infinite 
frequency; hence, the Nyquist diagram of Tin'(jK°) must be modified 
to include a very small semicircle round the origin of the Tin'G^)’ 
plane in a manner similar to Fig. 7.6 (b). 

Unless it is necessary to know how many of the zeros of Yin'(p) 
are located in the right half of the /?-plane, we do not require the 
complete Nyquist diagram of Tin'(j“>)- Thus, the amplifier is open- 
circuit stable if the origin of the r ln '(jw)-plane is not enclosed by 
the plot of Fin'G^) obtained by varying from zero to infinity, as 
in Fig. 7.8(a). It is open-circuit unstable if the plot of Fm'G^) 
encloses the origin of the Tin'G^’Plu 116 as m Fig* 7.8 (b), 




O) 




(b) 



Fig. 7.8. ( a ) Nyquist diagram for open-circuit stable system , (b) Nyquist 
diagram for open-circuit unstable system ( Note than Fin'G^) = Gin + j#in') 



where we see that Fin'G^) has a negative conductive component in 
the frequency range > w > <o a . Suppose that an external 
admittance Ys = Gs + j Bs is connected across the input port of the 
amplifier having the plot of Fig. 7.8 (b) resulting in a total admittance 
of Yin + Ys at the input node. If Gs > g where g is indicated in 
Fig. 7.8 (b), then the conductive component of the total admittance 
is positive at all frequencies and the amplifier is stable indepen- 
dently of B s- If, Gs < g the amplifier remains potentially unstable. 

We can summarise the above results as follows. If a single-loop 
feedback amplifier is open-circuit stable at its input port, then the 
stability performance under other terminating conditions across this 
port can be studied by considering the Nyquist diagram for Zin'G^)- 
If, on the other hand, the amplifier is short-circuit stable at the input 



Fig. 7.9. Negative 
resistance oscillator 




port, the effect of other terminating conditions, at this port, on the 
stability performance can be studied by considering the Nyquist 
diagram for Yin(j<*>). Again, similar remarks apply to the behaviour 
of the feedback amplifier at its output port. 



7.3 Examples 

7.3.1 NEGATIVE RESISTANCE OSCILLATOR 

For this example consider Fig. 7.9 showing the equivalent circuit of a 
parallel tuned negative resistance oscillator . The shunt resistance R 
represents the combined effect of the load resistance and the losses 
associated with the tuning inductor. The element — R n represents 



Fig. 7.10. Charac- 
teristic curve of a 
tunnel diode 




the incremental resistance of a negative resistance device, e.g. a 
tunnel diode having the static characteristic curve of Fig. 7.10 and 
operated at the point Q. 

The admittance measured between the terminals 1,1' is 

given by 

Yi.(p) = pC + (G - G n ) + -^ 

= f[' ,, +e (G - G *> + rc] (713) 
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where G = l/R and G n = 1 /R n - The admittance Y x (p) has a pole 
at p == 0, and two zeros at 



(G-Gn 
2 C 



As the conductance G is varied between the limiting values of 
infinity and zero, we find that the two zeros of Y ± (p) move inside the 




p - plane in the manner shown in Fig. 7.11. For values of G lying in 
the range 

oo > G > Gn -j- 2\/[CIL] 

the two zeros of Y x (p) are located on the negative a-axis of the 
/ 7 -plane. When G = G n + 2 \/[CIL], the two zeros are coincident 
and located at 

_ - G + Gn 

p 2 c 

i 

“ V[LC] 

it 

When G < G n + 2y/[C/L] 9 the two zeros separate from the negative 
a-axis and move along the arcs of a circle of centre at the origin 
and of radius \/\/[LC]. 

When G = G n the two zeros lie on the jw-axis at p = ± j/ Vt LC\. 
A further reduction in the value of G permits the negative con- 
ductance element to predominate, and causes the two zeros to move 
into the right half of the /7-plane. The two zeros meet again when 
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G == G n — 2y/[C/L]; hereafter they separate along the positive 
a-axis. In Fig. 7.11 we are assuming that G n > 2 \/[C/L]. 

We therefore deduce that the two zeros of Y x (p) are located in the 
left half of the /7-plane, and the circuit is stable, when G > G n , that 
is R < R n . On the other hand when G < G tt , that is R > R n the 
two zeros are located in the right half of the /7-plane, and the circuit 
is unstable and its output voltage signal is- exponentially increasing 
in amplitude. In practice the amplitude of oscillations becomes 
limited by the nonlinearities associated with the negative resistance 
device. 



7.3.2 INSTABILITY IN ACTIVE TWO-PORT NETWORKS 

For the second example consider Fig. 7.12 which shows an active 
two-port network terminated at its output port with a load of 
admittance Yl and driven, at its input port, from a current source Is 




Fig. 7.12. Double-terminated two-port network 

of shunt admittance Ys. The input admittance FinG^) of such a 
stage is given in terms of the j-parameters as follows (see Table 2.4) 



r ^>-*-£Tfc (7 ‘ 15) 

where all the ^-parameters and Yl are functions of jcu. The finite 
value of y 12 is responsible for the internal feedback existing in the 
two-port network. Suppose that 

Jn — Gu + jBn > 

J12J21 = M + jN 

J 2 2=^22+j^22 ► (7*16^ 

Y l = Gl + ]B l 
Y s = Gs + j Bs > 

Then, we can re-write Equation 7.15 in the following form 



— Gn "b j7?n — 



M + jN 

«?22 + Gl ) + j (^22 + Bl ) 
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rin(j«) = G n + j B u - 



(M + }N) [((j a2 + Gl) ~ )(B 22 + Jl)] 
(G 22 + G L y + (B 22 + B£f 



Let Gm be the conductive part of 7in(j^) and B i n be its susceptive 
part. Then from Equation 7.17 we get 

r — r — m (G 22 + G£y + N(B 22 + B£) 

Gm - G u + G£)2 + {B ^ + B£)2 

t> d N(G 22 + Gl) M(B 22 -f- B£) 

Bin - B u (Gm + Gi )2 + (jB22 + Bl) 2 V-V) 



To find the maximum and minimum values of Gm, we set 
(dGin/dBi) = 0, which, together with Equation 7.18, leads to the 
following condition 

(fert) a + f (fcr^)- 1 - 0 <7 ' 20) 

This is a quadratic equation in the term ( B 22 + B L )/(G 22 + Gl) and 
has the following two roots 



B 22 + Bl 
G 22 + Gl 



~ n ± J[n 2+1 _ 



One of these two roots is positive while the other is negative. The 
positive root gives the minimum value of Gm, and the negative one 
gives the maximum value. From the stability point of view, the 
former solution is of more direct interest because then there is a 
likelihood of Gm having negative value. Using this solution for 
(1?22 + Bl)/(Gz 2 + in Equations 7.18 and 7.19, we see that the 
minimum value of Gm and corresponding value of Em™ are given by 



Gy p In ’ — Gn 



M + V[M 2 + N 2 ] 
2 (G 22 + G£) 



~ Uxx ~ 2(G 22 + Gl) 

When Gl~ 0, the conductance Gmin assumes the value G 0 given by 



G q — G X1 — 



M + V[M 2 + N 2 ] 



Therefore, the frequencies for which G 0 is negative are the frequencies 
of potential instability. For the terminated two-port network of 
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Fig. 7.12 to be absolutely stable, we find that it is necessary to have 
G 0 > 0, that is 

^ ^ M + VW 2 + ^ 2 ] 

Gll> 2 GT 2 
or 

2 G u G 22 - M > VIM 2 + IV 2 ] (7.25) 

Using the definitions of Equation 7.16, we see that the condition of 
Equation 7.25 means the following 

2^?(>’ii)- &(y 22 ) - ^?0’i2^2i) > (7.26) 

The boundary between potential instability and absolute stability 
is therefore defined by 

2 M(yV) • ^0 22 ) - ^Oia^ai) = I TiaJai I (7.27) 

where 01 signifies the real part of the expression which follows it. 

We thus see that it is possible for an active two-port network, such 
as a transistor, having tuned source and load impedances to become 
unstable under certain conditions, without applying any form of 
external feedback. For a given transistor, say, and a specified value 
of Gl, we can determine the value of Gs required to ensure stability 
as follows. The terminated two-port network is stable provided 
that Gm + Gs is positive at all frequencies. Then, from Equation 
7.22 we deduce that in order to ensure stability, we must have 



M + V[Af 2 + N *} , 
2(G 22 + Gl) 



This inequality can be rearranged to give S > 1, where 



2 (G 11 + G s )(G 22 + Gl) 
M + VI M 2 + N 2 ] 



(7.29) 



The term S is referred to as the stability factor. The terminated 
two-port network is stable if S > 1, otherwise it is unstable. It is of 
interest to note that the stability factor S depends only on the 
conductive components of Y$ and Yl and it is independent of their 
susceptive components. For the special case of Gs = Gl == 0, the 
stability factor assumes the value S 0 which, from Equation 7.29, 
follows to be 

o 2G n G 22 

0 M+ Vt^ 2 + N 2 ] 



(7.30) 




288 



FEEDBACK CIRCUIT ANALYSIS 




(b) 

Fig. 7.13 . (a) Common collector stage with capacitive load, 

(b) Equivalent circuit 



The condition S 0 = l corresponds to the boundary between potential 
instability and absolute stability. 

7.3.3 COMMON COLLECTOR STAGE WITH CAPACITIVE 
LOAD 

A transistor having the following hybrid -77 parameters : r b y = 100 Q, 
r b , e = 1 kft, Ct'e = 1000 pF, g m = 40 mA/V is operated as a 
common collector stage as in Fig. 7.13 (a). The load consists of a 
1 kQ resistor connected in parallel with a 10 4 pF capacitor, and the 
effect of CV c can be assumed negligible. It is required to investigate 
the stability of such a stage. 

Replacing the transistor with its simplified hybrid-vr equivalent 
circuit, we obtain Fig. 7.13 (b). Assuming that /& is the input base 
current, we find that 

y ^ 

Vf> e ~ (l/rb'e) + jtoCb'e 

h _ io 3 / 6 

10 - 3 + jw x 10- 3 1 + jo> 



II — h + gmVb'e 
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r r , 40 x 10- 3 x 10 3 / & 41 +joj T 

1l = lb i = i TT77 /& 

1 + jo> I + jo> 

where cu is normalised with respect to 10 6 rad/sec. Therefore, the 
input voltage V bc is 

Vbc = r b b'Ib + Vb'e + ZlIl 

_ inn , , 10 z h , 10 3 41 +jo> 

- 100/s + 1 + j w + ! + j«, x 1Q3 x 10 -i 1 + j w /6 

= I 0 ' 1 + T+~& + (1 + jloJ)(l + j«)] 10 * /b 



(42-1 - <o 2 ) + j 1 2 * 1 ou 

(1 - 10co 2 ) +jllw 



X 10 s /6 



The ratio Vbc/h gives the input impedance Zi n 4 , thus 



^ _ (42-1 - co 2 ) + jl2-l« 

in (1 - 10co 2 )+jllco 



kO 



Rationalising, that is, multiplying the numerator and denominator 
by the complex conjugate of the denominator, we get 



[(42-1 - < 0 2 ) + jl2-M [(1 - 10co 2 ) - jllco] 

[(1 - 10co 2 ) + jllco] [(1 - 10co 2 ) - jllco] 
= -Rin + j-^in 



where 



_ (42-1 - co 2 ) (1 - 10co 2 ) + 133cu 2 
KiD (1 - 10co 2 ) 2 + 121co 2 

_ 10co 4 - 289co 2 + 42-1 
lOOco 4 + 101 co 2 + 1 

_ 12-1(1 - 10co 2 ) - 11(42-1 - co 2 ) 

* ln ~ " (1 - 10co 2 ) 2 + 121<o 2 

__ llOco 2 + 451 0 

"lOOco 4 + lOlco 2 + 1 * 



(7.31) 



(7.32) 



The resistive component becomes negative when 
10w 4 - 289a/ 2 + 42*1 < 0 

Factorising the quadratic in a/ 2 on the left hand side gives 
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(o> 2 - 0-147) (o» 2 - 28-6) < 0 

We therefore see that Rm < 0 when 28-6 > <o 2 > 0-147, that is, 
5-35 > w > 0-384. From Equation 7.32 we find that when 
oj = 0-384, X\n = — 10 k£l and when co = 5*35, X in = — 0-23 kQ. 

To find the most negative value of Rm, we set (dRmldaj 2 ) = 0. 
Then, differentiating the right hand side of Equation 7.31 with 
respect to tu 2 , putting the result equal to zero and simplifying, we get 

30to 4 - 8*4o> 2 - 4-54 - 0 

This is a quadratic equation in o> 2 ; its two roots are o> 2 = — 0-275 
and a> 2 = 0-555. Only the latter solution leads to a real value for the 
frequency <o. We, therefore, find from Equation 7.31 that at 
oj = V(0’555) = 0-745, i^n = — 1-31 kQ. The corresponding 
value of Xin is obtained from Equation 7.32 to be —4.34 kQ. 

Next, from Equation 7.31 we see that Ri n = 42-1 kQ at w = 0 and 
R ln = 0*1 kQ at w = oo. At both of these limiting frequencies, 

Xin = 0. 

Using all the above results, we obtain the Nyquist diagram of 
Fig. 7.14 for Zi n (joj). In this diagram we observe that although the 
common collector stage with a capacitive load is open-circuit as well 
as short-circuit stable, it is however potentially unstable in the 
frequency range 5*35 > oj > 0-384. Thus, if the stage of Fig. 
7.13 (a) is driven from a voltage source having an inductive series 
impedance Zs = Rs + }<*)Ls, then it will become unstable if 
^ < 1*31 k Q and Ls resonates with the input capacitance Cm at a 
frequency in the range 5-35 > oj > 0*384. On the other hand, if 
Rs> 1*31 kQ then the stage is stable for all values of Ls . 

7.3.4 NEGATIVE IMPEDANCE CONVERTER 

Consider the circuit of Fig. 7.15 involving an impedance Zl and a 
current-controlled current source c rf l9 where a is a dimensionless 
control parameter. From Fig. 7.15 we see that the current II 
through the impedance Zl is equal to (1 + ol)I v Also, the voltage 
drop across Zl is the same as the input voltage V x . Therefore we 
have 

V x = (1 + <*) IiZl (7.33) 

The ratio VJIx equals the input impedance Z in at the port 1,1'; thus 
Zin = (1 + *)Z L (7.34) 




Fig. 7.14 . Nyquist diagram for ZinG^) °f common collector stage of Fig. 7.13 

C not to scale ) 
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Fig. 7.15. Ideal negative impedance converter 




Fig. 7.16. Negative impedance converter using two transistors 



A particular case of interest occurs when a == — 2. Theq, we have 
Z in — — Zl . Thus, a positive impedance (i.e. an impedance with a 
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positive resistive component) has been converted into a negative 
impedance (i.e. an impedance with negative resistive component), 
and so the controlled current source arrangement of Fig. 7.15 is 
referred to as a negative impedance converter. Owing to the presence 
of the negative resistive component, it follows that a negative 
impedance converter is by nature potentially unstable. 

The idealised controlled source of Fig. 7.15 can be fairly closely 
realised in practice by the double-transistor circuit of Fig. 7.16. To 
demonstrate this, let us replace each transistor by the common base 
A-parameters equivalent circuit of Fig. 7.17. Then, the circuit of 
Fig. 7.16 becomes equivalent to that of Fig. 7.18 (a), which can be 
simplified into the form of Fig. 7.18 (b). In this latter diagram, we 
see that if the idealised circuit of Fig. 7.15 is to be realised with 
a = —2, the common base A-parameters A n &, A 12 &, A 21 & and h 22 b must 
satisfy the following ideal set of conditions 



(b) 

Fig. 7.17. (a) Common base stage , (b) Common 

base h-parameters equivalent circuit 



I, 2 ' 





Fig. 7.18. (a) Equivalent circuit of negative impedance 

converter of Fig. 7.16 , (b) Simplified equivalent circuit 



hub = 0 £} ^ 

^12 b — 0 
f*2ib = 1 | 

h 22 b — 0 U J 



(7.35) 



These conditions are reasonably closely met by a practical transistor, 
for which the following values are a typical set of common base 
A-parameters 



h tl b = 20 Q h 2 ib = —0*99 

A 12& = 10- 4 h 22 b = 10- 6 13 



Let us next examine the stability performance of the converter 
of Fig. 7.16. When the output port is short-circuited (i.e. V 2 = 0), 
the controlled source 2A 21 &/ l5 which is responsible for the generation 
of the negative impedance, is by-passed with the result that the 
input impedance measured looking into the port 1,1' becomes equal 
to 2 h tl b- In such a situation there is no likelihood of instability 
arising irrespective of the nature of the terminating source impedance 
so long as it remains passive. 

If, on the other hand, the input port 1,1' is open-circuited, then 
I x = 0 and the controlled source 2h 21 bl x becomes inactivated. An 
output admittance of 2 h 22 b is now presented to the load. Again 
there is no likelihood of any instability irrespective of the passive 
load impedance. We therefore conclude that the negative impedance 
converter of Fig. 7.16 is open-circuit stable at its input port 1,1' and 
short-circuit stable at its output port. It is, however, short-circuit 
unstable at the port 1,1', and open-circuit unstable at port 2,2'. 
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PROBLEMS 

1. Fig. 7.19 shows the equivalent circuit of a negative resistance 
oscillator. It consists of a parallel tuned circuit connected 
across a negative resistance element —R. By evaluating the 
impedance measured between terminals 1,1' determine the 
minimum necessary condition for sustained oscillations, and 
the frequency of oscillation. 

2. Sketch the root locus diagram for the two poles of the 




(A) (b) 

Fig. 7.20 



impedance measured between terminals 1,1' of Fig. 7.19, as R 
is varied from zero to infinity. 

3. Determine the impedance Z x measured between terminals 1,1' 
of Fig. 7.20 (a), and show that the condition fxC 2 > C x is neces- 
sary if the impedance Z 1 is to have a negative resistive compo- 
nent. 

If C t = 0-02 fi F, C 2 = 0*001 fi F and the valve parameters are 
r a = 10 kO and fx = 24, and an impedance R + ]X is connec- 
ted across terminals 1,1', as in Fig. 7.20 (b), calculate: 
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(a) The nature and magnitude of the reactance X so as to 
cause oscillation at a frequency of 15-9 kc/s, and 

(b) the maximum permissible value of the resistance R for 
which the circuit will oscillate. 

4. An active one-port network has the following driving-point 
impedance: 

7( n \ — 3p 3 + /> 2 + 2p + 4 
W p 3 + 3p 2 + 3/> + 1 

Is this network short-circuit stable? 

Is it open-circuit stable? 
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CHAPTER 8 

Wideband Amplifiers 



A wideband amplifier is an amplifier the useful frequency range of 
which extends up to relatively high frequencies, of the order of 
several megacycles and higher. The design considerations of such 
an amplifier largely depend on the particular application for which it 
is intended. If the objective is to amplify pulses, then the amplifier 
is designed to have a step function response that rises to its ultimate 
value in the least possible time and exhibits the least possible amount 
of overshoot. If, on the other hand, the frequency response of the 
amplifier is of particular concern, then it is normally designed to 
provide a gain-frequency characteristic that is flat over the widest 
possible frequency band. 

Negative feedback is often used in the design of wideband 
amplifiers because of the improvement which it can result in the 
frequency as well as transient response of the amplifier. However, 
before going on to the study of specific feedback circuits, we shall 
find it useful to develop first a number of general concepts. 



8.1 General considerations 



Consider a single-stage amplifier having a transfer function K(p) 
given by 



K(P) = 



Kq 

1 + pj0>Q 



( 8 . 1 ) 



where K 0 is the low frequency value of K(p ), and co 0 is the stage’s 
angular cut off frequency. Suppose a unit-step function is applied 
to the input port of this stage. Then we obtain the following 
expression for the response transform V 2 (p), that is, the Laplace 
transform of the output signal v 2 (t) 



V 2 (p) 



Ko 



p( 1 + ph o) 
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Therefore v 2 (t) is given by (see Section 2.2.6) 

v 2 (t) = K 0 ( 1 - e“‘"o) (8.3) 

which is shown plotted in Fig. 8.1. The rise time r r , indicated in 
this diagram, is defined as the time taken for the output signal 
v 2 (t) to rise from 10 per cent to 90 per cent of its ultimate value. 




Fig. 8.1. Step function response of single-amplifier stage 



In Fig. 8.1 we see that v 2 {t) = 0T K 0 at time t = t x \ hence substitut- 
ing these values in Equation 8.3, we get 

0*1 = 1 — 



Solving for t u we have 




<M 

o>0 



Similarly, v 2 (t) = 0*9 K 0 at t = t 2 , and Equation 8.3 gives 

h = — loge 10 
“o 

2-3 



Hence, the rise time r r is equal to 

r r = t 2 — t 1 

2-2 



(8.4) 



(8.5) 



( 8 . 6 ) 



( 8 . 2 ) 



F.C.A.— 20 
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The above definition for rise time is the generally accepted one 
when carrying out practical measurements on the step function 
response of amplifiers. We have seen that in a single-stage amplifier 
having one pole only, as in Equation 8.1, the definition leads to quite 
a simple relationship between the rise time r r and the stage cut off 
frequency co 0 . But if the transfer function of the amplifier is more 
complex, as it is very often the case, then calculation of the 10 to 
90 per cent rise time can be quite a difficult task. To overcome this 




o “ 

Fig. 8.2. Gain-frequency characteristic 



difficulty W. C. Elmore 1 * has introduced an alternative definition for 
the rise time which can be calculated directly from the transfer 
function, thereby avoiding the need for evaluating the inverse 
Laplace transform. Thus, if the transfer function of an amplifier is 
given by 



KY_\ _ v 1 + c lP + C 2 p 2 + . ■ - + C m p T 
K{p) 0 1 + d 1 p + d 2 p* + ... d n p n 



where c x to c m and d x to d n are all real coefficients, then according to 
Elmore the rise time is given by 



Tf = V[2^! 2 - c 4 2 + 2 c 2 - 2<4)] (8.8) 



It is, however, important to note that this relationship applies only 
to a system which does not exhibit any overshoot and whose response 
rises monotonically to its ultimate value. Thus, if for example, all 
the poles and zeros of the transfer function K(p) of Equation 8.7 
are located on the negative cr-axis of the p-plane, then the resulting 
step function response will be monotonic and Equation 8.8 can be 
applied to evaluate the rise time r r . 

In the case of the simple transfer function of Equation 8.1 we see 
that the coefficient d x = 1 /co 0 and all the remaining coefficients c x to 
c m and d 2 to d n are zero; hence Equation 8.8 gives Elmore’s rise 
time r r to be 
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w o w o 

This agrees moderately well with the result of Equation 8.6. 



(8.9) 



8.1.1 conditions for maximal flatness 

If in Equation 8.7 we put p = jco and evaluate the squared magnitude 
of K( jco), we obtain a result of the following generalised form 

2 _ 1 + a 2 ^ 2 + + • ■ ■ + /o im 

K q 1 + V 2 + Z>X + . . . + hn^ n K } 

where the coefficients a 2 to a 2m are related to the coefficients c x to c m 

of Equation 8.7, and the coefficients b 2 to b 2n are related to the 

coefficients d x to d n . Using the normal process of long division the 
rational function of Equation 8.10 can be expanded as follows 

= 1 + (a 2 — b 2 )aj* + [(a 4 — bj — b 2 (a 2 — bj]™* + ... 

(8.11) 

which shows that the coefficients of the resulting expansion are 
related to the differences of the corresponding coefficients of like 
powers in the numerator and denominator polynomials of Equation 
8.10. 

Let us suppose next that it is required to approximate the ideal 
low-pass frequency characteristic of Fig. 8.2 by means of the 
magnitude function of Equation 8.10, the approximation being in a 
maximally flat manner about the point co ~ 0. From Equation 
8.10 we deduce directly that m must be less than n. Further from 
Equation 8.11 the required approximation can be achieved pro- 
vided that the various coefficients satisfy the following conditions 

a 2 = b 2 

a A = ^4 



a 2 m — b 2 m 

Then Equation 8.10 modifies to 

^(j“) 2 __ 1 + + - ■ . aym™ 2 ™ /o i 3 x 

1 + a 2 co 2 + a 4 o> 4 + . . . a 2m oj 2m + b 2n <*> 2n 

Such a characteristic is referred to as a maximally flat magnitude 
function in that the first 2/j — 1 derivatives with respect to co are 
zero at co = 0. 




K{ jw) 

K 0 




300 



FEEDBACK CIRCUIT ANALYSIS 



8.2 Common emitter stage with local series feedback 

The circuit of Fig. 8.3 shows local series feedback applied to a 
single-common emitter stage by means of the resistor R e connected 
in series with the emitter terminal. The stage is driven from a 
sinusoidal voltage source Vs of internal resistance Rs . To evaluate 
the effect of the resistor R e on the frequency response of the stage, the 



Ri 



I 2 

Fig. 8.3. Common emitter stage with local series feedback 

transistor is replaced by its simplified hybrid-^ equivalent circuit, as 
in Fig. 8.4 (a). The controlled current source g m Vb'e in this circuit 
is next replaced by an equivalent pair of controlled sources to obtain 
the equivalent circuit of Fig. 8.4 (b). Here we see that the voltage 
Vb' at the node b ' with respect to the common terminal is equal to 

Vb' = Vb'e + Re(gm + yb'e)Vb'e (8.14) 

where yb'e is the admittance of the resistance r^e and capacitance 
Cb'e in parallel, that is, 

yb'e b j oiCb'e (8.15) 

*b'e 




Equation 8.14 gives the voltage drop V^e in terms of Vy to be 



V b 'e = 



1 + R e (gm + yb'e) 



Since the current h> shown defined in Fig. 8.4 (b) is equal to yb’eVve 
it follows that the equivalent circuit of Fig. 8.4 (b) can be reduced to 
the simpler form shown in Fig. 8.4 (c). This can be further simplified 
by adding an admittance of 



juCb'c- 



gmRL 

1 + Re(gm + yb'e) 



between the node b' and the common terminal so as to account for 
the Miller effect of the feedback capacitance CV c . We thus obtain 



I' T bb ' b C bc 2 ' 




l 2 

Fig. 8.4. Equivalent circuit for the transistor stage of Fig. 8.3 , and its 
various simplifications 
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LOG | q CO 

Fig. 8.5. Illustrating effect of local feedback on gain-frequency response 



the simplified equivalent circuit of Fig. 8.4 (d) for the transistor stage 
of Fig. 8.3. From the equivalent circuit of Fig. 8.4 (d) we deduce 
directly that the output voltage V 2 is equal to 

•tr gTflRjjV S /n -i m 

2 1 + Re(gm + yb'e ) + (Rs + r bb >) ( yb'e + j <*>C b ' C gmRl) 

Using Equation 8.15 for jv e and then evaluating the external 
voltage gain V 2 \Vs of the stage, we obtain 



< 8 ' 18 > 

where K 0 ' = low frequency value of K'Qo)) 

_ gmfb'eRh 

Rs + Tbb' + Tb'e + ^e(l + gmTb'e) 

a) v = angular cut off frequency of the stage 

= jjg + + r *>' e + + gwfb'e) 

rb'e[ReC b > e + (R S + r b b')( C be + C h >cg m R L )] 

Equations 8.19 and 8.20 give the voltage gain-bandwidth product 
denoted by VGBP , to be 

VGBP — \K 0 '\<o v 
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VGBP = 



gmRL 

ReCb'e + (Rs + r b b') ( C b 'e + C b 'cgmR£) 



( 8 . 21 ) 



This product is maximum when R s = 0. We therefore deduce that 
the series feedback .stage of Fig. 8.3 is best driven from a voltage 
source of low internal impedance. Another good reason for using 
a voltage source of low internal impedance is that, for a given 
transistor, load resistance and feedback resistance R e , the return 
difference with reference to the mutual conductance gm attains its 
maximum value when the source resistance Rs is zerof. 

In Fig. 8.5 the gain-frequency characteristic of the stage is shown 
plotted for different values of the feedback resistor R e . We see that 



Fig. 8.6. Illustrating effect of local feedback on transient response 




the stage cut off frequency is increased with increasing R e ; this is 
however, achieved at the expense of reduced low frequency gain. 
Provided that the feedback resistor R e is small compared with 
(Rs + r bb ')( 1 + CvcgmRhlCve ), then to a first order of approxima- 
tion the gain-bandwidth is independent of R e , and at high frequencies 
the curves for all values of R e become asymptotic to the dashed 
line which has a slope of — 6 dB per octave. 

Next to evaluate the transient response of the stage, suppose that it 
is driven from a voltage source providing a unit-step function ; then 
the transfer function of the stage is 



K'(p) = 



V 

1 + p I o) v 



( 8 . 22 ) 



and from Equation 8.3 the resulting response v 2 (t) is given by 



t Assuming that the effects of the elements rb'c and r ce are negligible, we 
find that in the stage of Fig. 8.3 the return difference with reference to g m 
is given by 

F ^ J , gmrb'eR e 

Rs ~b Re + rbb f + rtfe 

from which we clearly see that F has its maximum value when Rs — 0 . 



304 



FEEDBACK CIRCUIT ANALYSIS 



V 2 (t) = K 0 '( 1 - e-'-) (8.23) 

The 10 to 90 per cent rise time of the stage is equal to 2-2/to#; it is 
reduced with increasing R e as illustrated in Fig. 8.6. 

8.2.1 HIGH FREQUENCY COMPENSATION 

For a given value of feedback resistor R e the response of the stage of 
Fig. 8.3 can be further improved by connecting a capacitor C t in 
parallel with the resistor R e , as in Fig. 8.7. In this case the low 



Ri 



I 2 

Fig. 8.7. Series feedback stage with high frequency compensation 




frequency gain of the stage remains at the value K 0 ' given by 
Equation 8.19. 

As a result of adding the capacitor C e we see that the total feedback 
impedance Z e connected in series with the emitter terminal is 
equal to 



Z 6 = 



Re 

1 + jc oC e Re 



(8.24) 



If therefore we replace R e with Z e in Equation 8.17 and then use the 
relationship of Equation 8.15, we find that the external voltage gain 
K c '( jo>) of the capacitively compensated stage of Fig. 8.7 can be 
expressed as follows 

Kc’M = ^ 



*o'(l 4~ jtuCgjRg) 



1 +jw 






where a > v is as defined in Equation 8.20 and the parameters A and JT 
are given by 

v Rs + rw + Tb’e fn ^ 

Rs + fbb' + ^b'e + 7 ? e (l + gm^b'e) 
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p-PLANE 


jco 






C e =l/a> b R e 

\ / s=° 






CO 

C e = 0 — 


* \[ ^ / 




or 


I 








T^ + ck) 







Fig. 8.9 . Locus of poles of compensated stage as C e is increased from zero 



angular cut off frequency of the stage with C e having the value given 
by Equations 8.30 and 8.31. Substituting this value in Equation 8.28 
we find that the maximally flat magnitude characteristic of the stage 
is given by 



Kc'(H 

K 0 f 



i+ - 



V \Wfl/ 



Let w c denote the angular cut off frequency of the stage for the 
maximally flat case. Then, by definition, at a> = w c we have 






and so Equation 8.32 leads to 



oj a * 

jfW 



(cocV _ /atcV 

\o>a) \<jj a ) 



1 =0 



This is a quadratic equation in (w c j oj a ) 2 , but has only one positive 
real root. We thus get the solution 



, = + y[i 



If, as is often the case, the feedback resistor R e satisfies both of 
the following two inequalities 

n ^ Rs + fbb' + fb’e 
— ; — j — 

1 + gnXb't 



(8.35) 
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Re ^ + l"bb') (Cb'e + gmRl.Cb'c ) (8.36) 

then we find from Equations 8.26 and 8.27 that A 1 and cz 1. 
Accordingly Equation 8.31 approximates to 



0 “ -1 + V2 

= 2-42«„ (8.37) 

and therefore the expression for w c , as given by Equation 8.34 
reduces to 

o» e ~ l'73<o« (8.38) 

This states that the angular cut off frequency of the capacitively 
compensated stage of Fig. 8.7 with a maximally flat gain charac- 
teristic is approximately 1-73 times the uncompensated stage’s 
angular cut off frequency. 

Let us next investigate the transient response of the stage of 
Fig. 8.7. Putting j<o = p in Equation 8.25, we have 



Kc'(p) » 






KnX 1 + p£eRe) 



L+ACeRe) + ^T 

0J V ] JC o) v 



(8.39) 



Hence K c \p) has a zero at p — — \/C e Re and two poles at 



p * p * = + XCeRe ) ± 7{(i + XCeRe ) ~ Si 

(8.40) 

The locus of these two poles as C e varies is shown in Fig. 8.9. If the 
resulting response to a step function is to be critically damped and so 
exhibit no overshoot, then the two poles must be real and coincident. 
To meet this requirement the compensating capacitor C e must in 
turn satisfy the following condition 






which is a quadratic equation in C e \ however only the following 
positive real root is acceptable 



(8.42) 
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where ^ “ 2 — A jf - 2 V[1 - Ajf] (8,43) 

If the capacitor C e has a value greater than that given by the above 
two equations, the poles p x and p 2 become complex conjugate, 
thereby giving rise to an oscillatory response. 

With the condition for critical damping satisfied, the transfer 
function of Equation 8.39 modifies to 



K c '(p) = 



4 + i) 



V[$T (Ob eo„] 



P* 

<ob<o v 



K o' 


(l +•£) 






~( 1 + 


p y 


<Ob<Ov]J 



(8.44) 



Further, if the excitation is a unit-step function, its Laplace trans- 
form is equal to l/p and the Laplace transform V 2 (p) of the resulting 
output signal is given by 



V,( P ) = 



Kc’ip) 



*'( 1 + £) 

H 1 + 






Expanding this rational function into partial fractions and then 
using the Laplace transform pairs table, it can be shown that the 
output signal vft) developed across the load is equal to 

v 2 (t) = tf 0 '[l - e-vpr^.]{l + r(V [jTmcov] - JT«.))] (8.46) 



Evaluation of the 10 to 90 per cent rise time from this response is by 
no means an easy task. Therefore, in an effort to obtain an estimate 
of the improvement resulting from addition of the capacitor C e , we 
shall evaluate Elmore’s rise time; this is perfectly justified in the case 
of the transfer function of Equation 8.44. Thus comparing the 
function given in the first line of Equation 8.44 with that of Equation 
8.7, and evaluating Elmore’s rise time from Equation 8.8 we obtain 
t/ = rise time of the stage compensated for critical damping. 
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(8.47) 



The transfer function of the stage in the absence of the capacitor C e 
is given by Equation 8.22. We therefore deduce that Elmore’s rise 
time r r for the uncompensated stage is equal to \Z[2tt\/o) v . Thus as a 
measure of the improvement in transient response we can define the 
rise time improvement factor rj for the capacitively compensated 
stage of Fig. 8.7 as follows 





(8.48) 



Assuming that the feedback resistor R e satisfies the inequalities of 
Equations 8.35 and 8.36, we have A 1 and JT ~ 1. Accordingly 
Equation 8.43 approximates to 



and Equation 8.48 gives 



CO& ~ 4w v 



^V7 =h51 



(8.49) 

(8.50) 



This shows that the rise time of the capacitively compensated stage 
of Fig. 8.8 adjusted for critical damping is approximately f times 
that of the uncompensated stage. 



8.3 Common emitter stage with local shunt feedback 

In Fig. 8.10 local shunt feedback is applied to a single-common 
emitter stage by means of a resistor R c connected between the base 
and collector terminals. In this case it is convenient to represent the 
driving source as a current source Is shunted by the resistance Rs- 
To determine the response of the stage we can apply the feedback 
theory developed in Chapter 3 or the nodal method of analysis to the 
circuit of Fig. 8.11 where the transistor has been replaced by its 
simplified hybrid-7r equivalent circuit. Then we find that the 
external current gain IJI S of the stage is given by 

h _ K 0 f 

Is 1 + j 



(8.51) 
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where K 0 ' = low frequency value of external current gain 



gjnTb f / n f 

(Rs + fbb' + fb'e) {Re + R£) + gmfb'eRsRL 

iot = angular cut-off frequency of the stage 

_ (Rs 4~ r bb' + fb'e) (Rc + R£) + gml'b'eRsRL 
l‘b , e(f‘bb' + Rs)[Cb'e(Rc + R£) + Cb‘cgmRcRl\ 

These results are subject to the following conditions which are 
normally justified 



> (8-54) 



From Equations 8.52 and 8.53 the current gain-bandwidth product, 
denoted by CGBP, for the stage of Fig. 8.10 is equal to 



Rc > r b b' 

Cb'e Cb'c 

gm ^ dCb'c 
1 , 1 . - 
Re + Rl > 

gmRc 1 H — 

rb'e 

gmRc OiCb'efbb' 



CGBP = 



gmRsRc 

(r^' + Rs)[Cb'e(Rc + R£) + Cb'cgmRcR l] 



(8.55) 



which has its maximum value when Rs = oo. Hence the shunt 
feedback stage of Fig. 8.10 is best driven from an ideal current source 
having an infinitely large shunt resistance. Futhermore, it is of 
interest to note that, for a given transistor, load resistance and 
feedback resistance R c , the return difference with reference to g m has 
its maximum value when the source resistance Rs is infinitef. 

The frequency and transient response of the stage can be further 
improved by connecting an inductor in series with the feedback 
resistance as in Fig. 8.12. The resulting improvement can be 
determined in a similar manner to the compensated stage of Fig. 8.7. 



f Assuming that the elements r b 'c and r ce have negligible effects, we find that 
in the stage of Fig. 8.10 the return difference with reference to g m is given by 

jp ^ j _r_ gmrb'eRl, 

(Rc 4- Fz,)[l + (rbb' + rb'e)/Rs] 

which clearly shows that Fhas its maximum value when Rs — oo. 




Fig. 8.13. A cascade of three common emitter stages with alternate local 
series and shunt feedback 
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8.4 Cascades of transistor feedback stages 

In a series feedback stage we have seen that the maximum value of 
voltage gain-bandwidth product is obtained when the stage is driven 
from an ideal voltage source, whereas in a shunt feedback stage the 
maximum value of current gain-bandwidth product is achieved by 
driving it with an ideal current source. Now remembering that a 
series feedback stage has a relatively high output impedance and a 
shunt feedback stage has a relatively low output impedance, it 
follows that when cascading a number of transistor feedback stages 
it is best to employ series and shunt feedback stages arranged such 
that they alternate in the manner shown in Fig. 8.13. The interaction 
between stages in such a combination is negligibly small in the useful 
frequency band because there exists a gross impedance mismatch 
between the adjacent stages. Therefore each stage can be designed 
independently starting from the load end.f 

8.5 A valve feedback pair 

The diagram of Fig. 8.14 shows a widely used feedback pair involving 
two pentode valves operated as common cathode stages. The 
resistor R connected between the two anodes applies local shunt 
feedback to the second stage only. Replacing each valve with its 



R 2' 




Fig. 8.14. Valve feedback pair 

equivalent circuit we obtain Fig. 8.15 where C 2 is the output capaci- 
tance of the second stage, and C t is the sum of the output capacitance 
of the first stage and the input capacitance of the second stage. 
g mi and gmz are the mutual conductances of the two valves. Subject 
to the condition that the feedback resistance R is large compared 
to both anode load resistances R x and R 2 , we can show that 
the overall voltage gain function K'(jp) = VJV 1 of the circuit of 
Fig. 8.15 is 

t For a more detailed treatment see E. M. Cherry and M. E. Hooper . 2 
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Fo+/, (i + i) + ^ 



where 



Aq ~~ SmiRiSm2^-2 

w 1 = angular cut off frequency of the first stage 

1 

C X R X 

co 2 = angular cut off frequency of the second stage 
1 



F 0 = low frequency value of the return difference with reference 
to gm% 



= 1 + 



£> 712 ^ 1^2 



Equation 8.56 can be also expressed as follows 



K\p) = 



1 + 2¥- + S 

where Kf = K 0 /F 0 is the low frequency value of the overall gain, £ is 
the damping ratio and a> 0 is the undamped frequency of oscillation, 
as defined in Section 2.2.7. Therefore 

2£o> 0 = io x + w 2 (8.62) 

w 0 2 — oj^Fq (8.63) 

and the return difference F 0 required to realise a specified damping 
ratio is given by 

F. - ( 7 ± Sp ( 8 . 64 ) 

4co 1 io 2 l 2 ' 

The transient response to a step function is critically damped 
provided £ equals unity (see Section 2.2.7). Then, Equation 8.64 
gives the corresponding value of F 0 ' of the return difference to be 



it ' _ ( w i + w z) 2 
F o ~ — T~—. — 



F.C.A.— 21 



(8.65) 
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Fig. 8.15 . Equivalent circuit of the valve feedback pair 

When F 0 has this value, the gain function K'(p) will have a double 
pole at p = — \ («>! + ^ 2 ), as shown in Fig. 8.16 (a). 

If, however, the objective is to realise a maximally flat gain- 
frequency characteristic, then to determine the required value of £ we 
put p = j« in Equation 8.56 obtaining 



K'( j«0 = 



(l - — 2 ) + j2£— 

\ w o / "o 



Evaluating the magnitude and squaring, we have 

K \ >) 2 1 

' or Ct 

A 0 l + 2(2£ 2 - 1)— „ + - 



Hence for a maximally flat frequency response we must have 

2£ 2 — 1 = 0 

that is, £ = 1 /a/ 2- Equation 8.64 then gives the corresponding 
value F 0 " of the return difference with reference to g mi to be 



V- 



(<"i + «> 2 ) 2 



0 2^0)2 

in which case Equation 8.67 simplifies to 

_ i 



This expression shows that, when the conditions for maximal 
flatness are satisfied, the angular cut off frequency o> 0 ' at which the 
gain 20 log 10 | A'( ja>) | drops by 3 dB below its low frequency value 
20 log 10 K 0 ' is equal to oj 0 . From Equations 8.63 and 8.68 we 
therefore see that <u 0 ' is related to the individual stage cut off 
frequencies o>\ and to 2 by 
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< = + Wa) (8.70) 

Further when ^ = 1 !\/2 we find from Equation 8.61 that the 
resulting two poles of K’{p) are complex conjugate located at 

as indicated in Fig. 8.16 (b). 

Comparing the values F 0 ' and F 0 * given by Equations 8.65 and 8.68 
we see that, for any values of w 1 and the condition for a critically 
damped transient response permits a low frequency return difference 
F 0 that is only one half that required for a maximally flat frequency 
response. 

PROBLEMS 

1. (a) A common emitter stage is driven from a voltage source of 
internal resistance 600 Q. The load resistance is 500 Q, and 
the transistor has the following hybrid-^ parameters 

Tbb’ — 100 Q 
r b 'e ~ 1,000 Q. 

Cb'e = 200 pF 
Cb'c = 5 pF 
gm — 40 mA/V 

Calculate the low frequency value of the external voltage gain, 




f M (b) 

Fig. 8.16. Pole-zero patterns : (a) Critically damped transient response , 

( b ) Maximally flat frequency response 
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the cut off frequency and the 10 to 90 per cent rise time of the 
stage. 

(b) If the cut off frequency is to be extended to 2 Mc/s by 
applying local series feedback to the stage, determine the 
required value of the feedback resistor. What are the resulting 
values of the gain with feedback, and the return difference with 
reference to g m 1 

2. The feedback pair circuit of Fig. 8.17 uses two identical 
pentodes valves, each with an output shunt capacitance of 

R 2' 



lOkQ 



i 2 

Fig. 8.17 

5 pF and a mutual conductance g m of 4 mA/V. Determine the 
value of the feedback resistor R required for a maximally flat 
gain-frequency response. For this particular value of R 
calculate 

(a) The 3 dB cut off frequency of the gain-response, and 

(b) the percentage overshoot of the transient response to an 
input step function. 

3. A two-stage amplifier, with its output terminals on open- 
circuit, has a voltage amplification given by 250/(1 — x 2 + j2*) 
and 

L 

* \20 20/ 

where/is the frequency in kc/s. The output resistance is 48 £2, 
and a load resistance of 12 Q is connected across the output 
terminals. A high resistance potential divider is connected in 
parallel with the load, and a fraction 1/N of the output voltage 
is fed back to give negative feedback at 1 kc/s. 

(a) Determine the value of N required to give an overall 
voltage amplification of 12.5 at 1 kc/s. 

(b) Derive an expression which shows how the overall voltage 
amplification varies with frequency when N is 50/9 and deter- 
mine the magnitude of the amplification at 60 kc/s. Sketch 
curves showing the frequency response (i) without feedback 
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and (ii) when N is 50/9. Comment on the relative shapes of 
the curves. 

(London University, B.Sc., Eng., Part III, Electronics, 1961) 

4. A negative feedback amplifier with a purely resistive feedback 
network has the following open-loop gain function: 

Determine the required value of r(0) if the closed-loop gain 
function of the amplifier is to have a maximally flat frequency 
response. What are the positions of the closed-loop poles 
and zeros of the resulting amplifier? 

5. A three-stage negative feedback amplifier is to have a low- 
frequency open-loop gain J(0) = 99. The closed-loop poles 
of the amplifier are required to be located at p = — 1 and 
p = (— 1 + j V3)/2 so as to result in a maximally flat frequency 
response for the closed-loop gain function. Determine the 
necessary positions of the open-loop poles, and sketch the 
resulting root-locus diagram. What is the gain margin of 
the amplifier? 
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CHAPTER 9 



Operational Amplifiers 



An operational amplifier consists basically of a high gain direct- 
coupled amplifier to which negative feedback is applied, and 
provides signal amplification in the frequency range from zero to 
a few hundred cycles per second. It is capable of performing the 
mathematical operations of differentiation and integration with 
respect to time, summation and multiplication by a negative constant 
and various combinations of these operations; hence, the name of 
operational amplifier. 

9.1 The basic operational amplifier circuit 

Consider the feedback circuit of Fig. 9.1 where the internal amplifier 
component provides a phase shift of 180° between its input and 
output voltage signals. This 180° phase shift is necessary if the 
applied feedback is to be negative. The input voltage v^t) is any 
time function subject to the condition that it is zero for t < 0 
and that it is Laplace transformable. v x (t) is applied to the internal 
amplifier through a passive two-terminal network of impedance 




Fig. 9,1. Basic operational amplifier circuit 
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Z x {p). The output signal v 2 (t) is fed back to the input through 
another passive two-terminal network of impedance Zf(p). 

Let it be assumed that the internal amplifier is unilateral providing 
signal transmission in the forward direction only, and that it has 
an input impedance Z in (p), an output impedance Z ou t(/0 and an 
open-circuit voltage gain Ko C {p). Then on neglecting the direct 
transmittance from the source to the load, we obtain the following 
expression for the closed-loop gain K'(p) of the shunt-shunt feedback 
circuit of Fig. 9.1 



-Z f (p)Z ln (p)K 0C (p) 

[Zi (p) + zup)][z,(p) + ZoutO?)] + Z^ZMI + *oc(/>)] 

(9.1) 

where V x (p) and Z 0 (/>) are the Laplace transforms of the input 
and output voltages v x (t) and v 0 (t), respectively. The minus 
sign in Equation 9.1 is due to the 180° phase shift associated with 
the internal amplifier at low frequencies. 

When the input impedance Zi n {p) is very high compared to Z,(p) 
and the output impedance Z ou t(p) is very small compared to the 
feedback impedance Z f (p), we find that Equation 9.1 reduces to 

A'Yo'l ~ ~ Zf(p)K 0C (p) - 

(P> ~ Z f (p) + ZM\ + K oc (p, )] 1 ; 

If also the voltage gain of the internal amplifier is high such that, 
in the frequency domain, the following inequality is satisfied 



iwi » | W) 

then Equation 9.2 simplifies further to the form 



K’(P) = 



We therefore see that provided the gain of the internal amplifier 
on its own is very large, the closed-loop gain becomes effectively 
a function only of the linear passive circuit elements which constitute 
the input and feedback networks of Fig. 9.1. 

Let h(t) be the input current shown defined in Fig. 9.1. Then, 
with the input impedance of the internal amplifier assumed high, 
it follows that i^t) flows on through the feedback network. Hence, 
if I x (p) is the Laplace transform of i ± (t) and V(p) is the transform of 
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Fig. 9.2. Virtual earth in the basic operational amplifier 



the voltage v(t) developed at the input point X of the internal 
amplifier, then 

V 1 (p) = I l {p)Z 1 {p) + V{p) | 

v 0 (p) = - h(j>)Zf{p) + V{p) } v ' ' 

which, together with Equation 9.3, gives V(p) ~ 0. In other 
words, the internal amplifier input point X is maintained virtually 
at earth potential. For this reason, the point X is known as a 
virtual earth. This is depicted in Fig. 9.2 where the arrow joining 
point X signifies the virtual earth. Notice that the input current 
i x (t) continues past the virtual earth. 

9.2 Mathematical operations 
Equation 9.3 can be re-written as follows 

V 0 (p) ~ K’ipWJp) = - V x (p) (9.5) 

Since V x (p) and V 0 (p) are the Laplace transforms of the time 
functions v x (t) and r 0 (/), it follows that v 0 (t) is the output signal 
which results when the particular operational amplifier configuration 



Rf 



Ci 

■ ■ 


INTERNAL 




V|(P) 


— pCi Rf 

» 


V»(P) 


o — 1| — 


AMPLIFIER 


A 








*i(of 




|Vo(t) 








777 


L 

(Z) 






(b) 





Fig. 9.3. {a) Differentiating amplifier circuit, (b) Signal flow 
graph representation 
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operates on the input signal v x (t) in the time domain. v 0 (t) can be 
determined by taking the inverse Laplace transform of F„(p) which, 
in turn, results when the closed-loop gain function K'(j > ) operates 
on the excitation transform V x (p) in the complex frequency domain. 

Using Equation 9.5, we shall next demonstrate the basic mathe- 
matical operations of differentiation, integration, scale changing 
(i.e. multiplication by a constant) and summation. 



9.2.1 DIFFERENTIATION 

In Fig. 9.3 (a), the input network consists of a capacitor C x and the 
feedback network consists of a resistor Rf. Hence, Z x (p) = 1/pQ 
and Zf(p) = Rf, and so Equation 9.5 gives 

V 0 (p) = - P C x RfV x (p) (9.6) 

This corresponds to the signal flow graph of Fig. 9.3 (b). 

Assuming that the initial value of v x (t) is zero, we have that 
P V x (p) is equal to the Laplace transform of dv x (t)/dt (see Section 
2.2). Therefore, taking the inverse Laplace transforms of both sides 
of Equation 9.6, we get 

v 0 (t) = - CMP® (9.7) 



This means that the circuit arrangement of Fig. 9.3 (a) performs on 
the input signal v x (t) the operations of differentiation with respect 
to time and multiplication by a gain constant equal to — C x Rf. 

It is of interest to evaluate the frequency response of the differen- 
tiating amplifier of Fig. 9.3 (a). Putting p — j<o we see from Equation 
9.6 that 



K'Qoj) = 



v<M 

Vid") 



= ^C x R f (9.8) 



which gives the logarithmic gain in dB to be 



20 log 10 | K'Qoj) | = 20 log 10 (C x R f ) + 20 log 10 (9.9) 



This corresponds to the gain-frequency characteristic of Fig. 9.4 (a), 
where we see that the gain increases at the rate of 6 dB per octave. 
At co = 1 l(CxRf), the gain is equal to zero dB. The phase angle of 
K'{ jcu) is deduced from Equation 9.8 to be constant and equal to 
—90° at all frequencies, as illustrated in Fig. 9.4 (b). In this 
diagram it is assumed that the internal amplifier component of 
Fig. 9.3 (a) is perfect in that it has infinite voltage gain and infinite 
bandwidth. 








Fig. 9.4. Steady-state response of differentiating circuit , 
(a) gain characteristic , ( b ) phase angle characteristic 
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Fig. 9.5. (a) Integrating amplifier circuit, ( b ) Signal flow 

graph representation 
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Fig. 9.6. Steady-state response of integrating amplifier: 

(a) gain characteristic , (b) phase angle characteristic 
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9.2.2 INTEGRATION 

Consider next Fig. 9.5 (a) where the input network consists of a 
resistor R, and the feedback network consists of a capacitor C/. 
Then, Z,(p) = R x and Zj{p) — IjpCf, and Equation 9.5 gives 

(910 > 

The overall behaviour of the circuit of Fig. 9.5 (a) can thus be 
represented by the simple signal flow graph of Fig. 9.5 (b). 

In section 2.2 we saw that V x {p)jp is the Laplace transform of 
fv x (t) d t providing the initial conditions are zero. Therefore, 
taking the inverse Laplace transforms of both sides of Equation 9.10, 
we obtain 

*o(0=-^j\ ( 0 d ' (9.11) 

This equation shows that the circuit of Fig. 9.5 (a) performs on the 
input signal the operations of integration with respect to time and 
multiplication by the gain constant of — 1 /CfR v 
Suppose that the input signal p x (f) is a unit-step function, that is, 
Vi(r) = w-i(l) = 1 for/ > 0. Equation 9.11 gives the corresponding 
output signal to be 

= ~Cpt 1 (9-12) 

Hence, the output signal is a linear function of time, that is, a ramp 
function of a slope equal to the gain constant — l/CfR x . Equation 
9.12 shows that, for a prescribed accuracy of operation the larger 
the time constant C/R x the longer is the permissible integration 
time t. 

To determine the frequency response of the integrating circuit 
of Fig. 9.5 (a), we put p — jo> in Equation 9.10; then 



K'Qco) = 



- 1 

]ioC f R 1 



(9.13) 



Evaluating the logarithmic gain in dB, we get 

20 log 10 | | = - 20 log 10 (C f R x ) - 20 log 10 * (9.14) 



Therefore, the gain of an integrating amplifier decreases at the rate of 
6 dB per octave and becomes equal to zero dB at co = 1/C/R X as 
shown in Fig. 9.6 (a). Further, from Equation 9.13 we see that the 
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phase angle of K' (jco) is constant and equal to + 90° as in Fig. 
9.6 (b). Here again we are assuming that the internal amplifier 
component is perfect. 

9.2.3 SCALE CHANGING 

In Fig. 9.7 (a), the input and feedback networks are both resistive; 
thus, Z-ip) — R x and = Rf. From Equation 9.5, we obtain 

V 0 (p) = - |[Fi(p) (9.15) 

which leads to the signal flow of graph Fig. 9.7 (b). 

Taking the inverse Laplace transforms of both sides of Equation 
9.15, we find that 

V 0 (t) = -%v 1 (t) (9.16) 

The output signal v 0 (t) of Fig. 9.7 (a) is thus equal to the input 
sig nal VjUt) multiplied by the gain constant — Rf/R v A special 
case occurs when R f = R lt then v 0 (t) = — v^t), that is, the output 
signal is the negative of the input signal. 



9.2.4 SUMMATION 



Let the input signals v^t) and v 2 (t) be applied to the internal 
amplifier via the resistors and R 2 , respectively, as in Fig. 9.8 (a). 
The resistor Rf constitutes the feedback network. Since the input 
point of the internal amplifier is virtually at earth potential, it 
follows from Fig. 9.8 (a) that the input currents \(t) and i 2 (t) are 
given by 



«0 = =f 1 

= f j 



(9.17) 



Therefore, the output voltage v 0 (t) is 



v 0 (t) = — -R/IM0 + 1 * 2 ( 0 ] 

= - ffi(0 - ^ 2(0 (9.18) 



The transform of this equation can be represented by the signal 




h(0 *i(t)+i 2 (t) Rf V 2(P) 




w?? ( A ) (b) 

Fig. 9.8 . (a) Summing amplifier with two input channels , ( b ) Flow 
graph representation 




Fig . 9.9. Summing amplifier with n input channels 





pCf v 0 (p) 



Fig. 9.10 . (a) Summing integrator with two input channels , (b) Signal flow 
graph representation 
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Fig. 9.11. Operational amplifier with two-port input and feedback network 





Fig. 9.12. Operational amplifier with two-port input network 
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flow graph of Fig. 9.8 (b). We thus see that the circuit of Fig. 
9.8 (a) performs on the input signals v^t) and v 2 (t) the operation of 
summation after multiplication with the gain constants of — R/l^ 
and — Rf/R 2 , respectively. In the general case of Fig. 9.9 having 
n input channels, the output voltage is given by 

»o (0 = - f^i(0 - fWO - ... - jfv n (t) (9.19) 

For the special case of Rf = R x = R 2 = . . . = R n we have 
t> 0 (0 = — ^i(f) - v 2 (t) - ... - v„(t) 

n 

= - 2 »*(o ( 9 - 2 °) 

This corresponds to the operation of summation with 180° phase 
shift. 

An extension of the summing amplifier of Fig. 9.8 (a) leads to the 
summing integrator shown in Fig. 9.10(a) where the transform 
F 0 C p) of the output voltage is given by 

<9 - 21) 

This equation corresponds to the signal flow graph of Fig. 9.10 (b) 
where we see that each input signal is multiplied by its own gain 
constant, with the sum appearing at the output. When R x = R 2 
the output voltage r 0 (r) becomes proportional to the integral of the 
sum of the input voltages v^t) and 



9.3 Operational amplifiers with two-port input and feedback networks 

Consider the operational amplifier of Fig. 9.11 where the input and 
feedback networks are both two-port networks each having one 
input and one output terminal earthed. If the voltage gain of the 
internal amplifier is high, then the applied negative feedback will 
cause the internal amplifier input point X to be virtually at earth 
potential. Therefore, the output ports 2,2' of both the input and 
feedback networks are effectively short-circuited such that if y^iaifi) 
is the forward short-circuit transfer admittance of the input network 
N a and is the reverse short-circuit transfer admittance of the 

feedback network Nt, we have 



y2ia(p) = 



upy 

vcp)= o 



(9.22) 





328 



FEEDBACK CIRCUIT ANALYSIS 



ynb(p) 



\im 

L^oO)j 



where hip), hip), V x (p), V(p) and V 0 (p) are the Laplace transforms 
of i a (0> h(t), Vxit), v{t) and v 0 (t), respectively. The condition 
Vip) — 0 is closely satisfied in practice because as explained 
earlier, r(r) ~ 0 in the circuit arrangement of Fig. 9.11. 

Assuming that the input impedance of the internal amplifier 
is very high, we have i(f) — 0 and accordingly 

hit) si - hit) (9.24) 

Taking the Laplace transforms of both sides of this equation gives 
hip) a - I b (p) (9.25) 



Therefore, using Equations 9.22, 9.23 and 9.25 to evaluate the 
closed-loop gain K\p), we get 



K'ip) 



UP) „ ynajp) 

Vi(p) y^bip) 



(9.26) 



This relationship is a generalisation of Equation 9.3. 

The following two cases can be of interest: 

(a) The input network is a two-port network and the feedback 
network consists of a resistor Rf as in Fig. 9.12. Here we 
see that y X 2 b(p) = — 1/ifyand Equation 9.26 becomes 





Fig. 9.13. Operational amplifier with two-port feedback network 
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Rf 




Fig. 9.14. Operational amplifier with an RC two-port input network 



This means that the poles and zeros of the closed-loop 
gain function of Fig. 9.12 are the same as the poles and 
zeros of y 21 a(p), respectively. 

(b) The input network consists of a resistor R x and the feed- 
back network is a two-port network, as in Fig. 9.13. Then, 
y 21 a(p) = — l/^i and Equation 9.26 gives 



Vo(p) 1 
Vi(p) 



(9.28) 



Here, the poles and zeros of the closed-loop gain function 
are the same as the zeros and poles of y 12 b(p), respectively. 



9.3.1 EXAMPLE 

As an illustration, consider the operational amplifier of Fig. 9.14. 
Analysis of the input two-port network shows that 



ynaiP) = - 



1 1 pCR 2 

2R, 1 + pC(R 2 + RJ 2) 



(9.29) 



Combining Equations 9.27 and 9.29, we get 



Vo(p) ^ Rf 1 + pCR 2 
V 1 (p) ~ 2R X 1 + P C(R 2 + RJ 2) 



We therefore see that by using a single operational amplifier in 
Figs. 9.11 to 9.13, it is possible to perform relatively complicated 
operations. 



9.4 Some practical considerations 

In practice, we find that an operational amplifier can perform 
satisfactorily only when the input signal level is limited to within a 

F.C.A.— 22 







FEEDBACK CIRCUIT ANALYSIS 



OPERATIONAL AMPLIFIERS 



331 



330 

specified range of values. Outside this range the amplifier can 
become overloaded with the result that there no longer exists a 
true correspondence between the applied input signal and the result- 
ing output signal Thus, in the case of a differentiating amplifier 
overloading can occur due to two major causes. First, the output 
of such an operational amplifier is proportional to the rate of change 
of the input signal, which if it is too fast, can produce an output 
signal that is large enough to overload the amplifier. Second, the 
closed-loop gain of a differentiating amplifier increases with 
increasing frequency (see Fig. 9.4 (a) ). Therefore, any high fre- 
quency noise component contaminating the input signal may 
become amplified sufficiently to overload the amplifier. For 
these reasons differentiating amplifiers are avoided in practice 
wherever possible. 

In the case of an integrating amplifier subjected to an input step 
function, the resulting output signal will be a ramp function. If 
the output signal is allowed to persist for a long period of time, then 
it can eventually cause the amplifier to become overloaded. There- 
fore, when using an integrating amplifier it is necessary to limit the 
integration time so as not to overload the amplifier. 

9.5 Transfer function simulation 




RESISTORS IN MEGOHMS 
CAPACITORS IN MICROFARAOS 



Fig. 9.16. Simulator for simple pole factor 

reasons explained above. (2) Any operation performed by an 
operational amplifier is always accompanied by a minus sign; 
hence, any branch of the flow graph with a minus sign necessitates 
the use of a corresponding operational amplifier in the final 
simulator. 

9.5.1 SIMPLE POLE FACTOR 

For our first illustration, we shall simulate a transfer function 
having one simple pole at — 1 ; thus let 



One of the most important applications of operational amplifiers 
is in the simulation of transfer functions. In this respect, it is found 
convenient to develop first a signal flow graph representing the given 
transfer function. Then, the flow graph is modified, if necessary, 
in such a way that it can be transformed directly into an equivalent 
system, termed the simulator , involving a number of operational 
amplifiers. However, in the formulation of an acceptable signal 
flow graph we must remember that: (1) the signal flow graph 
should not involve any branch with a transmittance proportional 
to — p so as to avoid performing the operation of differentiation for 



Up) - 1 

Vi(p) P + 1 



(9.31) 



where V„ (p) and V r (p) are the Laplace transforms of the input 
signal t >$) and output signal v 0 (t), respectively. Assuming 
that the initial conditions are zero, the transfer function of Equation 
9.31 corresponds to the first order differential equation 



= _ Vl(t ) (9.32) 



v,(p) V|(p) V,(p) 




Fig. 9.15. Signal flow graphs for Equation 9.33 



To avoid the use of a differentiating amplifier, we shall re-write 
Equation 9.31 with only pV 0 (p\ that is, the transform of the first 
derivative of v 0 (/) on the left hand side. This leads to 

-pV Q (p) = V x (p) + V 0 (p) (9.33) 

which can be represented by the partial signal flow graph of Fig. 
9.15(a). Next, we add the branch representing the auxiliary 
relationship V 0 (p) = ( — 1 jp)[ — pV 0 (p)] as in Fig. 9.15 (b). Here 
we see that the common nodes V 0 (p) can be coalesced; when this 
is done, the signal flow graph modifies to the form shown in Fig. 
9.15 (c). The latter signal flow graph can be transformed directly 
into the simulator of Fig. 9.16 where, for convenience, we have 
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use d — J> — to symbolise the internal amplifier component of the 
operational amplifier. In the simulator of Fig. 9.16 it should be 
noted that the resistors are in terms of megohms and the capacitors 
are in terms of microfarads. Time t is in seconds. 



9.5.2 SECOND ORDER POLE FACTOR 

Consider next the simulation of a transfer function having two 
poles and no finite zeros; thus 



no) . - 1 

v 1 (p) P i + Up + 1 



(9.34) 




This corresponds to the following second order differential equation 



d 2 t> 0 (f) , ~, y dv 0 (t) 
d? + Mr 



+ l 'o(0 — 



— »i(0 



(9.35) 



where the initial conditions are assumed to be zero. 

Again to avoid the use of differentiating amplifiers, we shall 



V,(P) V >CP) 




<*) 



(b) 



V,(rt 




Fig . 9.17. Signal flow graph representations of Equation 9.36 
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Fig. 9.18 . Simulation of second order pole factor 

re-write Equation 9.34 with only p 2 F 0 (/?), that is, the transform of 
the second derivative of t> 0 (f) on the left hand side. We thus get 

-p 2 v 0 (p) = V x (p) + V 0 (p) + lip V 0 (p) (9.36) 

This leads to the partial signal flow graph of Fig. 9.17 (a). To this 
diagram, we next add branches representing the auxiliary relation- 
ships 

pV 0 (p) = - l -[-p*V 0 (p)] (9.37) 

and 

K(P) = (- £)(- 1)[PK(P)] (9-38) 

The result is shown in Fig. 9.17 (b). If the common nodes at 
pV 0 (p) and V 0 (p) are coalesced, then we shall obtain the modified 
signal flow graph of Fig. 9.17(c) which can be realised directly 
by the simulator of Fig. 9 . 1 8 . 

In both the simulators of Figs. 9.16 and 9.18 we have assumed 
that the initial conditions are zero. If, however, this is not the 
case, then we can introduce the specified initial conditions simply 
by placing an appropriate charge on the feedback capacitor of the 
integrator in the particular simulator set up. 

9.5.3 TRANSPORT DELAY 

A system is said to exhibit a true transport delay when it satisfies 
the following equation 

v 0 (t) = v,(t - r) (9.39) 

where r is the delay. Equation 9.39 states that to obtain the output 
signal v 0 (t), we replace t by t — r wherever it appears in the 
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Vo(t) 



0 x t 

Fig. 9.19. Illustrating true transport delay 

expression for the input signal v x (t). Hence, if the input signal is 
zero for t < 0, it follows that the output signal remains identically 
zero for t < r, as in Fig. 9.19. 

Taking the Laplace transforms of both sides of Equation 9.39 
and making use of the shifting theorem (see Section 2.2), then 





Up) 

Vi(p) 



= Q~ T P 



(9.40) 



It is instructive to examine the frequency response of this transfer 
function. Replacing p with jco gives 






= e _J<UT 



(9.41) 



Evaluating the magnitude and phase angle, we obtain 



nw =1 

/VM _ 

Z v i(j^) 




(9.42) 



We therefore see that the frequency response of a linear system 
exhibiting a true transport delay shows no attenuation and a linear 
phase angle characteristic. Such a frequency response can be 
satisfied only by a lossless transmission line. 

The transcendental function of Equation 9.40 can be approxi- 
mated by a second order Pade type of rational function as follows 1 
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^ T *P 2 6rp + 12 /q a'T) 

VliP) “ T*p* + 6rp + 12 

which is recognised to be an all-pass transfer function having two 
zeros at p = (3 ± W^)l T and two poles at p = (— 3 ± 

Putting p = jo>, we get 



VM 

V&a>) 



cd 2 t 2 + j6cur — 12 
oj 2 t 2 — }6ojt — 12 



The magnitude of this transfer function is equal to unity as required. 
The phase angle equals 2 tan -1 [6 wt/(w 2 t 2 — 12)] which is shown 
plotted in Fig. 9.20. The maximum value of wr for a one-degree 
error in phase is equal to 1.7 radians. 

To simulate the approximating function of Equation 9.43, we 
first re-write it in the following form 

rY V 0 (p) + 6rpV 0 (p) + 12 V 0 (p) 

= t 2 /) 2 V^p) — t npV-Jj ) ) + 12 Fi(p) (9.45) 

Dividing both sides of this equation by r 2 p 2 and re-arranging 

v 0 (j>) = V x {p) - ylViip) + V 0 (p)] + - v 0 (p)} 

= VjHp) - ~ \viip) + V 0 (p) - ZjVAp) - F,(p)]j (9.46) 
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This equation can be represented by the signal flow graph of Fig. 
9.21 (a). If the common nodes at V x {p), V Q (p) and — F 0 (/?) are 
coalesced, we obtain the modified signal flow graph of Fig. 9.21 (b) 
which we can simulate by the set up of Fig. 9.22. Here again the 
resistors are in megohms and the capacitors are in microfarads. 

9.5.4 TIME SCALING 

When simulating a transfer function, or solving a differential 
equation, by means of operational amplifiers it is usually found 
that, for convenience, a certain time scaling is necessary. The 
‘time scale’ is simply the proportionality ratio between the ‘simulator 
time’ and the ‘real time’ which takes the actual event, being 
simulated, to occur. Thus a time scale of a means that a seconds 
of simulator time correspond to one second of real time. In certain 
applications we may have to slow down the event by choosing a > 1, 
while in other cases we may find it necessary to speed up the event 
by choosing a < 1. 
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RESISTORS IN MEGOHMS 
CAPACITORS IN MICROFARADS 



Fig. 9.22. Simulator for Equation 9.43 

Let t denote real time and t' denote simulator time; then we have 

t’ = at 

Remembering that differentiation (i.e. d/dt) in real time is equivalent 
to multiplication by the complex frequency variable p, we find that 

P = ap’ 

where p' ~ d/d t' denotes differentiation in simulator time. 

Now in each of the transfer functions of Equations 9.10, 9.21 and 
9.30 we see that, whenever an operational amplifier involves a 
capacitor, the variable p is always multiplied by the product of a 
resistance and a capacitance. Therefore, if C and R refer to 
capacitance and resistance values in real time, C and R! refer to 
the corresponding capacitance and resistance values in simulator 
time, and if we demand that pCR = p'C'R' and p = ap\ then it 
follows that the time constant CR in real time must equal C'R'ja 
in simulator time. This means that when the simulator set up 
uses the integrator of Fig. 9.5, we can realise a specified time scale a 
by multiplying the capacitor C/ or resistor R x by the factor a . 

Similarly, when the simulator involves a more complex operational 
amplifier as that of Fig. 9.14, we see from Equation 9.30 that in 
order to introduce a time scale a we can either multiply the capacitor 
C by the factor a or else multiply each of the resistors R x and R 2 
by a . If, however, we decide to change the input resistors R x 
and R 2 , then from Equation 9.30 we see that the feedback resistor 
Rf must be also changed in exactly the same ratio so as to ensure 
that the d.c. gain of the operational amplifier of Fig. 9.14, which is 
equal to — R//2R l9 remains unchanged as a result of the time scaling. 

9.6 Error analysis 

The operational amplifier is, in practice, associated with unavoidable 
errors arising from a number of different sources. The combined 
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effect of these error sources is to cause the performance of a practical 
operational amplifier to deviate from the idealised performance 
considered up till now. The errors are principally due to the follow- 
ing factors: 

(1) The operational amplifier is required to respond to input 
d.c. levels as well as changes in these levels; accordingly it is neces- 
sary to directly couple the various stages which make up the internal 
amplifier component. A major problem encountered in the design 
of d.c. amplifiers is that of drift caused by changes in the d.c. operat- 
ing conditions of the amplifier, the changes arising from variations 
in the supply voltage, ambient temperature, etc. Drift affects the 
performance of a d.c. amplifier because it is incapable of distinguish- 
ing between a drift voltage and a change in the input d.c. signal. 

To evaluate the effects of drift, consider Fig. 9.23 where the voltage 
source Vd(p), connected in series with the input of the internal 
amplifier, represents the equivalent drift voltage . It is equal to the 
change in output voltage solely due to drift voltages divided by the 
overall voltage gain of the internal amplifier. Assuming that this 
amplifier has a high input impedance, a low output impedance 
and a high voltage gain, we find that the output voltage Vfp) 
produced by the combined effects of the externally applied input 
voltage V-fp) and the equivalent drift voltage Va(p) is given by 

w - - W> VM + [' + 1 $] v4j,) <9 - 47) 

From this equation we see that for a satisfactory performance it is 
essential to minimise the contribution of the equivalent drift voltage 
Va(p)‘ Various techniques have been developed for achieving this, 
in practice; a particular method that is widely used is the chopper 
stabilised d.c. amplifier developed by E. A. Goldberg 2 . 

From Equation 9.47 we see also that in order to keep low the 
output voltage due to drift, it is desirable to have the impedance 
Zj (p) high compared to the feedback impedance Z/(p ). 





Fig. 9.24. Gain-frequency characteristic 



(2) The second major source of error in operational amplifiers 
is the finite value of the open-circuit voltage gain K 0 c(p ) the mag- 
nitude and phase angle of which vary with frequency. To evaluate 
this effect let us replace the gain K oc (p) in Equation 9.2 by the 
approximate expression 



Koc(p) ~ 



1 + p/o) o 



(9.48) 



which corresponds to a d.c. amplifier having the gain-frequency 
characteristic of Fig. 9.24. At high frequencies most operational 
amplifiers cut off more rapidly than the — 6 dB per octave rate 
shown in Fig. 9.24. But as far as error analysis is concerned, the 
approximation of Equation 9.48 is quite adequate. The complete 
frequency response of the amplifier need only be considered when 
investigating the stability performance of the operational amplifier. 

Using Equations 9.2 and 9.48 we get 



K'(p) = 



Vo(p) 

Vi(p) 



-Zf(p) 

Zfp) + (p) + Zf(p)\ 



(9.49) 



As an illustration consider the case of a scale changer for which we 
have Z±{p) = R ± and Z/(p) = R f . Then noting that normally 
K 0 P 1, we find that for a scale changer Equation 9.49 gives 



Vq(p) ~ Rf 

V 1 (p) - R, 




(9.50) 



Fig. 9.23. Evaluation of the effect of drift 
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which shows that the effective cut-off frequency of a scale changer is 
equal to w 0 K 0 Ri/(Ri + Rf). To make this cut off frequency assume 
a high value, the resistance R x should be large compared with Rf, 
oj 0 should be high and K a should be large. 

9.7 Some considerations of the stability problem 

An operational amplifier, like any other high gain amplifier to 
which negative feedback is applied, can become unstable and 
therefore break into oscillation unless special precautions are taken 
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Fig. 9.25. Loop gain characteristic of operational amplifier 

in shaping its open-loop response up to frequencies well beyond the 
useful frequency range of the amplifier. Assuming the input 
impedance of the internal amplifier component to be high and its 
output impedance to be low, we find that the open-loop gain of the 
basic operational amplifier circuit of Fig. 9.1 is 



T(p) = 



Z^-KocQQ 

z 1 (p) + Z/O) 



Consider first the case of a scale changer having Z^p) — R x and 
Zf(p) = R/; for these conditions Equation 9.51 gives 



T(p) = 



RjKocjp) 

Ri + Rf 



Here we see that the frequency dependence of the open-loop response 
is determined principally by the gain-frequency characteristic of the 
internal amplifier. Further, the open-loop gain has its maximum 
low frequency value when the feedback resistor Rf is small compared 
to the input resistor R x ; then we have T(p) ~ Koe{p)- 
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As an illustration suppose that the low frequency value K 0 of the 
gain Koc{p ) is equal to 10 5 , which corresponds to a voltage gain of 
100 dB. Also let it be required to realise a phase margin of 30° 
and a gain margin of 10 dB. Then for the special case of Rf 
small compared to R l9 we deduce from Bode’s ideal loop gain 
considerations that the gain-frequency characteristic of the internal 
amplifier should be shaped to follow the form shown in Fig. 9.25. 
It is assumed that the internal amplifier has a final asymptote of 
— 18 dB per octave slope. We can approximate to the ideal 
characteristic of Fig. 9.25 by the addition of suitable interstage 
shaping networks to the internal amplifier, as discussed in 
Section 6.2. 

If the useful frequency range of the amplifier is required to extend 
up to 100 c/s (say), then from Fig. 9.25 we see that it is necessary 
to control the shaping of the amplifier frequency response up to 
325 kc/s, at least, so as to realise the required high value of low 
frequency open-loop gain and the stability margins. This clearly 
shows why high gain operational amplifiers can perform satis- 
factorily up to only a few hundred cycles per second. 

Consider next the case of an integrator having Z x (p) = \IR X and 
Z f (p) — 1 /pCf. Then Equation 9.51 gives 



T<J>) = 



Koc(p) 

1 + 1 !pCfR x 



(9.53) 



At frequencies high compared to 1 /CfR 1 we have T(p) ~ K 0G (p) 
The inclusion of the feedback capacitor C/ causes the open-loop 
response to fall off at the rate of — 6 dB per octave at very low 
frequencies. However, such a rate of fall off is not large enough to 
produce instability at very low frequencies irrespective of the value 
of£oc(>) at zero frequency. We therefore see that the stability per- 
formance of the integrator is also determined by the gain-frequency 
characteristic of the internal amplifier. 



PROBLEMS 

1. Show that the circuit of Fig. 9.26 can be so designed that the 
potential of point X does not deviate appreciably from that of 
earth. Derive the necessary conditions. 

Show how the circuit may be modified to obtain an output 
voltage approximating closely to the integral with respect to 
time of the input voltage. 

What are the desirable features of an amplifier for use in 
an analogue computer? Why are integrating circuits preferred 
to differentiating circuits in such a computer? 

(London University, B.Sc. Eng., Part III, Electronics, 1963). 

2. Determine the transfer function V 2 {p)IV^(p) for each of the 
simulators shown in Fig. 9.27. 
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Fig. 9.28 

3. A unit-step function is applied to the input port of the Blumlein 
integrator of Fig. 9.28. The triode has the parameters 
g m = 3mA/V and r a = 10 kO. Determine the output voltage 
as a function of time, assuming that the cathode by-pass 
capacitor is large enough to have negligible effect. 

4. Simulate the following transfer functions, giving values of 
resistors and capacitors in each computer set up: 

^ YM - 5 Sp + 1Q ) 

W V x (p) p + 5 

= 0 7 + j) 

W V x {p) (p+l)(p + 3) 

5. A feedback amplifier with a purely resistive feedback network 
has the open-loop gain function 



T(p) = 



(1 + P ) 2 



The closed-loop gain is equal to 10 at zero frequency. Deter- 
mine the closed-loop gain function of the feedback amplifier, 
and simulate it with a computer set up complete with com- 
ponent values. 

Show that for the operational amplifier circuit of Fig. 9.29 

YM - 

Vi (P) a*P 2 + a^ + l 



a x = Ws + RzRi + R X R 2 ) 

K i 



where 
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Cl 2 — R^R^'l^-'Z 

Hence using Fig. 9.29 simulate a second order system having 
the following transfer function 

Vq(p) -1 

ViiP) p % + Up + l 

assuming that R x = R 29 C t = 1/xFand C 2 = (£ 2 /2). 
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In the design of a negative feedback amplifier one of the principal 
objectives is to ensure that the amplifier will remain stable under all 
possible operating conditions. On the other hand, when a feedback 
circuit is required to function as an oscillator, positive feedback is 
applied and the elements of the feedback network component are 
purposely chosen to produce instability. Consequently, as soon as 
the d.c. power supply is switched on, the amplitude of the resulting 
oscillations will progressively increase until it becomes limited by the 
inherent non-linearities of the active elements constituting the 
amplifier component of the oscillator. 

There are various types of feedback oscillators differing from each 
other in the type of feedback network and details of the amplifier 
used. Thus some feedback networks have reverse voltage transfer 
functions with 180° phase shift at or near the frequency of oscillation, 
and must therefore be used in conjunction with an amplifier whose 
voltage gain also has a 180° phase shift so as to produce the required 
positive feedback. In such cases it is normally found that a single 
common cathode or common emitter amplifier is quite satisfactory. 
It is also possible to construct an oscillator by means of an amplifier 
and a feedback network both of which have zero phase shifts at or 
near the frequency of oscillation. 

However, before going on to the study of specific oscillator 
circuits, let us first develop general formulae for determining the 
frequency of oscillation and condition for oscillation. 

10.1 Generalised oscillator circuit 

A feedback oscillator consists basically of an amplifier and a 
feedback network coupled together in the manner shown in Fig. 10.1. 
Assuming that the feedback loop is broken, we find that the voltage 
V 1 and current I t at the port 1,1' are related to the voltage V 2 and 
current I 2 at the port 2,2' by 
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V x #n a 12 V 2 

/x J L#21 #22J L h. 



where a n , a 12 , a 21 and a 22 are elements of the overall a-matrix of the 
amplifier and feedback network connected in tandem. In Fig. 10.1 
we see that the whole of the signal developed at the port 2,2' is fed 
back to the port 1,1'; therefore 



Eliminating the column matrix J between Equations 10.1 and 
10.2, we get 



Vi #ii #12 V\ 

/l J L#21 #22J l/i - 



which, in turn, leads to 

rou “ i fl i2 l r^ii 



#12 1 \V X 

= 0 

#22 1. .A . 



Equation 10.3 has a non-trivial solution J if and only if the 

r*ii 1 #12 1 



determinant of the square matrix 



a 2i a 22 — 1 



is zero, that is 



|#n “ 1 a 12 



#21 a 22 1 I 



Expanding this determinant, we have 



where 



Afl +1 — tfn — #22 — 0 

A a #11#22 #12#21 



(10.5) 

( 10 . 6 ) 



Equation 10.5 is the characteristic equation of the oscillator circuit; 
it determines the frequency of oscillation and the necessary condition 
for oscillation. 
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FEEDBACK LOOP 

Fig. 10.1. Block diagram of generalised oscillator 



Now in Section 2.5.3 we showed that the overall a-matrix of any 
two-port networks connected in cascade is equal to the product of 
the a-matrices of the individual networks. Therefore, if a n ', a 12 , 
a 2 / and a 22 denote the elements of the a-matrix of the oscillator’s 
amplifier component, and a n \ a 12 ", a 21 * and a 22 denote the elements 
of the a-matrix of the feedback network, we find that the overall 
a-matrix of these two networks connected in cascade is given by 



a n a l2 \ a ii a l2 



#n a i 



#21 #22J L#21 a 22 J L#21 #! 



Expanding the matrix product, we have 

#11 #12 (#11 #11 4 * #12 ^# 21 *) (#11 a l2 4 #12 #22 )1 

a 2 x a 22 _ _(#21 # 11 * “I" a 22 a 21 f ) (# 2 1#12 4“ #22 #22 ). 

( 10 . 8 ) 



The determinant A a of this overall a-matrix can be shown to have 
the value 

Aa = Aa'Aa" (10.9) 

where 

Aa' = - aM j (10 10) 

Aa = a n a 22 #12 #21 1 

A special case of practical importance occurs when the amplifier 
component of the oscillator circuit is unilateral or exhibits negligible 
internal feedback. Then the determinant A a' of its a-matrix 
becomes equal to zero, and the characteristic Equation 10.5 cor- 
respondingly reduces to 



1 a^i a 22 — 0 



( 10 . 11 ) 
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which, together with Equation 10.8 gives 

1 — {(l w'dvi + ^12^21*) { a 2\ a Vl + a 22 *22 ) = 0 (10.12) 

I 

If further the feedback network is lossless, that is, it consists of 
inductors and capacitors only, we find that a n " and a 22 ff are both real 
whereas a x2 and a 2 x are both imaginary. Therefore, provided that , 
the operating frequency is sufficiently low for the a-matrix parameters | 
of the internal amplifier to assume real values, and separating the 
real and imaginary terms in Equation 10.12, we get 

1 - (hi' (hi - * 22*22 = 0 (10.13 (a)) j 

*12 *2\ + *21*12 = 0 (10.13 (b)) 

Equation 10.13 (a) defines the minimum necessary condition for 
oscillation, and Equation 10.13 (b) determines the frequency of 
oscillation. 

10.2 LC-Oscillators 

10.2.1 HARTLEY OSCILLATOR 

Fig. 10.2 (a) shows the valve version of the well known Hartley 
Oscillator circuit. In Fig. 10.2 (b) it has been rearranged so as to 
correspond to the generalised oscillator of Fig. 10.1. The two 
inductors and L 2 of the feedback network are magnetically 
coupled and have a mutual inductance of —M. Such a pair of 
coupled inductors can be represented by the tt circuit of Fig. 10.3 
(see Section 2.1). 

Therefore, the complete feedback network consisting of the 
coupled inductors and capacitor C is equivalent to the tt section of 
Fig. 10.4 having the following elements 

L 2 + M 

1 jo >(L X L 2 - M 2 ) 

^ _ -MIA - m 2 ) (10.14) 

2 M + W 2 C{L X L 2 M 2 ) 

L, + M 

/3 }oj(L x L 2 — M 2 ) 

The a-matrix of the tt section of Fig. 10.4, and therefore the feedback 
network, is given by 

'«n ff au'i r 1 °] r 1 z 2i r i o - 

«21 # * 22 \ Ui ij Lo 1 J [ y 9 1 




AMPLIFIER FEEDBACK NETWORK 

(b) 

Fig. 10.2. ( a ) Hartley oscillator , (b) Hartley oscillator re-drawn 
to correspond to Fig . 10.1 
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Fig. 10.3. Equivalent circuit of two coupled inductors 




Fig. 10.4. it- Sect ion 
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1 f 1 + Z*Y a 



Uai" « 2 2 "J % + r 3 (l + *%) 1 + 1 %. 

Combining Equations 10.14 and 10.15, we get 
[flu a lJ*l — 1 



(10.15) 



“11 “12 — 1 
„ n „ „ = M + 0^(1% - A/ 2 )' 

L“21 “22 J 

" Li - <+0(1% - AT 2 ) j+(Z% - A/ 2 ) 

1 - ft,2c ( L i + + 2M ) L t - co 2 C(L 1 L 2 - M 2 ) 

( 10 . 16 ) 

Next, consider the common cathode amplifier component of the 
Hartley Oscillator of Fig. 10.2(b); it has the equivalent circuit 



TO 

-- •►FEEDBACK 
NETWORK 



Fig. 10.5. Equivalent circuit of terminated common cathode stage 

shown in Fig. 10.5 from which we directly deduce the following 
a-matrix by applying the definitions of Equations 2.123. 




#11 a X2 
#21 #22 



Rl + fa 

— — r a 
-1 Rl 

/* Rl + r a ra 
- RLRg Rg 



(10.17) 



where R g is the grid resistor, Rl is the anode load resistor, and ^ and 
r a are the amplification factor and anode slope resistance of the 
triode valve. Hence, using Equations 10.13 (b), 10.16 and 10.17 we 
find that the angular frequency of oscillation w is given by 



%<£. + £, + + id + r!)^ - M '> 



(10.18) 



where the first term on the right hand side is due to the resonant 
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frequency of the tuned circuit, while the second term is due to the 
damping of the tuned circuit produced by the shunt conductances 
1 JR g and (Rl + ra)/^z/a. To ensure that the frequency of oscilla- 
tion is independent of the valve parameter r a and the terminating 
resistors R g and Rl, it is necessary to have 

C(L X + L 2 + 2 M) > i-Q- + ^J(Z% - M 2 ) (10.19) 

This inequality can be satisfied if the ratio C/L 2 is large, and if the two 
inductors of the feedback network are tightly coupled magnetically 
in which case the mutual inductance M closely approaches \/[L x L 2 ]. 
Assuming that the inequality is satisfied, Equation 10.18 gives the 
frequency of oscillation to be 



1 /[ L 

'2/TTfsj C(L\ -j- i /2 



(10.20) 



The minimum necessary condition for sustained oscillations is 
obtained from Equations 10.13 (a), 10.16 and 10.17 to be 

Rl + r a L x - u> 2 C(L x L 2 - M 2 ) r a L 2 - < o*C(L x L 2 - M 2 ) 
f. iR l M+ oj 2 C(L ± L 2 - M 2 ) ^ nR g 'M+ u> 2 C(L x L 2 - M 2 ) 

( 10 . 21 ) 

where a> is as defined by Equation 10.18. Normally the grid resistor 
R g is quite large compared to the anode load resistor, Rl ; therefore 
Equation 10.21 reduces to 

1 ~ ± ra c o 2 C(L 1 L 2 Af 2 ) HO 22} 

hRl *M+ a > 2 C(L x L 2 - M 2 ) y J 



Assuming that the inequality of Equation 10.19 is satisfied, we can 
eliminate w between Equations 10.20 and 10.22, and simplify the 
result to obtain 



hRl __ + M 

Rl + r a L 2 + M 



(10.23) 



This equation states that, for sustained oscillations the magnitude 
of the voltage gain of the common cathode stage of Fig. 10.2 (b) with 
a load resistance Rl must be at least equal to the ratio 
(Li + M)j(L 2 + M). If the voltage gain of the stage is greater than 
this value, then the amplitudes of oscillations will progressively 
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(A) (b) 

Fig. 10.6 . (a) Colpitis oscillator, ( b ) Colpitts oscillator re-drawn to correspond 

to Fig. 10.1 



increase until the stage becomes overloaded, as a result of which the 
average value of r a reaches the steady state value. 



10.2.2 COLPITTS OSCILLATOR 

In Fig. 10.6 (a) we have the transistor version of the Colpitts Oscil- 
lator. It is re-drawn in Fig. 10.6 (b) to correspond to the generalised 
oscillator of Fig. 10.1. The resistor R b accounts for the shunting 
effect of biasing resistors connected to the base terminal, and Rl is 
the collector load resistance. The frequency selective feedback 
network composed of capacitors C l9 C 2 and inductor L is seen to be 
also in the form of the ?r-section of Fig. 10.4 where 

Y l = ja,C 1 \ 

Z 2 = y*>L | (10.24) 

T 3 = j wC 2 J 

Hence, from Equations 10.15 and 10.24 we find that the feedback 
network of Fig. 10.6 has the following a-matrix 

'a n " a 12 "l ' 1 — oj 2 LC 2 j <*>L 

a 2 x ^ 22 " . j«Ci + jcC 2 (l — a^LCj) 1 — c o 2 LC^ 

(10.25) 

In Fig. 10.6 (b) the transistor is shown operated in its common 
emitter mode, and so it can be represented by the equivalent circuit 
of Fig. 10.7, where the parameter h^ 2e responsible for internal 
feedback has been ignored. This is quite justified provided 
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(^11 « + > h 12 eh 2 ie (10.26) 

where h uei h 12t , h 2ie and h 22e are the common emitter ^-parameters. 
By using the definitions of Equations 2.123 for the a-matrix para- 
meters, we deduce from Fig. 10.7 that 




(10.27) 

Therefore, using Equations 10.13 (b), 10.25 and 10.27 we find that 
the frequency of oscillation can be determined from 




(10.28) 

The first term on the right hand side of this equation is due to 
resonance of the tuned circuit comprising C l9 C 2 and L all connected 
in series. The second term is due to the damping of this tuned 




Fig. 10.7. Equivalent circuit of terminated common emitter stage 



circuit produced by the shunt conductances ( h lie + Rb)jh lie Rb and 
(h 22e + 1 /Rl)- If, however, the elements of the feedback network 
satisfy the inequality 

I (Cl + Q) ^ {ite + i) + ife) (10 29) 

then the resulting frequency of oscillation becomes practically 
independent of transistor parameters as well as the terminating 
resistors Rb and Rl; thus 
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f*kMk + $\ 00 - 30) 

The minimum necessary condition for sustained oscillations 
follows from Equations 10.13 (a), 10.25 and 10.27 to be 

1 + tb + i) (i - ^ + i(‘ + fe) (i - Mc ‘ >= ° 

(10.31) 

Eliminating w a between Equations 10.30 and 10.31 and simplifying, 
we find that for sustained oscillations the forward current amplifica- 
tion factor h 2ie of the transistor must at least have the following 
value 

*»• - §;(' + &) + + i) 

10.2.3 LOSSLESS T SECTION FOR FEEDBACK NETWORK 

The feedback networks considered up till now have been basically in 
the forms of v sections. Alternatively, the feedback network can be 
in the form of a lossless T section, as shown in the transistor oscillator 
of Fig. 10.8. For the feedback network of this circuit we deduce 
the following a-matrix 



a il a i2 



021 a 22 



0 1 



1 0 



0 1 



i L_ J- + J-1 1 

t o 2 LC l j a)C 1 jo>C 2 \ 



1 \ 

<x> 2 LC Xj 



a) 2 LC» 



(10.33) 



The a-matrix of the terminated common emitter stage is still given by 
Equation 10.27. Therefore, using Equations 10.13(b), 10.27 and 
10.33 we find that the oscillation frequency is given by 



— 2 = Upl + Q) + 

CD 



C x C^l XX eRbRL 

(^11 e + Rb) (1 + h 2 2eR£) 



(10.34) 



where again the second term is due to the loading effects of the 
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AMPLIFIER FEEDBACK 

NETWORK 

Fig. 10.8. Transistor oscillator with lossless T-section for feedback network 



transistor and terminating resistors Rt and Rl upon the frequency 
selective network. This loading can be minimised if 








(fine + Rb) (1 + h 2i eR£) 



(10.35) 



Then the frequency of oscillation becomes determined effectively by 
the feedback network, 



f=- 

J 2tt 



=±/r i .i 

Itt/s) L(C x + C 2 ) 



(10.36) 



The minimum necessary condition for sustained oscillations is 
deduced from Equations 10.13 (a), 10.27 and 10.33 to be 



h " e Jh 22e + R^j(l cu 2 LC J 



+ h 2ie { 1 + Rb){ 1 <o*Lc) 0 



(10.37) 



which, together with Equation 10.36, simplifies as follows 



(,a38) 



It is of interest to note that the above oscillator circuits can also 
be analysed by other alternative methods. For example, in the 
Hartley oscillator of Fig. 10.2 (a) and the Colpitts oscillator of 
Fig. 10.6 (a) the amplifier and feedback network components can be 
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Fig. 10.9 . (a) RC-phase shift oscillator , ( b ) Equivalent circuit 

considered as connected in parallel at both their input as well as 
output ports. Then in terms of the j-parameters we can set up the 
characteristic equation from which the frequency of oscillation and 
condition for oscillation are determined. On the other hand, in the i 
oscillator circuit of Fig. 10.8 the two components can be considered 
as connected in series at their input and output ports, and so the 
characteristic equation is conveniently formulated in terms of the 
z-parameters. 

10.3 RC-oscillators 

10.3.1 RC-PHASE SHIFT OSCILLATOR 

It is also possible to construct an oscillator circuit with the feedback 
network consisting of resistors and capacitors only. The RC > 
phase shift oscillator of Fig. 10.9 (a) is an example of such a class 
of oscillator circuit. It consists of a common cathode stage and 
a ladder network having three RC-sections. 

In Fig. 10.9 (b) the triode valve has been replaced with its 
equivalent circuit involving a controlled voltage source. We 
therefore deduce the following a-matrix for the amplifier component 
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«12 r ' 


_ -1 


Oil 


^22'. 





Rl + Tq 
Rl 



(10.39) 



Here we see that a 21 f and a 22 ' are both zero, in which case the 
characteristic equation 10.12 reduces to 



1 - (aM + = 0 



(10.40) 



The product term a 12 'a 2 f is representative of the loading effect of the 
RC-feedback network upon the common cathode amplifier. This 
loading effect can be justifiably ignored if the following inequality is 
satisfied. 

n ^ r aRL a a 



r a + Rl 



(10.41) 



Then Equation 10.40 reduces further to the following simple but 
approximate form 

On" fr (10.42) 

a il 

This equation states that for sustained oscillations the reciprocal of 
the open-circuit voltage gain of the feedback network, in the forward 
direction of signal transmission, must equal the voltage gain of the 
common cathode stage, both networks being considered individually. 

The feedback network consists basically of a cascade of three 
RC- sections, each one of which has the following a-matrix 

\ l + j^c* Fc] 



The a-matrix of the complete feedback network is equal to the 
product of the a-matrices of the three RC-sections; therefore, 

Ki" h+jcoCi? jwcl 



99 


9t-\ 


<*11 


«12 


99 


ff 


U21 


<*22 



from which it follows that the element a xl ” is given by 
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Oil" - ( l + jtoC *) (* + jcoCi?) + j.cj + }wCr { 2 + jcoCi?) 

= ( 1 ~ W 2 C 2 R 2 ) + “ 6 ) 

Here we see that a lx has a purely real value when 



a > 2 C*R* 



— 6 = 0 



that is 



CR^/6 



(10.45) 



When the angular frequency has this value, we find from Equation 
10.44 that the corresponding value of a lx " is —29. Hence, Equation 
10.42 gives the minimum necessary condition for sustained oscilla- 
tions to be (1 fan') = —29, that is (see Equation 10.39) 



M Rl 
Rl + Ta 



29 



(10.46) 



The feedback circuit of Fig. 10.9 (a) will thus oscillate at the angular 
frequency of 1 /RC\/6 provided the magnitude of the voltage gain of 
the common cathode stage with a load resistance Rl has a minimum 
value of 29. 



10.3.2 WIEN-BRIDGE OSCILLATOR 

The i^C-oscillator circuit of Fig. 10.10 (a) employs a Wien-bridge for 
its feedback network component. The frequency selective branches, 
comprising the parallel and series combinations of the elements R and 
C, apply the positive feedback necessary for regeneration and so 
determine the frequency of oscillation. On the other hand, the 
purely resistive branches, comprising the elements R x and R 2 , apply 
negative feedback to the circuit. At the frequency of oscillation the 
positive feedback predominates, whereas at harmonic frequencies 
the negative feedback predominates and, therefore, reduces the 
harmonic distortion in the output signal. 

In the following analysis we shall assume that the load resistance 
Rl 2 of the stage VT2 operated as common grid is small compared to 
the resistive elements of the bridge, and that the cathode-coupled pair 
comprising VT 1 and VT2 has an overall voltage gain K 0 . Then we 
obtain the equivalent circuit of Fig. 10.10 (b) from which we can 



FEEDBACK OSCILLATORS 359 




Fig . 10.10. (a) Wien-bridge oscillator , ( b ) Equivalent circuit 



determine the return difference F(jo>) with reference to the control 
parameter K 0 by using the following relation (see Section 3.6) 

FQ<o) = 1 - K 0 t ba G“) (10.47) 

where the transmittance f& a ( ja>) is equal to the value of the voltage 
V x = V a — Vb which results when the controlled source K 0 V x is 
replaced by an independent voltage source of 1 volt. Then with 
K 0 V X = 1 volt we find from Fig. 10.10 (b) that 

R 

y __ 1 ~b j <*>CR 

fl R I 1 , * 

■*" }cjC ^ 1 + j wCR 
jco CR 

~ 1 - a > 2 C 2 J R 2 + j3a >CR 



(10.48) 
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and 


Vh = 

6 Ri + R* 






1 

a + 1 


(10.49) 


where 


a = Ri/R 2 





Remembering that = V a — F& when K 0 V 1 = 1 volt, we 

deduce from Equations 10.47 to 10.49 that the return difference with 
reference to K 0 is given by 




where c o 0 = l/CR. Now from Nyquist’s criterion we know that 
for sustained oscillations we must have F^oo) = 0. From Equation 
10.50 we see that this condition is satisfied at oj = a> 0 provided that 
the voltage gain K Q of the internal amplifier has a minimum value 



given by 



*0 = 



3 (a 1) 
a — 2 



(10.51) 



Then, with this minimum necessary condition satisfied, we find 
that the circuit of Fig. 10.10 oscillates at a frequency equal to 
1 /(IttCR). 

It is of interest that the Wien-bridge of Fig. 10.10 is perfectly 
balanced at to = 1 jCR and when a — (RJR^) = 2. Equation 
10.51 thus shows that the closer the bridge is to its balanced condition 
the greater is the value of the voltage gain K 0 necessary for sustained 
oscillations. 



10.4 Frequency stability 

In practice it is found that the oscillation frequency invariably drifts 
from the desired value, the drift having been caused by any of the 
following factors: 

1. Aging of the active as well as passive network elements of the 
oscillator circuit. 

2. Variations in valve or transistor parameters due to a shift in 
the quiescent operating point produced by changes in the d.c. 
supply voltage and/or ambient temperature. 

3. Changes in external loading conditions and parasitic 
capacitances. 
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Fig. 10.11. Equivalent circuit 
of piezoelectric crystal 



The effect of parameter variations can be reduced by applying 
negative feedback to the internal amplifier component of the 
oscillator circuit. It can be reduced also by the proper choice of the 
element values of the frequency selective feedback network. In 
the case of the Colpitts oscillator, for example, this can be achieved 
by choosing the ratio (Q + C 2 )/L of the feedback network to be 
sufficiently large, as shown in Section 10.2.2. In addition, a large 
value for this ratio tends to filter out the harmonics resulting in 
further improvement in the overall oscillator performance. 

In the case of the Hartley oscillator we can reduce the dependence 
of the oscillation frequency on valve or transistor parameters by 
ensuring that the two inductors of the feedback network component 
have a coefficient of coupling close to unity. 

The frequency stability can be improved also by using a piezo- 
electric crystal , as the frequency controlling element. A vibrating 
piezoelectric crystal has the equivalent circuit shown in Fig. 10.11. 
The capacitance C 1 represents the electrostatic capacitance between 
the crystal electrodes when it is not vibrating. The series LCR- 
branch represents the electrical equivalent of the vibrational charac- 
teristics of the crystal. The elements of the equivalent circuit 
normally have such values that the series and parallel resonant 
frequencies are very close together (see Problem 7). 

Practically any oscillator circuit, having an inductor in its feedback 
network, can be converted to a crystal controlled oscillator by 
replacing the inductor with a crystal. Thus in the crystal oscillator 
of Fig. 10.12 we have used a crystal in place of the inductive com- 
ponent of a Colpitts oscillator. The resulting oscillation frequency 



Fig. 10.12. Crystal 
controlled oscillator 





F.C.A.-24 




FEEDBACK CIRCUIT ANALYSIS 



362 

is only slightly greater than the series resonant frequency of the 
crystal. Another method of improving the frequency stability of an 
oscillator is to use a feedback network in the form of a bridge; an 
example of such a method is the Wien-bridge oscillator considered 
in Section 10.3.2. The closer the bridge is to its balanced condition 
the better is the frequency stability. 



10.4.1 FREQUENCY STABILISATION FACTOR 

Suppose that initially the angular oscillation frequency of an 
oscillator is equal to <u 0 . Then from Nyquist’s criterion we deduce 
that the phase angle B(a> ) of the open-loop gain function TQoi) of 
the oscillator circuit is 180° at w = o» 0 . If, next, the various factors 
cause the phase angle B(u>) to change by a small amount SB at 
oo = co 0 , then the necessary condition for oscillation will no longer 
be satisfied at w = <o 0 . Accordingly, the frequency of oscillation 
shifts to a new value at which the phase angle of the open-loop 
gain function is restored to 180°. The resulting frequency shift is 
given as follows 



7)0) 

7>B(oi) c 



and so the modified frequency of oscillation is 



where 



o) 0 + 8cu = + -r j 



(10.52) 



(10.53) 



(10.54) 



Sf is defined as the frequency stabilisation factor. We see that, for 
a given value of SB, the larger the value of Sf the smaller is the 
frequency drift. 

As an illustration we shall evaluate the frequency stabilisation 
factor for the Wien-bridge oscillator. From Equation 10.50 we 
deduce that for this oscillator the open-loop gain function is given by 



TQw) = K 0 



„ 6lT , .CO . 

1 ~ s? +J sr„< 2 ~ £ 

(a + l)(l — “i + j~l 



(10.55) 



where a> 0 — l/CR is the normal frequency of oscillation. Therefore 
B(a>) = / T(}u>) 
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B(a>) = tan" 1 




— tan -1 




(10.56) 



Differentiating with respect to tu, and then putting o> = <o 0 we get 



IBjio ) 1 = _ 2 (a + 1) 

i)CO - tu — a> 9 3oJ 0 (a 2) 



(10.57) 



Hence Equation 10.54 gives the frequency stabilisation factor of the 
Wien-bridge oscillator to be 



2 (a + 1) 

3 (a - 2) 



(10.58) 



where the minus sign indicates that the phase angle decreases with 
increasing frequency. Equation 10.58 shows that the magnitude of 
the Sf increases as the parameter a approaches the value of 2. In 
other words, the closer the Wien-bridge is to its perfectly balanced 
condition, the better is the resulting frequency stability. But, as 
pointed out earlier, the voltage gain of the internal amplifier required 
for sustained oscillations becomes greater as the bridge approaches 
its balanced condition. Therefore, in practice a compromise is 
necessary between the desired value for the frequency stabilisation 
factor Sf and the possible value for the voltage gain of the amplifier. 



10.4.2 REACTIVE STABILISATION OF LC-OSCILLATORS 

The frequency stability of an LC- oscillator can be greatly improved 
by adding to the frequency selective feedback network an extra 
branch which is purely reactive. If the feedback network is in the 
form of a 7T section (see Fig. 10.13 (a)), then frequency stabilisation 
can be achieved by adding the purely reactive series branch of 
impedance Z 0 , as in Fig. 10.13 (b). If, on the other hand, the 
feedback network is in the form of a T-section (see Fig. 10.14 (a)), 
then for frequency stabilisation we can add a purely reactive shunt 
arm, as in Fig. 10.14(b), or a purely reactive bridge arm, as in 
Fig. 10.14(c). 

To illustrate this method of stabilisation, consider Fig. 10.15 
showing the valve version of the Colpitts oscillator. The inductance 
L 0 has been added for f he purpose of frequency stabilisation. 
Therefore, the a-matrix o^ the feedback network modifies to 

flu 1 1 0 1 j ojL 1 0 

-@21 ^22 . .0 1 _ 1 . .0 1 _ 1 . 





(*) (b) 

Fig. 10.13. (a) 7 T-section for feedback network , (b) Feedback network with 
frequency stabilising element Z 0 




(c) 

Fig. 10.14. ( a ) T-section for feedback network , ( 6 ) Feedback network with 

frequency stabilising shunt element Y 0 , (c) Feedback network with frequency 
stabilising bridge arm Y 0 
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Fig. 10.15. Colpitts oscillator with frequency stabilisation element L 0 



FEEDBACK OSCILLATORS 



365 



#12 1 oALoQ 1 2 jcoZ/ 

-^21 ^ <*22 "J L jwC X 1 ||| jcoQ 1 . 

After expanding this matrix product, we obtain 

a n ff - (1 - c^LoCjX 1 - a> 2 LC2) - a> 2 L 0 C 2 
#12 = j°*£(l a> 2 L 0 Ci) + 

0 2 / = j*>C x (l — a > 2 LC 2 ) + j<oC 2 
a 22 " = 1 - * 2 LC X 

The frequency of oscillation is determined by Equation 10.13(b) 
which is reproduced here for convenience 

^12 fl 21 a %l ^12 = 0 

For perfect frequency stabilisation, the frequency of oscillation must 
be independent of the matrix parameters a 12 f and a 21 \ contributed 
by the amplifier. This can be achieved if and only if the parameters 
<z 12 " and a 2X " of the feedback network component are both 
simultaneously zero at the desired frequency of oscillation, that is, 

a 12 " = 0 (10.60 (a)) 

a 2i = 0 (10.60(b)) 

These two relationships together determine the frequency of oscil- 
lation and the necessary condition for frequency stabilisation. 

Equations 10.60 can be both satisfied by means of the feedback 
network of Fig. 10.15; thus when they are used in conjunction with 
Equation 10.59, we find that they lead to 

L(l - o> 2 L 0 CO + L 0 = 0 (10.61 (a)) 

C x (l - w*LCJ + C 2 = 0 (10.61 (b)) 

where we have excluded the trivial solution <o = 0. The frequency 
of oscillation can be determined from Equation 10.61 (b); hence 



(10.59) 




(10.62) 



Next, eliminating a > 2 between Equations 10.61 (a) and 10.62, we get 

L 0 C X = LC 2 (10.63) 
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We therefore see that the frequency of oscillation is independent of 
the inductance L 0 , which acts solely as a frequency stabilising circuit 
element. 

The a-matrix parameters of the amplifier component are given by 
Equations 10.17. Hence, if the values of a lx ” and a 22 ", given by 
these equations, are substituted in Equation 10.13 (a), we obtain 

1 + Rl ± Ig[(l _ aj*L 0 Q (1 - a fiLCJ - aALoCJ 

[xKl 

(10.64) 

Eliminating cu 2 between Equation 10.62 and 10.64 and then using 
Equation 10.63, we find that the minimum necessary condition for 
sustained oscillations is 

*-§('+ £)+&;•% < io - 65 > 

The expression on the right hand side of this equation has its 
minimum value when 

r a R L 

Ci/ Rg(fa + Rl) 

in which case the magnitude /x RlI(Rl + r a ) of the voltage gain of the 
common cathode amplifier must equal the required value of 2 C 2 IC V 

PROBLEMS 

L Three impedances are connected together in a single closed 
circuit and the anode, cathode and grid of a valve ( A , K and G) 
are tapped on at the points of junction. Prove that such a 
circuit is capable of sustained sinusoidal oscillation, provided 
that 

r a (ZcK + Zak + Zag) ~ — Zak(Zgk + H'Zgk + Zag) 

If the three impedances, Zgk , Zak and Zag , are pure react- 
ances, j Xgk, j Zak, j Xag, prove that, for sustained oscillation, 
the circuit elements in the grid-cathode, and anode-cathode 
circuits must be either both capacitive or both inductive. 

Give the circuits of any three oscillators which are based on 
the above reasoning. 

A certain tuned-anode/tuned-grid oscillator uses two 
identical coil-capacitor circuits. The resonance frequency of 



ANODE 




each is 4 Mc/s, and in each, the tuning capacitance is four 
times the grid-anode capacitance. What will be the frequency 
of oscillation? (Neglect the effect of coil resistance on 
oscillation frequency). 

(Institute of Electrical Engineers, Part III, Electronic Engineer- 
ing, June, 1960). 

2. Show that the circuit shown in Fig. 10.16 (b) is an equivalent 
circuit for that in Fig. 10.16 (a). 

An oscillator is formed from a 3-stage RC - coupled amplifier 
by feeding back the whole output voltage to the input terminals 
of the first valve. The three valves are identical and the three 
anode load resistances have the same value, R . The three 
coupling capacitors are C x , C 2 and C 3 , and the three coupling 
resistors are R l9 R 2 and R 3 . Prove that the frequency of 
oscillation is given by 

1 

2'7T'\/[/*]/* 2 GjG 2 -j- r 2 r 3C2C3 -f~ v 3 r iG 3 CJ 

where r x denotes the resistance of R x in series with the parallel 
combination of R and the valve incremental impedance r a , and 
similarly for r 2 and r 3 . 

(Institute of Electrical Engineers, Part III, Electronic Engineer- 
ing, June, 1961). 

3. The amplifier component of the oscillator circuit of Fig. 10.17 
has a large input impedance, a small output impedance, and a 
voltage gain K 0 . Determine the open-loop gain T(p) of the 
circuit; hence find the frequency of oscillation and the value of 
K 0 necessary for sustained oscillations. 

4. In the RC-phase shift oscillator circuit of Fig. 10.18 the triode 
valve has an anode slope resistance of 7 kfL Neglecting the 
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Fig. 10.21 

''i 



loading effect of the feedback network, determine the minimum 
value of the amplification factor fi necessary for sustained 
oscillations. What is the frequency of oscillation? 

5. Fig. 10.19 shows a transistor oscillator with a feedback network 
in the form of a T-section. Assuming that there exists no 
magnetic coupling between the inductors L x and L 2> and 
neglecting the effect of the h l2e parameter, determine the 
frequency of oscillation, and the condition to be satisfied if this 
frequency is to be almost independent of transistor parameters. 
What is the minimum necessary condition for sustained 
oscillations? 

6. In the transistor oscillator of Fig. 10.20 the inductance L 0 has 
been added for the purpose of frequency stabilisation. Deter- 
mine the value of L 0 required for perfect stabilisation. What 
are the frequency of oscillation and minimum necessary con- 
dition for oscillation ? Neglect the effect of the h 126 parameter. 

7. Fig. 10.21 shows the equivalent circuit for a piezoelectric 
crystal. Determine the reactance measured between terminals 
1,1'; hence sketch the reactance-frequency characteristic. 

Using the typical values L — 0-57 H, C = 0-16 pF, and 
C x = 40 pF, show that the series and parallel resonance 
frequencies are very close together. 
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certain transformations and then applying Routh’s criterion to the 
transformed characteristic equation. 

We shall consider four extensions which are of particular import- 
ance: 

To establish whether or not every root of the characteristic equation 
has a real part more negative than a specified real number — a 0 . 

This test is useful when it is required to ascertain that every one of the 
terms constituting the closed-loop transient response has a multi- 
plying exponential factor e _or * with cr > <r 0 , thereby ensuring that the 
time required for the transient response to decay will not exceed a 



In Section 4.3 we showed that by applying Routh’s criterion to a 
feedback circuit’s characteristic equation 

f(p) = oc Q p n + ajp"- 1 + a zP n ~ 2 + . . . + + <*n = 0 (A.l) 

where all the coefficients a 0 to cc n are real, it is possible to detect the 
existence, or non-existence, of roots in the right half of the p-plane. 
If all the roots are found to be located inside the left half of the 




p-plane, and therefore the feedback circuit is stable, the next problem 
is to examine the nature of the resulting closed-loop transient 
response by establishing whether or not all the roots of the charac- 
teristic equation are located inside the shaded region of Fig. A.l 
(see Section 4.7). In this appendix we shall demonstrate that it is 
possible to explore the entire left half of the p-plane by first making 
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specified value determined by cr 0 . To satisfy this requirement it is 
necessary for all the closed-loop poles, i.e. the roots of the charac- 
teristic equation to be located inside the shaded region of Fig. A.2. 

Let us put 

p = s — cr 0 (A.2) 

in which case Equation A.l is transformed as follows 
£(*0 = Lf(p)]p = 3 ~ a 0 

= Oq (s — <J 0 ) n + ocfs — a 0 )«- x + a 2 (s — a 0 ) n ~ 2 + ... 

+ — < 7 0 ) + a-n (A. 3) 

The effect of using s as the independent variable instead of p is to 
displace all the roots of the characteristic equation f(p) = 0 hori- 
zontally and to the right by a distance equal to o 0 . Hence if f(p) 
happens to have a zero between the jco-axis of the p-plane and the 
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shaded region of Fig. A.2, then the polynomial g(s) 9 as defined by 
Equation A. 3 will have a corresponding zero in the right half of the 
5 -plane, and this is shown up when Routh’s criterion is applied to 
g( 5 ). If, on the other hand, after applying Routh’s criterion we 
find that all the zeros of g(s) are confined to the left half of the 
5 -plane then directly we deduce that all the zeros of f(p) are confined 
to the shaded region of Fig. A.2. 

Example 1 

Suppose that it is required to know whether or not the polynomial 
f(p) = P z + 2p 2 + 3p + 4 

has any zero with a negative real part less than 0-5 in absolute value 
(i.e. <7 q = 0*5) 

Putting p = 5 — 0*5 we get 

g(s) = (5 — 0*5) 3 + 2(5 - 0-5) 2 + 3(5 - 0-5) + 4 
= 5 3 + 0-55 2 + 1-755 + 2-87 

Application of Routh’s criterion to this polynomial reveals that 
it has two zeros in the right half of the 5-plane. Also on applying 
Routh’s criterion to f(p) we find that it has no zeros in the right 
half of the /7-plane. It therefore follows that f(p) has two zeros 
between the jco-axis of the /?- plane and the shaded region of Fig. 
A.2 with a 0 = 0-5. 

To establish whether or not every pair of complex conjugate roots , 
if any , of the characteristic equation has an imaginary part whose 
absolute value is less than a certain positive real number co 0 . 

This test is useful in detecting whether or not a given feedback circuit 
satisfies the requirement that the frequency of oscillation of each 
oscillatory term, if any, contained in the closed-loop transient 
response and due to the presence of complex conjugate roots is less 
than a specified value cj 0 . Such a requirement is satisfied if it can 
be established that all the characteristic roots are located inside the 
shaded region of Fig. A.3. 

For this purpose let us put 

p = j(z + co 0 ) (A.4) 

The effect of this transformation is first to rotate the zeros of the 
polynomial f(p) through 90° in the clockwise direction, and then 
displace them all horizontally and to the left by a distance equal to 
oj 0 . Thus Equation A.l modifies to 
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G 1 (z) = Ooj n (2 + w 0 ) n + a 1 j n *" 1 (z + Wo)*" 1 . . . 

+ a»-ij(z + ^ 0 ) + (A. 5) 

Remembering that j 2 = — 1, we find that the polynomial in the 
new variable z can be expressed as follows 

Gfz) = Mfz) + j N x (z) (A.6) 

where Mfz) and Nfz) are polynomials in z, both having real 
coefficients. 

We cannot apply Routh’s criterion, in its normal form, to the 
polynomial Gfz) because of the presence of some imaginary 




Fig. A. 3 



coefficientsf. To overcome this difficulty let us construct a second 
polynomial Gfz) obtained from f(p) by using the transformation 

P = — j (z + co 0 ) (A.l) 

The effect of this transformation is to rotate the zeros of the poly- 
nomial f(p) through 90° in the anticlockwise direction, and then 
displace them horizontally and to the left by a distance a> 0 . The 
result of the transformation is that 

G 2 (z) — Mfz) — jN+z) (A. 8) 

where M x (z) and Nfz) are as defined earlier. Here again we 

f An extension of Routh’s criterion for polynomials with complex coefficients 
is given by E. Frank . 1 
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cannot apply Routh’s criterion owing to the presence of some 
imaginary coefficients. 

A polynomial in z having real coefficients and containing the 
rotated zeros of both G x (z) and G 2 (z) is obtained by multiplying these 
two polynomials; we thus get 

G(z) = G x (z) • G 2 (z) 

- M x \z) + N x \z) (A.9) 

Owing to the rotation of the original zeros of f(p) in opposite direc- 
tions, we find that the zeros of G(z) occur in complex conjugate 
pairs and, accordingly, the coefficients of G(z) are all real. Also 
the order of the polynomial G(z) is twice that of /(/?), that is, if the 
highest power of p in the polynomial f(p ) is n then the highest 
power of z in G(z) is 2 n. 

Suppose the original polynomial f(p ) has a pair of complex 
conjugate roots which lie inside the left half of the p-plane but outside 
the shaded region of Fig. A.3. Then the modified polynomial 
G(z) will have a corresponding pair of complex conjugate zeros 
in the right half of the z-plane, and this is detected by applying 
Routh’s criterion to G(z). If, however, after applying Routh’s 
criterion we find that G(z) has no zeros in the right half of the 
z-plane, then we immediately conclude that f(p) has no zeros outside 
the shaded region of Fig. A. 3. 

Example 2 

Let it be required to find whether or not the polynomial 

f(p) = p 3 + 2p 2 + 2p + l 

has a pair of complex conjugate roots with an imaginary part 
greater than 1 in absolute value (i.e. a> 0 = 1). Putting p = j(z + 1) 
we get 

Gi(z) = j 3 (z + l) 3 + 2j 2 (z + l) 2 + 2j(z + 1) + 1 
= M x (z) + }N x (z) 

where 

M x (z) = — (2z 2 + 4z + 1) 

N x (z) = — (z 3 + 3z 2 + z — 1) 

Therefore, we have from Equation A.9 that 

G(z) = (2z 2 + 4z + l) 2 + (z 3 + 3 z 2 + * - l) 2 
= z 6 + 6Z 5 + lSz 4 + 20 z 3 + 15z a + 6z + 2 




On applying Routh’s criterion to this polynomial we find that G(z) 
contains no zeros inside the right half of the z-plane, and so there- 
fore we deduce that all the zeros of f(p) are located inside the shaded 
region of Fig. A.3 with w 0 = 1. 

To establish whether or not the characteristic equation has a pair of 
complex conjugate roots with a damping ratio less than a specified 
value f. 

This test is useful when it is required to establish that the fractional 
overshoot of the closed-loop response to a step function input does 
not exceed a permissible value determined by £ (see Section 2.2). 
To satisfy such a requirement it is necessary to demand that all the 
roots of the characteristic equation are located inside the shaded 
sector of Fig. A.4 with iff = cos -1 £. 

Let the roots of the characteristic equation f(p) = 0 be rotated 
through an angle </> = n/2 in a clockwise direction. This is 
achieved by making the following change of variable 

/? = we ] ^ (A. 10) 

Eliminating p between Equations A.l and A. 10 gives 

Q x (w) = oc 0 tM w n ai e j(n- 1) 4> w n - 1 -f . . . -f- cc n _ x t^W + <x n 

(A.l 1) 

Next, if the roots of the characteristic equation are rotated through 
an angle <f> in an anticlockwise direction by making the change of 
variable 




376 



FEEDBACK CIRCUIT ANALYSIS 



APPENDIX 



377 



p = w (A. 12) 

we get 

QM = a 0 e-i«* w n + aj. e-J(«-D* w »-i + . . . <*„_! e -«w + a„ 

(A. 13) 

The polynomials <2i(w) and Qfw) are both characterised in having 
complex coefficients and cannot, therefore, be tested by means 
of Routh’s criterion in the usual way. If, however, these two 
polynomials are multiplied together, we obtain a polynomial Q{w ) 
which has real coefficients and which has all the zeros of <2,(w) and 
Q a (w); thus 

Q(w) = Qi(w).Q 2 (w) (A. 14) 

The polynomial Q(w) will have all its zeros confined to the left half 
of the w-plane provided that the original polynomial f(p) contains 
no zeros outside the shaded sector of Fig. A.4. On the other hand, 
if f(j>) has any pair of complex conjugate zeros outside this shaded 
sector, then the modified polynomial Q(w) will possess a corres- 
ponding pair of zeros inside the right half of the w-plane. This is 
readily established by applying Routh’s criterion to Q(w). 

Example 3 

It is required to examine the polynomial 

f(p) =P 3 + 2p 2 + 2p+ 1 

for the existence of a pair of complex conjugate zeros with £ < 0-707. 
This corresponds to >p — tt/ 4 and <f> = tt/ 4. Therefore putting 
p — w e ir7/4 gives 

Ci(w) = d 3 ”/ 4 w 3 + 2 eW 2 w 2 + 2 eW 4 w + 1 (A. 15) 

But 

e jm0 _ CQS W( £ _|_ j s j n 

Therefore we can express Qfw) as follows 

Qi(w) — |cos ^.w 3 + 2 cos ?w 2 + 2 cos ?.w + 1^ 

+ j^sin ^ w 3 + 2 sin ^ w 2 + 2 sin ^ wj 

= ( - 0-707 w 3 + 1 -414w + 1) + j(0-707w® + 2w 2 + 1 -414w) 
Next, putting p = w q-W* leads to 



Qfw) = ( - 0-707w 3 + l-414w + 1) - j(0-707w 3 + 2w 2 + l-414w) 

We thus get 

Q(w) = Qi(w).Q 2 {w) 

= ( - 0-707w 3 + l-414w + l) 2 + (0-707W 3 + 2w 2 + l-414w) 2 
= w* + 2-828 w® + 4 w* + 4-242 w 3 + 4w 2 + 2-828w + 1 

Application of Routh’s criterion to the polynomial Q(w) reveals 
that it has a pair of complex conjugate zeros in the right half of the 
w-plane. It therefore follows that the original polynomial f(j>) 
contains a pair of complex conjugate zeros with a damping ratio of 
£ less than 0.707. 

To establish whether or not all the roots of the characteristic 
equation are located along the negative o-axis of the p-plane 

This test is useful when it is required to ascertain that the closed 
loop transient response to a step function does not exhibit any 
overshootj . Such a requirement demands that all the closed-loop 
poles, i.e. the roots of the characteristic equation are located along 
the negative a-axis of the p-plane. 

Consider a characteristic equation expressed in its generalised 
form as in Equation A. 1 . Differentiating with respect to p gives 

= a 0 np n ~ 1 + ocfn — l)p»- 2 + ocfn — 2)p n ~ 3 + . . . + 

(A. 16) 

If next we introduce a new variable A related to p by 

p = A 2 (A. 17) 

then in terms of A we can express Equations A.l and A. 16 as 
follows, respectively, 

Pi(A)=[/(p)] p =a» (A. 18) 

= «oA* n + ot 1 A 2 "- 2 + . . . oin^A 2 + 0£„ 
p.(A) =[/'0>)W 

= oohA 2 ”- 2 + «i(n - 1)A 2 »- 4 + . . . + «„_! (A. 19) 



f It is also found useful in the study of transfer functions realised by networks 
composed of resistors and capacitors only; see A. T. Fuller. 2 

F.C.A.— 25 
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Let us next construct another polynomial P( A) related to P x ( A) and 
P 2 (A) as follows 

P( A) = Pi(A) + AP 2 (A) (A.20) 

that is, 

P(A) = OqA 2 " + aonA 2 "- 1 + cqA 2 *' 2 + a^n - 1)A 2 *" 3 + . . . 

• • • + a 7i- iA + a n (A.21) 

Now if the original polynomial f(p) is to have all its zeros located 
on the negative cr-axis of the /7-plane, then it is necessary and sufficient 
for the polynomial P(A) to have all its zeros confined to the left half 
of the A-plane. Hence by applying Routh’s criterion to P( A) we can 
establish whether or not all the zeros of f(p) are located along the 
negative a-axis of the /7-plane. 

As an illustration consider the simple case of a polynomial f(p) 
having only two zeros on the negative a-axis of the /7-plane, that is 



f(p) = (P + °i )(p + 

= /7 2 -f* (a x + a tdp a i a 2 (A.22) 

whether a x and a 2 are both positive real numbers. Differentiating 
/(/?) with respect to p gives 

f'(p) — 2/7 + (a x + a 2 ) (A. 23) 

Therefore, 

P x ( A) = A 4 + (a x + a^A 2 + a x a 2 (A.24) 

P 2 (A) = 2A 2 + (a x + aj (A.25) 

P(A) = Pi(A) + AP 2 (A) 



= A 4 + 2 A 3 + (a x + a 2 )A 2 -f- (a x + ^A + ° i (T 2 (A. 26) 
Applying Routh’s criterion to P(A) leads to the following table 



1 (°i + a<d °’i° r 2 

2 (a x + a^ 0 

i( U l + a 2> CT 1 CT 2 0 

0 0 

(ffl + 0*2) 

a x a 2 0 0 



Since a x and a 2 are both positive real numbers, by assumption, it 
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follows that all elements of the first column of this table are positive, 
and therefore all zeros of P(A) are located in the left half of the 
A-plane. We can generalise this result by stating that if on applying 
Routh’s criterion to the polynomial P(A) of Equation A.21 we find 
that all the zeros of P(A) are located inside the left half of the 
A-plane, then all the zeros of the original polynomial /(/?) are 
necessarily located along the negative a-axis of the p-plane. 
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Answers to Problems 



Chapter 2 

1. v oc = 0-667 Vs Z 0 \it = 3-33 kQ 

2. /sc = — 4-93 is Z 0 ut = 1‘68 kQ 

3. (a) v(t) = |(1 - c-i wiCR) 

(b) [s' (/) ]^o = 16CR- 

4 . VR(t ) = ^ e~tlcR 

v s (t) - - ^(1 - e-w«) 

Q-R112L 

5 - ''■(')= 1 «>»(".<-«) 
where 

WM » — (r7[i]) 

rD 17 

6 - = R 2 + cj 2 L 2 e_tR/£ + V[7? 2 + co 2 L 2 ] COS ^ wt + ° 

where 

0 = —tan -1 and R = R 0 + R 1 

7. vjt) = CR(l - e-‘lc R ) 
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v , (0 = - gmCRH 



Q-t/CR _ g-t/CRj 



9. T(p) 



31-6a) 0 s (/> + <^o) 

0» + (Hai 0 ) a (p + 10o> 0 ) 8 



10. Angular cut-off frequency = 2-91 co 0 
At tu = 2-91 w 0 , phase angle = — 67° 



13. Zm = 30n 
Z out = 490 kQ 
K v = 325 
Ki = - 0-975 



14. z in = 1370 ^ 

Kv = 12-2 X 10 s 



15. Ky — — 19-3 

16. Ky = 7-75 

18. Fp max = 1000 



Chapter 3 

2. 3% 

3. 24-6 

. ,, | , , RsRl ~l~ RejRs ~l~ 7?/) 

4. 2- - 1 + «2i^ lie + *,) (* s + R l + R f ) + + i? r ) 

7 , _ (Rl + Rf) Iftiie + 7? e (l + /» 2 ie)] 

in All* + Rf + (F e + Rl ) (1 + h%ie) 

7. 0-236 

8. K' = 9-65 

= 30-5 kQ 

9. a:' = 85 
Z out ' = 678 Q 

10. (a) F* = 0-98 
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( b ) Fy= 1-021 

(c) F 2 = 1-09 

(d) F g = 0-907 

Chapter 4 

1. (a) Stable 

(b) Unstable 

(c) Unstable 

(d) Stable 

2. 2 < J(0) < 20 

3. Asymptotes intersect at p = — 2-07 

Point of departure from a-axis at p = — 0-58 
Point of intersection with j<u-axis at p = ± j 2-49 
Threshold open-loop gain = 37-5 
For critical damping, T(0) = 0-7 

4. Angle of departure = 25° 

Point of intersection with joj-axis at p = ± j 1 -05 

Threshold open-loop gain = 11-1 

For T( 0) = 10, percentage overshoot == 92-5% 

5. Closed loop poles at p = — 1 -46 

p = - 0-02 ± j 0-665 

20 per cent increase in F(0) causes closed loop poles to move to 
j>=- 151, 
p = 0 005 ± j0-718 

6. 47-5 X 10® rad/sec, or 10®/47-5 rad/sec 

7. T(0) = 5 

The remaining closed-loop pole is at p = —2-71 
Overshoot = 73-6% 
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Chapter 5 

1. (a) Stable 
(b) Unstable 

2. 2 < 7X0) <20 

3. Critical value of 7X0) = 8 
Frequency of oscillation = \/3cu 0 

4. Gain margin = 1 -66 dB 

Phase crossover frequency = 4-58 a> 0 

6. Critical value of c is 8. 

Phase crossover frequencies are at 2*19 <o r and 0-455 w r 

Chapter 7 
1. L = rRC 

/-k/I&M] 

-> rr (1 + ft) + j^(C, + C 2 )r a 

jwCrfl +}a>C t r a ) 

(a) X = 11-5 kQ; the reactance X is therefore inductive 

(b) R = 1 kO 

4. The network is open-circuit stable but short-circuit unstable. 
Chapter 8 

1. (a) AT 0 — — 11 -8 

/„= 1-29 Mc/s 
Tf = 0-27 jasec 

(b) Re = 24-4 Q 

= - 7-4 

F= 1-57 

2. * = 400 kQ 

(a) 4-5 Mc/s 
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(b) 4-3% 

3. (a)W=y 
(b) *' = 8-2 

Without feedback the 3-dB cut-off frequencies are at 75 c/s 
and 13 kc/s. With feedback the 3-dB cut-off frequencies 
are at 10 c/s and 91 kc/s. 

4. 7X0) = 3-5 

Closed-loop zero at p = —2 
Closed-loop poles at p = -1-86 ± j 

5. Required open-loop poles are atp -= — 1/200 and p = — 1 ± j. 
Gain margin = 12-1 dB. 

Chapter 9 

2. (a) K'(p) = (i + ipCM (1 + pC 2 R 2 ) 

9 P 

(b) K'(p) = - -^(1 + ipC^ 

3. —13-6 (1 — e -0 69f ) where t is in millisec 



5. *'00 = 



P a + 2p + 10 



6 . — *2 



Chapter 10 
1. 3-26 Mc/s 

*5 <tya j<4> CiRjKp 

w 1 + jcoCQ*! + C 2 R 2 + QR,) - o ) 2 C 1 R 1 C 2 R 2 



^ [c 1 ^ 1 c 2 * 2 
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Index 



a-matrix 49, 60, 62, 347, 348, 350, 
352, 354, 356-57, 363 
Active network 6, 66 
Addition of matrices 40 
Admittance 283 
All-pass function 223 
Amplification factor 68, 140 
Amplitude 29 
Analytic function 201 
Angular frequency 29 

of undamped oscillation 27 
Anode slope resistance 68 



6-matrix 50 
6-parameters 50, 62 
Base resistance 74 
Blecher, F. H. 114 
Block diagram 101 
Blumlein integrator 343 
Bode, H. W. 4, 109, 114, 235 
Bode’s ideal loop gain characteristic 
235-38, 244 

Branch transmittance 110 
Bridge feedback 152-57 
unbalanced 157-58 
Bridged-T network 97 
Broadbanding 174 



Cascade coupling 60 
Cascades of transistor feedback stages 
312 

Cascode 99 

Cathode coupled pair 99, 358 
Cathode follower 133-36 
valves 79 

Cauchy-Riemann equations 200-01, 
240 

Cauchy’s residue theorem 203-05, 
209 



Cauchy’s theorem 201-03, 205, 225 
extension to 203 
Chain matrix 49 
parameters 48 

Characteristic equation 169, 170, 171, 
176, 177, 183, 187-88, 194, 195, 
197, 346 

application of Routh’s criterion 
371, 375, 377 

Characteristic polynomial 193, 196 
Characteristic roots 193, 195, 196, 
197 

Cherry, E.M. 312 

Chopper stabilised d.c. amplifier 338 
Closed-loop cut off frequency 260 
Closed-loop frequency response 260 
Closed-loop gain 3, 102, 107, 115, 
151, 152, 210 

Closed-loop gain function 169, 258 
Closed-loop poles 190-92, 241 
effect of parameter variations 
192-95 

Closed-loop response 255, 270 
Closed-loop transient response 238, 
241 

Coefficient of coupling 8 
Collector depletion layer capacitance 
74 

Colpitts oscillator 352-54, 355, 361, 
363 

Column matrix 40 
Common anode stage 133-36 
valves 79 

Common base 6-parameters equiva- 
lent circuit 293 

Common base stage, transistors 
87-90 

Common base y-parameters 88 
Common cathode cut off frequency 
92 



387 




388 



INDEX 



INDEX 



389 



Common cathode stage 
high frequency response 90 
valves 77 

with local series feedback 123-24 
Common cathode y-parameters 80 
Common collector stage 
transistors 85-87 
with capacitive load 288 
Common collector ^-parameters 85 
Common emitter beta cut off 
frequency 74 

Common emitter cut off frequency 94 
Common emitter A-parameters 70, 71, 
87, 353 

equivalent circuit 70 
Common emitter stage 
high frequency response 92 
transistors 82 

with local series feedback 124-28, 
300 

with local shunt feedback 128-33, 
309 

Common emitter y-parameters 70, 71, 
82, 88 

equivalent circuit 70 
Common grid stage, valves 80 
Common grid y-parameters 80 
Compensating capacitor 307 
Compensation 
high-frequency 304 
in feedback path 246-50 
in forward path 250 
Complex conjugate poles 1 66, 187, 190 
Complex conjugate roots 372 
Complex frequency variable 12 
Complex pole 1 83 
Conditional stability 189, 220 
Conductance 286 
Constant gain-slope 233 
Constant phase cut off characteristic 
235 

Control parameter 9 
Control signal 9 
Controlled sources 9 
Corner frequency 35 
Coupling of two-port networks 55-62 
Critically damped transient response 
25 

Current-controlled current source 9 
Current-controlled voltage source 9 
Current gain 21, 62, 67 
Current gain-bandwidth product 310, 
312 

Cut off frequency 173, 174, 176, 216, 
306, 307, 310, 314 



Damping ratio 27, 191 
Decibels 32, 158, 173 



Delta function 15 
Differentiating amplifier 321, 330 
Direct transmittance 112 
Double pole 25 
Drift 338 

Driving-point admittance 20 
Driving-point admittance function 
276, 278 

Driving-point function 19 
Driving-point impedance 20, 117 
Driving-point impedance function 
274-75, 278 



Elmore, W. C. 298 
Emitter follower, transistors 85-87 
Encirclement theorem 208-10 
Equivalent circuits 68 
Equivalent drift voltage 338 
Evans, W. R. 174 
Excitation transform 18, 164, 274 
Extension to Cauchy’s theorem 203 
External circuit properties of termin- 
ated two-port network 62-65 
External circuit response 

of transistor configurations 82-90 
of valve configurations 77-81 
External voltage gain 63 



Feedback 

advantages and cost of 3 
basic circuit types 105 
basic flow graph 110-13 
block diagram of circuit 101 
bridge 152-57 
circuit analysis 4 
classical theory 4, 101 
current 105-07 
definition of 1 

evaluation of effects on circuit 
performance of the amplifier 4 
generalised theory 4, 109 
in electronic circuits 1 
internal 1 

in two-port networks 120-23 
limitations of classical theory 
108 

local 123-33, 174, 250 
approximate relations for 127 
local series 124, 300 
local shunt 128, 309 
multiple-loop circuit 108 
negative or degenerative 1, 4, 103 
in wideband amplifier 296 
positive or regenerative 1, 103 
reverse transfer function of net- 
work 101 

series-series 105-07, 119, 277 



Feedback continued 
series-shunt 105-07 
shunt-series 105-07, 120 
shunt-shunt 105-07, 119, 278 
stable circuits 164 
theory of 101-63 
unbalanced bridge 157-58 
unstable circuits 164 
voltage 107 
Feedback amplifier 
block diagram of multiple-loop 158 
multiple-loop 214 
shunt-shunt 227 
single-loop 114, 169, 210 
single-stage 216 
three-stage 145, 172, 184, 217 
series-series 150-52 
shunt-shunt 145-49 
two-stage 136-45, 216 
shunt-series 142-45 
valve series-shunt 138-41 
Feedback factor 102 
Feedback oscillator. See Oscillator 
Feedback pair 312 
Feedback resistor 127, 150, 152 
Final asymptote 236 
First order all-pass function 223 
Forward current amplification factor 
71 

Forward gain function 169 
Forward short-circuit transfer admit- 
tance 327 

Four-pole networks 43 
Four-terminal networks 43 
Fractional overshoot 27-28 
Frank, E. 373 

Frequency response 200-45, 334 
Frequency stabilisation factor 
362-63 

Fuller, A. T. 377 

Functions of complex variable 200-10 



^-matrix 48, 60 
^-parameters 47, 60 
equivalent circuit 48 
Gain crossover frequency 214, 240 
Gain-frequency characteristic 255, 
265, 270, 321 

Gain margin 173, 214, 244, 268 
Gain-phase analysis 222-34 
Gain-slope theorem 229-33 
Goldberg, E. A. 338 
Guillemin, E. A. 60 
Gyration conductance 68 
Gyrator 68 



/i-matrix 47, 60 



^-parameters 46, 59-60, 148, 293 
equivalent circuit 47, 90, 121, 128 
Hakim, S. S. 114 

Harmonic distortion and noise 104 
Hartley oscillator 348-52, 355, 361 
Heaviside’s unit function 14 
High-frequency asymptote 34, 36, 38 
High-frequency compensation 304 
High-frequency response 90-94 
Hooper, M. E. 312 
Hurwitz, A. 170 

Hybrid-7r equivalent circuit 71, 263, 
288, 309 



Impedance 274-95 
Impedance function 275 
Impulse response 164-68 
Indefinite admittance matrix 73-77 
Initial conditions 12, 333 
Input impedance 62, 63 
Input potential divider ratio 155, 156 
Instability in active two-port net- 
works 285 

Integrating amplifier 323, 330 
Internal amplifier 145, 150, 156 
Internal feedback 1 

in two-port networks 120-23 
Inverse chain matrix 50 
parameters 49 
Inverse transformation 22 
Inversion of matrices 42 



Laplace transform 11, 164, 274, 276, 
296, 298, 308, 319, 320, 328, 331, 
334 

pairs table 16, 165, 275, 308 
theory 12 
Laurent series 201 
LC-oscillators 348-56 
reactive stabilisation of 363 
Linear circuit 6 
analysis 6-100 
Linear equivalent circuits 68 
Linearity, property of 12 
Logarithmic gain 32 
Logarithmic singularities 224-25 
Lossless T section for feedback 
network 354-56 
Low-frequency asymptote 38 

Magnitude function 3 1 
Major loop 214 
Mason, S. J. 109 
Matrices 
addition of 40 
inversion of 42 
multiplication of 41 
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Matrix algebra 38 
Matrix conversion table 56 
Matrix parameters 43-51 
examples 51 

inter-relationships between 52-55 
Maximal flatness 299 
Maximally flat gain frequency charac- 
teristic 299, 306, 314 
Maximum power gain 65, 67, 100 
Miller effect 1, 92, 94, 300 
Minimum phase transfer functions 
222-24, 233 
Minor loop 214 
Mulligan, J. H. 123 
Multiplication of matrices 41 
Mutual admittance 149 
Mutual conductance 68 



Narrowbanding 174 
Natural transient frequencies 275 
Negative feedback 1, 4, 103, 296 
Negative impedance converter 290-93 
Negative resistance oscillator 283 
Neper 32, 158 
Node signal 110 
Nodes 109 

Noise, harmonic distortion and 104 
Non-linear circuit 6 
elements 68 

Non-minimum phase function 224 
Non-uniqueness of return difference 
123 

Normalised frequency variable 34 
Norton equivalent circuit 11 
Norton’s theorem 1 1 
Null return difference 114 
Nyquist diagram 214, 221, 278-83 
Nyquist loci 213, 216, 217-21, 241-43 
Nyquist’s criterion 210-22, 243, 278 
application to multiple-loop feed- 
back amplifiers 214 



One-port network 11,30 
Open-circuit natural frequencies 276 
Open-circuit output admittance 70 
Open-circuit return difference 118 
Open-circuit stable 276 
Open-circuit unstable 276 
Open-circuit voltage gain 156 
Open-loop frequency response 238, 
250 

Open-loop gain 3, 102, 114 
Open-loop gain function 177, 184, 
185, 192, 212, 220, 220, 253-54, 
258 

definition of 169 

effect of adding zero factor 219 



Open-loop gain function continued 
having double zero 270 
having pair of conjugate poles 187 
having no zeros 194 
logarithmic form 236, 239 
single-stage feedback amplifier 175, 
216 

three-stage feedback amplifier 172, 
184, 217 

two-stage feedback amplifier 216 
uncompensated 250, 267 
Operational amplifiers 318-44 
basic circuit 318 
definition of 318 
error analysis 337 
practical considerations 329 
stability problem 340 
transfer function simulation 330-37 
with two-port input and feedback 
networks 327-29 
Oscillation 

frequency of 348, 351, 355, 365, 366 
minimum necessary condition for 
348 

Oscillators (feedback) 345-69 
characteristic equation of circuit 
346 

Colpitts 352-54, 355, 361, 363 
frequency stabilisation factor 
362-63 

frequency stability 360 
generalised circuit 345-48 
Hartley 348-52, 355, 361 
LC 348-56 

reactive stabilisation of 363 
RC 356-60 

RC-phase shift 356-58 
Wien -bridge 358-60, 362-63 
Output impedance 62,64 
Output port 43 

Overdamped transient response 24 



p-plane 164-99 

Pade type of rational function 334 
Passive network 6, 66 
Phase advance 229, 246, 249 
Phase angle 29, 179, 217, 220 
Phase-angle function 31 
Phase area theorem 224-29 
Phase characteristics 35, 255, 270 
Phase crossover frequency 214, 
217-18, 242 

Phase margin 214, 240, 268 
Phasor 30 

^-equivalent circuit 8 
Piezo-electric crystal 361, 369 
Pole, complex 183 
Pole factor 19, 35-36, 216, 218, 270 



Pole-zero pattern 19, 250, 252, 253, 
265 

Poles 19, 201 
closed-loop 190-92, 241 
effect of parameter variations 
192-95 

complex conjugate 166, 187, 190 
real 165, 182, 185, 187 
Positive feedback 1, 103 
Potential instability, 277 
Potts, J. 241 
Power gain 67, 100 
Principal oscillatory mode 191, 
238-43 

approximate evaluation 238 
graphical evaluation 242 



Quadripole networks 43 



RC-interstage network 251 
RC-oscillator 356-60 
RC-phase shift oscillator 356-58 
RCL-interstage network 262 
Real and imaginary parts, relations 
between 205-08 
Real poles 165, 182, 185, 187 
Reciprocity and passivity 66 
Reciprocity theorem 66 
Response function 18, 164, 190, 276 
Response transform 18, 26, 164, 274 
Return difference 114, 140-41, 

142-44, 155 
Return loss 158 
Return ratio 113 

Reverse open-circuit transfer 
impedance 107, 151 
Reverse short-circuit transfer admit- 
tance 107, 146, 227, 249-50, 327 
Reverse transfer function 147, 169, 
227 

of feedback network 101 
Reverse voltage amplication factor 71 
Rise time 297-98, 308 
improvement factor 309 
Root loci 175 

construction of 177, 179-84 
Root locus diagrams 174-84, 197, 
222, 255, 270 
Routh, E. J. 170 

Routh’s criterion 170, 172, 183, 187, 
197 

applications of 370-79 
extension of 373 



Scale changer 339 
Scale changing 324 



Scale factor 19, 36, 165, 178, 184. 193, 
255, 275 

Schmitt trigger circuit 162 
Second order all-pass function 223 
Second order pole factor 332 
Semi-infinite constant slope 35, 233 
Sensitivity 103, 116, 194, 195 
Series-series coupling 55 
Series-shunt coupling 59 
Shifting theorem 14, 334 
Short-circuit input impedance 71 
Short-circuit natural frequencies 
277 

Short-circuit return difference 118 
Short-circuit stable 277 
Short-circuit unstable 277 
Shunt-series coupling 60 
Shunt-shunt coupling 58 
Signal flow graphs 109 
Signal to noise ratio 105 
Simple pole factor 331 
Simplified hybrid-77 equivalent circuit 
74 

Single-loop feedback amplifier 114, 
168, 210 
Singularities 201 
Split-load stage 160 
Square matrix 40 
Stability 164, 168-70 
conditional 189, 220 
investigation of problem of 4 
Nyquist’s criterion for 213 
open-circuit 274, 277 
operational amplifier 340 
short-circuit 274, 277 
Stability factor 287 
Stability margins 214 
Steady-state frequency response 29 
Steady-state impedance 30 
Steady-state response 

of network having one real pole 
33-35 

of network having pair of complex 
conjugate poles 36-38 
of network having real poles and 
zeros 35-36 

Steady-state system function 30 
Step-function response 

of network having one pole 22 
of network having two poles 24-29 
Summing amplifier 327 
Summing integrator 327 
Superposition theorem 6 
Symmetrical T-network 66 
System function 18, 35-36 



T-equivalent circuit 8 
Tellegen, B.D.H. 68 
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Thevenin equivalent circuit 11, 68 
Thevenin’s theorem 11 
Thomas, D. E. 234 
Three-terminal network 73 
special cases of 77 
Threshold of instability 171 
Threshold open-loop gain 173 
Time scale 336 
Transfer admittance 21 
Transfer function 19, 164, 165, 298, 
308, 309 

minimum phase 222-24, 233 
simulation 330-37 
Transfer impedance 21 
Transformer, ideal 9, 52 
Transforms 

of derivatives 13 
of integrals 13 
Transient response 11, 191-92, 307, 
309 

critically damped 25, 307 
overdamped 24 
underdamped 25 
Transistors 

basic configuration 67-73 
external circuit response 82-90 
Transport delay 333 
Trap circuit 262-63 
Trigger circuit, Schmitt 162 
Truxal, J. G. 109, 140 
Tunnel diode 283 
Turnbull, H. W. 187 
Twin-T network 97 
Two-port network 11, 20, 43 
coupling of 55-62 
double-terminated 62-65 
Two-terminal pair 43 



►EX 



Unbalanced bridge feedback 157-58 
Underdamped transient response 25 
Unit-impulse function 15 
Unit-ramp function 16 
Unit-step function 14, 258, 308 

Valve feedback pair 312 
Valves 

basic configuration 67-73 
external circuit response 77-81 
Virtual earth 320 

Voltage-controlled current source 9, 
68 

Voltage-controlled voltage source 9 
Voltage-current relationships 7 
Voltage gain 20, 62, 64 
Voltage gain-bandwidth product 302, 
312 1 

Weighting factor 231 
West, J. C. 241, 242 
Wheatstone bridge 154 
Wideband amplifiers 296-317 
Wien-bridge oscillator 358-60, 

362-63 

y-matrix 46, 59, 76 
y-parameters 45-46, 58, 72, 75-76, 
85, 148, 285, 356 
equivalent circuit 46 

z-matrix 45, 58 

z-parameters 43-45, 55, 65, 67, 151j 
356 

equivalent circuit 45 
Zero factor 19, 35-36 
Zeros 19 



